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An Approach to Integrate Vehicle Dynamics in Motion Planning for
Advanced Driver Assistance Systems

Tobias Hesse and Thomas Sattel

Abstract— Path planning procedures belong to the key soft-
ware elements for advanced driver assistance systems includ-
ing vehicle following, lane-keeping, lane-changing, or collision
avoidance. One approach to realize an integrated driver assis-
tance on the guidance level is based on an elastic band immersed
in a potential field hazard map. This paper presents an exten-
sion of this elastic band path planning method, incorporating
the vehicle dynamics in the elastic band. It is shown that this
measure enhances the drivability of the planned paths.

I. INTRODUCTION

In the near future, drivers will more and more share vehicle

guidance with assistance systems. For these advanced driver
assistance systems, path planning modules are among the key
software modules.
To date, various path planning and motion planning ap-
proaches have been proposed for automotive applications,
depending on the type of maneuver for which they are
provided. For example in [1] a behavior-based approach for
autonomous driving is chosen. Therein, the trajectories to
execute a lane-change maneuver are computed from a linear
bicycle model. Likewise, in [2] a behavior-based approach
is developed. However, the trajectories are generated by
applying geometric path planning with simple functions like
sinusoids. An advanced geometric path planning concept is
proposed in [3], for example. Along the corridor in front
of the host-vehicle points are fixed, which fulfill the geo-
metric constraints. Two-dimensional splines of the order five
interpolate between neighboring points. By using the Bezier-
method the course can be locally adapted to sudden changes
in the environment. For collision-avoidance maneuvers, [4]
uses a kinematic path planning. The trajectory for evasion
maneuvers follows from the kinematic relation between the
lateral acceleration and the curvature and the assumption
of a sinusoid variation of the lateral acceleration. The path
planner in [5] generates possible paths from a smoothed
version of a given base trajectory, but with varying lateral
offsets to avoid collisions with static obstacles. The lateral
offsets are computed from a bicycle model. To select the best
path, constraints like the imposed corridor or the number of
obstacles under the path are evaluated.

Another choice to address path planning tasks are potential
field methods. In robotics, potential field based methods
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for motion planning, introduced by [6] and [7], are well
established, see for example [8]. In [9], and in [10] a potential
field based path planning approach using elastic bands is
proposed. The advantage of this path planning approach
among other approaches like geometric path planning is,
that traffic objects directly influence the path planning in
a temporally and spatially predictive manner. It includes the
extrapolated motion of traffic objects in the path planning
and does not restrict the planned path to a certain geometric
function. However, a measure of drivability, that contributes
in shaping the path is not included yet.

To rid the method of this shortcoming, an additional
internal potential is introduced within the potential field
framework of the elastic band method. This potential in-
fluences the path to minimize the predicted tire forces that
would be necessary to follow the path. After an overview
over the existing method of elastic bands, in a first step the
(inverse) vehicle dynamics are analyzed for a given path to
determine the expected necessary forces at the tires. Then an
additional internal potential V%" is defined and integrated in
the method of elastic bands, to plan a drivable path based on
the previously mentioned analysis of the inverse dynamics.
Finally, simulation results are presented.

II. ELASTIC BAND PATH PLANNING

The method of elastic bands is a potential field method for
collision-free path planning in the presence of obstacles, haz-
ards and obstructions, see [10]. The elastic band is comprised
of discrete nodes that are interlinked with springs as shown
in Fig. 1. It represents the planned path for the vehicle. The
velocity is controlled by the driver. The vehicle’s velocity
is extrapolated assuming a constant acceleration based on
the current driver input. This information is included in the
path planning for example with regards to the extrapolated
positions of the obstacles.

left border of road

_ ’(’; Obstacle O,

Fig. 1.

Concept of elastic bands
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The environment, that is the road borders and obstacles,
is represented by a potential field hazard map, further also
called external potential V' °**, An example of such a hazard
map for a straight road with two static obstacles is shown in
Fig. 2. A high potential signifies a high potential hazard, a
low potential a low hazard.

