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Abstract
Speech enhancement under highly non-stationary noise condi-
tions remains a challenging problem. Classical methods typi-
cally attempt to identify a frequency-domain optimal gain func-
tion that suppresses noise in noisy speech. These algorithms
typically produce artifacts such as “musical noise” that are
detrimental to machine and human understanding, largely due
to inaccurate estimation of noise power spectra. The optimal
gain function is commonly referred to as the ideal ratio mask
(IRM) in neural-network-based systems, and the goal becomes
estimation of the IRM from the short-time Fourier transform
amplitude of degraded speech. While these data-driven tech-
niques are able to enhance speech quality with reduced artifacts,
they are frequently not robust to types of noise that they had
not been exposed to in the training process. In this paper, we
propose a novel recurrent neural network (RNN) that bridges
the gap between classical and neural-network-based methods.
By reformulating the classical decision-directed approach, the
a priori and a posteriori SNRs become latent variables in the
RNN, from which the frequency-dependent estimated likeli-
hood of speech presence is used to update recursively the la-
tent variables. The proposed method provides substantial en-
hancement of speech quality and objective accuracy in machine
interpretation of speech.
Index Terms: robust speech enhancment, a priori SNR estima-
tion, decision-directed, recurrent neural networks.

1. Introduction
Speech enhancement (SE) has been one of the enabling tech-
nologies for robust speech processing applications for decades.
SE algorithms strive to improve speech quality and intelligibil-
ity of speech signals degraded by additive noise [1]. Enhanced
speech signals will benefit subsequent human listening experi-
ence or performance of machine tasks, such as automatic speech
recognition and speaker verification. Classical signal process-
ing methods for SE typically work in the frequency domain with
optimization criteria associated with the spectral component of
the enhanced speech. The technique ranges from heuristically
estimating the power spectra [2], finding a linear filter that opti-
mizes the mean squared error of the complex spectra [3], to min-
imum mean-squared error estimators (MMSE) that optimizes
the (log) short-time spectral amplitude (STSA) [4, 5].

A priori signal-to-noise ratio (SNR) and a posteriori SNR
arise as two important concepts from the derivation of the
MMSE-STSA estimator [4]. The a priori SNR can be under-
stood as the true instantaneous power ratio between each spec-
tral component of clean speech and noise, while the a posteriori
SNR can be viewed as the instantaneous power ratio between
each spectral component of observed noisy speech and noise.
Within this framework, the optimal gain function in the STSA

domain for the well-known methods such as spectral subtraction
[2], Wiener filter [3], maximum likelihood (ML) estimator [6],
and MMSE estimation [4] can all be expressed in terms of a pri-
ori and a posteriori SNRs [7]. The enhancement problem thus
becomes a priori SNR and a posteriori SNR estimation prob-
lem. For estimating the a priori SNR, a closed-form maximum-
likelihood method and a recursive “decision-directed” method
are proposed [4]. For estimating the a posteriori SNR, or
equivalently the noise power, the minima-controlled recursive-
averaging (MCRA) algorithm can be employed [7, 8, 9]. De-
spite the robustness of the decision-directed approach even in
highly nonstationary noise environments, inexact heuristics in
the estimation procedure often produce artifacts called musical
noise, which is sometimes even more detrimental to machine
tasks and human listening experience than noisy speech.

Independent of the classical approaches, researchers in the
neural network (NN) community formulate the speech enhance-
ment task to be a supervised learning problem. Recognizing the
ideal ratio mask (IRM) in the STSA domain as a better training
target than clean signal power or magnitude spectra [10], var-
ious neural network architectures have been explored to learn
the IRM for SE. Some examples are feedforward deep neural
networks [11, 12], deep denoising autoencoders [13], and re-
current neural networks (RNN) with long short-term memory
[14]. Although these NN-based SE algorithms work well under
noise conditions that appear in the training set, they typically
suffer from degraded performance in unseen noise types as they
attempt to learn a nonlinear mapping between noisy speech and
the IRM.

A fusion system that combines the robustness and inter-
pretability of the classical approach and the learning ability of
the NN approach is clearly desirable. One previous study that
attempts this fusion [15] proposes a NN version of spectral sub-
traction by having dedicated NNs for estimating noise alone,
noise in noisy speech, and the enhanced speech. Although their
NN structure is reminiscent of spectral subtraction, our exper-
iments show that the latent variables do not learn the intended
representation. Others [16, 17] have attempted to improve a
priori SNR estimation using NNs, but their systems are shal-
low combinations of multiple approaches at the input and output
level.

We propose a novel RNN that addresses these issues. We
slightly modify the decision-directed approach to form a recur-
rent estimation of both the a priori SNR and a posteriori SNR,
eliminating the need to estimate noise explicitly. This refor-
mulation leads to a ratio-based representation for all variables,
which have already proven to be superior training targets for
neural network learning [10]. Among them, the a priori SNR,
a posteriori SNR, and the speech-presence likelihood ratio are
interpreted as latent recurrent cells of a recurrent neural net-
work. This enables us to insert feedforward NNs to learn pa-
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rameters that are normally heuristically determined using clas-
sical approaches. In addition, we introduce a learning objective
function that jointly optimizes the MSE of STSA as well as the
frame-level speech-presence detection accuracy.