’*

-

Fig. 2. Example of potential field hazard map (right: contour plot)

The external potential results as the sum of individual
potential for the right and left border of the road, V,®~ and
V", and all obstacles O;, V,?

Ve (efi, oBry B r% ) = VB (rfi) )+
jmax

VBT(I,PZ', I‘BT)-I—ZVOJ(I‘Pi, I‘Of,t)7 (1)
j=1

where r®r, r® denote the position vectors to the corre-
sponding points on the right and left border of the road and
r the position vector of the relevant point on the obstacle
O;. The motion of the obstacles is extrapolated based on
their dynamic state. For more details refer to [10].

All external potentials are defined logarithmically:

VIR ) = k(- ), @)
VR ) = k(e ), )
VO (xf %) = k(e - ). @

The external potential “pushes” the elastic band away from
hazards and guarantees a collision-free trajectory. The re-
pelling force F;** on each node P; caused by these external
potentials is defined as the gradient of the potential

Fot =~V Vo, *)

Besides the external potentials, there exist also internal
potentials, the spring-potentials of those springs interlinking
the individual nodes of the band. These potentials prevent
the band from “diverging” and ensure a “smooth” path. The
internal spring potential of the spring between the nodes P;_
and P; is defined as

) 1 )
‘/isprlng ( I‘Pi, I‘Pifl) _ §kspr1ng (” rP,L7 rPi-t ” _ l0)2, (6)

where [y denotes the relaxed spring length. The total internal
potential V'™ results as the sum of all individual spring
potentials

N

= e, ©)

=1

Vint
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The internal force caused by this potential is computed
analogously to the external forces as the gradient of the
potential

F = —V ., V™, ®)

The solution to the motion planning problem, i.e. the
planned path, is now defined as the equilibrium solution for
the elastic band, where

N
F=> (F"+ F")=0 ©
=0
for all P, with i € {0, N}.

ITII. INVERSE VEHICLE DYMANICS

The goal of this section is to analyze the vehicle dynamics
and to calculate the necessary inputs and all tire forces for
the vehicle to follow a certain desired path. For this purpose,
a linear single-track model is used.

A. Vehicle Model

In order to derive the inverse dynamics, a linear single-
track vehicle model is used. Here, the two tires of one axle
are collapsed to one single tire in front and one in back. The
center of gravity C'G is assumed to lie on the road surface.
Therefore, roll and pitch degrees of freedom are removed.
The model is displayed in Fig. 3 and 4. The forces and
velocities are depicted in Fig. 3, the used reference frames
are shown in Fig. 4.
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Fig. 3. Single-track model: forces and velocities

The planning-fixed reference frame [P is an inertial ref-
erence frame and remains fixed during the path-planning.
The vehicle-fixed reference frame Ty.lies in CG with its z-
axis pointing in longitudinal vehicle direction and the y-axis
pointing to the left. In difference to TX‘ mis rotated about
the side-slip angle /3, such that the vehicle’s velocity with
regards to [P has the form

Py, CG P,,CG
v =Tv
v

P e (10)

P, CG _
ve;+ Vvy ve - F<t

y F

The distances from C'G to the front and rear axle are denoted
lrp and IR, respectively. The width of the car is given by d.
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Fig. 4. Reference frames

Further, the steering angle § and the slip angles ay r and
awr are indicated. The guidance reference frame Tg.lies
on the desired path P; where the distance to the vehicle’s
center of gravity C'G is minimal such that the e -axis points
towards C'G. The resulting equations of motion read as

m, 0 0 P
P,\CG
0 m, O vy +
0 0 O ¥
inertiaterms
© P, CG ]
—MmyX U,
. P,,CG _
myX v, =
0

gyroscopic terms

selfdynamics steer and selfdynamics
0 —siné |
el + E" | cosd | + (11)
—li lpcosd |

non—controllable term couplingterm

brake, accelerate and steer

’F.‘\'WR* + ’F.‘\'WF* COos 6
F" siné
Iy " siné

controllable term

The tires are modeled linearly, such that the lateral forces
become

F'=-Cla,, y e {WF,WR}, (12)
with the slip angles being
PUF‘G + Xl
ay; = arctan (T) -4, (13)
P,U(‘:‘G _ Xl
G = arctan (T) | (14)

B. Kinematics

After deriving the vehicle model that tells us how certain
inputs influence the path of the vehicle, now the inverse way
shall be taken to see what variables are given if a certain
path is to be followed. The basic requirement is that the
center of gravity C'G moves on a given trajectory P,. For
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this case the reference frames mand ﬁme identical. By
a given trajectory, among others, the following inputs are
given: The velocity of CG, 7w (s) = "v&(s) ,e, the
desired acceleration of CG £v¢° (s), the desired curvature
k$9 (), and its derivative 45 (s). Based on this it is possible
to give a relation between the angular velocity of the center
of gravity C'G of the vehicle and the curvature and velocity

given by the trajectory,

e = — (X + 5) €. X R re,
= (x+9) : . (15)
Reformulating 15 leads to
(x + B) = "% KO, (16)
The derivative of 16 reads
(5 + B) = (o wee e ). a7)

Equation 16 and 17 can now be used to eliminate x and
X from 11 (3 equations) and 13 and 14, to be substituted in
12 (2 equations).

C. Necessary Inputs and Tire Forces

Now there are four known variables in five equations to
account for eight unknown variables:
/%’50 = 67 6.5 Ba 67 FLWF*a F;WR*a F;WF: F;WRX'

P, CG P CG CcG

de ) de ) K’d’

Therefore, further simplifications are necessary. In order to
reduce the number of unknowns, steady-state cornering with
a constant velocity is assumed. Thus, B and 6 are zero
and are henceforth eliminated, leaving six unknown and two
known variables:

PayCG I{Z'G = 67 5’ FLWF*, FLWR*7 F;WF*, EWR

F~d

The equations are linearized for small angles 8 and 4. In
addition, a relation between the longitudinal forces at the
front and rear axle is introduced as sixth equation, rendering
six equation for an equal number of unknown and two known
variables

P, G2 G
My gV, Ry B =

Cr (B+ Kl —68)6+

E"™ + F'™, (18)
my o R = = Oh (B~ Rl +
§ F" —
Cr(B+ k°l:—0),  (19)
0 = LCY(B— kL) +
Lo B
L CE(B+ &L —8),  (20)
F" = —Cl(B+kSl—0), (2D
E"™ = —Ci(B -k h), (22)
P~ o 3

The distribution a of longitudinal forces between the front
and rear axle posted in 23 can be chosen arbitrarily with
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a > 0. For a four-wheel driven vehicle it could be chosen
a~1.

Solving 18 to 23 for the steering angle 4, the side-slip
angle 3 and the tire-forces F}* results in

lrm
- (lR_ o ;l)mﬁ) & .
o \F R
(Gl = Cile) my :
5§ = ((zF+zR)+ CFR a0 (zFJ:zR) i) kSq25)
2 2
- 1 (CZZF + CQZR )mV2 PvCG4 KICG%26)
: (I+a) cres@,+10)* "0
2 2
J ol a (OZZF + Cslk )mV2 PUCG4 566%27)
: (I+a) cres@,+1)* "0
F}Wﬁ — lymy Z;(;Q 5(; (28)
(e + 1)
, l
B = gy >
F F

IV. INTERPOLATION OF PATH

In the previous section, the path was assumed to be given
in a continuous form. For the motion planning with elastic
bands, however, this is not the case. Here, the path is given
by a number of discrete nodes. Therefore, the question
arises how to determine the velocity and curvature from
this discrete representation of the path. These quantities only
have to be known at these nodes, not in between, since the
additional potential VY™ shall be defined only at each node.

The curvature at one node can be calculated from the
radius of the circle that is defined by itself and its two
adjacent nodes. This is illustrated in Fig. 5.

Fig. 5.

Curvature approximation over 3 nodes

The general equation for the circle reads

(r,— 1o+ (r,— )" = R, (30)

where R is the radius of the circle, r©: denotes the position
vector to the center of the circle and r is any point on the
circle. If now three nodes (P;_;, P;, P;;1) are assumed to
be on the circle, we have three equations for three unknowns
(R, r{i, r{). Thus we can solve for the curvature

kS = Kk = - = = (3D

d,P; i
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The velocity-profile is given by the driver. Based on the
current inputs to the brake and acceleration pedal, a constant
acceleration (positive or negative) is assumed (up/down to
a certain maximum or minimum velocity, of course). From
this, the velocity along the arc length s can be calculated.
Hence, the velocity at each node is known.

V. INTEGRATION OF VEHICLE DYNAMICS IN
ELASTIC BAND PATH PLANNING

Based on the calculations above and the noted simpli-
fications and assumptions, it is possible to determine all
necessary dynamic quantities for the single-track model
for a given trajectory to be followed. Further it has been
demonstrated how to calculate parameters like curvature and
velocity from a discrete representation of a path. These
results shall now be used to integrate the vehicle dynamics in
the motion planning such that the adhesion potentials at the
tires are maximized and more drivable paths result. For this
purpose, an additional internal potential for the method of
elastic bands is defined. The idea bases upon Kamm'’s circle
as picture for the adhesion limit at each tire, as depicted in
Fig. 6.

F, Adhesion Limit
uy F,
F
Fig. 6. Kamm’s circle

According to Kamm, the adhesion limit is given by a
radius of Fj,4, which depends on the tire load F’, and the
road-tire friction coefficient up, as can also be seen in Fig.
6. Therefore, the total force F)..; (geometric sum of z- and
y-components) at each tire must be smaller than F),;, i.€.
it must remain inside Kamm’s circle

[ a2 2 e e
res = RV + F;’Y S:u’h E’Y - F‘t;:ax’

-
v e {WF,WR}. (32)

The tire loads at front and rear tire result from a static
equilibrium (since C'G is assumed to be on the road surface
and no pitch degree of freedom exists). They are given by

l
WF* R 33
(ZFHR)mvg (33)
and
. l
WR* r 34
(1F+1R)mv gs (34

where m,, denotes the vehicle’s mass and g the gravitation.
At this point we can already evaluate a planned path with
a given velocity profile with regards to its drivability by
calculating the necessary forces and comparing them with
the maximum forces from Kamm’s circle.
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The next step is to enhance the motion planning itself
in order to achieve more drivable paths by introducing
an additional internal potential. The new internal dynamics
potential V%" shall be defined based on the ratio of the
necessary total force at each axle and the possible maximum
force. At each node P; it is defined as

e \" LA
() ()]

R B\
kdyn ’ -

WE*

max,i

dyn
v

+
n

WR* 2 WR* 2
Fm‘ + ’Fl‘,[

WR*
max,i

L

(35)

This potential is illustrated in Fig. 7.

"' ¥ "V’ N
o
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F,IN]

Fig. 7. Internal vehicle dynamics potential

Therefore, the total dynamics potential results as the sum
of the potentials at all nodes P;

N
dn7§ dyn
Vi — Vy7

1=0

and the resulting dynamics force ,F{» that excites the
elastic band at the node P; is defined analogously to the other
potentials of the method of elastic bands as the gradient of
the total dynamics potential

dyn __ dyn
F&" = —V,p, VI,

(36)

(37)

In order to integrate this newly defined potential into the
method of elastic bands, only 7 has to be redefined to

N N
Vint p— Z ‘/ispring + Z ‘/idyn' (38)
i=1 1=0

The rest of the procedure to calculate collision-free and
drivable trajectories remains unaltered.

VI. RESULTS

The presented improvement has been implemented in the
method of elastic bands. The results for the path-planning
are shown for an example scenario with a straight, two-lane
road and one static obstacle about 50 meters in front of the

FrE1.14

50,01 m

200 m

Fig. 8. Example scenario with one static obstacle

host vehicle, as illustrated in Fig. 8. The trajectory is planned
for different constant velocities, 10%, 20%, and 30%.

For this example scenario the method of elastic bands
is used first without and then including the new internal
dynamics potential. Fig. 9 shows the resulting path(s) without
Vdum_ As can be seen, the path is always the same and does
not depend on the velocity of the host vehicle.

ym]

8 - -eee - Flastic Band for 10, 20 und 30 m/s
Obstacle
6 [_]Planning Area

0 20 40 60 80 100 x[m)
Fig. 9. Elastic band without new potential for different velocities

Based on 26 to 29, the necessary tire-forces can now be
calculated for this planned path. This is shown in Fig. 10.
The figure also indicates the maximum total tire force for
the front and rear tire of the single-track model according
to Kamm'’s circle. The resulting curves are not very smooth,
since they consist of discrete values only for each node of
the elastic band.

It can be seen that the necessary force exceeds the max-
imum for higher velocities. This indicates, that the path is
not drivable as it is planned. The exceedingly high necessary
forces occur mainly around the position of the obstacle. In
addition, a short high peak can be seen at the very beginning.
This peak is due to the fact that the first two nodes are fixed
during the path-planning which results in a sharp bend at
the second node. Without further modifications this cannot
be prevented.

When introducing the newly defined internal dynamics
potential, the planned paths result as shown in Fig. 11. The
most obvious difference is that now the paths depends on
the vehicle’s velocity. The faster the host vehicle, the lower
the curvature of the planned path. This can be seen more
precisely in Fig. 12, where again the curvature and tire forces
are shown for the planned paths.
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Fig. 10. Curvature and forces without new potential for different velocities
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Fig. 11. Elastic band with new potential for different velocities

g p

It can be seen that the necessary forces around the obstacle
have been reduced, creating a more drivable path.

VII. CONCLUSIONS AND FUTURE WORKS

Now it is possible to estimate the drivability of a certain
path that is given either in continuous form or as a set
of discrete points. Further a method has been shown to
integrate the vehicle dynamics into the motion planning with
elastic bands and therefore enhance the drivability of the
planned paths. Thus, the mentioned disadvantage that the
method of elastic bands had until this point has been greatly
reduced. Due to some assumptions that had to be made along
the way (road-tire friction coefficient, tire-loads, single-track
model, stationarity, constant velocity) this method is not
exact. However, it can provide a good first estimate to reject
paths that do not seem to be drivable at all or to enhance the
planned motion within the planning method.

For the future, enhancements are planned to overcome
the initial peak-curvature and to study the effects this new
potential has when included in the overall assistance system.
Further, the equilibrium position of the elastic band is
given by a system of nonlinear equations (9). The solution
of this equation requires an iterative numerical procedure.
Unfortunately, the introduction of the new dynamics potential
has increased the number of necessary iterations. Therefore,
future efforts also have to aim at a reduction of the number of

FrE1.14

« [1/m]
0.04 —curvature 10 m/s
0.03 h curvature 20 m/s

/ \ — curvature 30 m/s
0.02 / \
0.01 A \I
. ___— /= —__
weFoe IN]
20000 —— Maximum force front
15000 — Total force front 10 m/s
A Total force front 20 m/s
10000 A — Total force front 30 m/s
5000 \\ IKA
0
wiFas (N]
10000 | —— Maximum force rear
8000 — Total force rear 10 m/s
ﬂ A Total force rear 20 m/s
6000 pb A
| N A — Total force rear 30 m/s
4000 \ l \
2000
0 | 4 hN
0 10 20 30 40 50 60 70 80 920 100 x [m]

Fig. 12.  Curvature and forces with new potential for different velocities

iterations and calculation time to reach a real-time capability.
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