2. The Signal-to-noise Ratio Recurrent
Neural Network (SNRNN)

Our signal-to-noise ratio recurrent neural network (SNRNN)
consists of a slightly modified version of the classical decision-
directed a priori SNR estimation and a neural network compo-
nent. Throughout the discussion, we assume additive noise in
the short-time Fourier transform (STFT) domain:

X[m, k] = S[m, k] +N [m, k] (1)

where X[m, k], S[m, k], and N [m, k] denote the STFT at time
frame m and frequency bin k of the observed noisy speech,
clean speech, and noise, respectively. The end goal is to seek for
the optimal gain function or IRM in the STSA domain,G[m, k],
such that the clean speech estimate Ŝ[m, k] can be obtained
from the modified STSA and the phase from the noisy input:

Ŝ[m, k] = G[m, k]|X[m, k]|ej 6 X[m,k] (2)

The a priori SNR ξ[m, k] is defined by the ratio of the expected
value of clean speech power to the expected value of the noise
power:

ξ[m, k] =
E[|S[m, k]|2]

E[|N [m, k]|2]
(3)

The a posteriori SNR γ[m, k] is defined by the ratio of the in-
stantaneous noisy speech power to the expected value of the
noise power:

γ[m, k] =
|X[m, k]|2

E[|N [m, k]|2]
(4)

In estimating the a priori and a posteriori SNR, we replace the
expected values by the corresponding instantaneous values:

ξ̂[m, k] =
|Ŝ[m, k]|2
|N̂ [m, k]|2

, γ̂[m, k] =
|X[m, k]|2
|N̂ [m, k]|2

(5)

Assuming that S[m, k] and N [m, k] are statistically indepen-
dent zero-mean complex Gaussian random variables, Eq. (1)
implies an additive relationship in the spectral power domain:

E[|X[m, k]|2] = E[|S[m, k]|2] + E[|N [m, k]|2] (6)

which leads to the definition of ξ[m, k] in terms of γ[m, k]:

ξ[m, k] = E[γ[m, k]]− 1 (7)

The decision-directed approach [4] calculates ξ̂[m, k] by lin-
early averaging the past and present estimates of a priori SNR:

ξ̂[m, k] = aĜ2[m− 1, k]γ̂[m− 1, k] + (1− a)max{γ̂[m, k]− 1, 0} (8)

where 0 < a < 1 is the weighting coefficient, and max{·} is
the element-wise maximum operator that prevents the current
estimate from going below 0. The gain function Ĝ[m, k] is ex-
pressed in terms of ξ[m, k] depending on the method to be used
[7]. We use the Wiener estimate solution [3, 7], because the
partial derivative of Ĝ[m, k] with respect to ξ̂[m, k] does not
involve potential division by zero, which would result in gradi-
ent explosion during training:

Ĝ[m, k] =
ξ̂[m, k]

ξ̂[m, k] + 1
(9)

Noise estimation is needed to calculate γ̂[m, k] by definition.
Acknowledging the importance of the decision-directed ap-
proach, we adopt the MCRA algorithm [7, 9, 8] for noise power
estimation. Specifically, the speech-absence (Hk

0 ) hypothesis
and speech-presence (Hk

1 ) hypothesis are assumed for each fre-
quency bin k of each frame m of the noisy signal:

Hk
0 : |N̂ [m, k]|2= b|N̂ [m− 1, k]|2+(1− b)|X[m− 1, k]|2 (10)

Hk
1 : |N̂ [m, k]|2= |N̂ [m− 1, k]|2

where 0 < b < 1 is the weighting coefficient. In other words,
the noise power in a specific frequency bin is recursively up-
dated by a fraction of signal power from the previous frame
only if it is classified as speech-absent. This decision is made
by thresholding the likelihood ratio of speech-presence uncer-
tainty:

Λ[m, k] , P (X[m, k]|Hk
1 )

P (X[m, k]|Hk
0 )

(11)

The previous assumption that the noise and speech DFT coeffi-
cients are independent, complex, and Gaussian leads to:

Λ[m, k] =
1

1 + ξ̂[m, k]
e

ξ̂[m,k]

1+ξ̂[m,k]
γ̂[m,k]

(12)

In our system, we replace the hard threshold used in Eq. (10)
by a soft threshold to enable gradient backpropagation. We also
rewrite γ̂[m, k] as a recursive function, eliminating the notion
of noise estimation completely. Finally, we introduce the neural
network component, along with the loss function.

2.1. Recurrent A Priori and A Posteriori SNR Estimation

The noise update rule in Eq. (10) can be interpreted as a re-
current nonlinear activation function. Specifically, let δ be a
hard threshold of the log-likelihood ratio of speech-presence
uncertainty above which the noisy frame is classified as speech-
present. The update rule can then be rewritten as:

|N̂ [m, k]|2
|N̂ [m− 1, k]|2

= β[m−1, k]+(1−β[m−1, k])γ̂[m−1, k]

(13)
where β[m, k] is the scaled and shifted unit step function:

β[m, k] = b+ (1− b)u[log(Λ[m, k])− δ] (14)

To enable gradient backpropagation in our RNN, we propose
two nonlinearities, sigmoid and piecewise-linear, that have non-
zero gradients around the decision boundary δ to replace the
unit step function:

βsig[m, k] = b+ (1− b) 1

1 + e−(log(Λ[m,k])−δ) (15)

βpwl[m, k] = min{1,max{b, 1−b
2ε

[log(Λ[m, k])− (δ − ε)] + b}}

where ε is a small positive constant that controls the width of
the linear region. Combining the new update Eq. (13) with Eq.
(5) we obtain:

γ̂[m, k] =
|X[m, k]|2
|X[m− 1, k]|2

γ̂[m− 1, k]

β + (1− β)γ̂[m− 1, k]
(16)

where β is shorthand for β[m − 1, k]. Equations (8), (12), and
(16) complete the recurrent estimation of both a priori and a
posteriori SNR, without the need to explicitly estimate noise
power. This distinction is important from the neural network
learning perspective, as estimating a ratio mask rather than di-
rect signal is desirable [10]. We now present the full system.
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2.2. RNN for A Priori SNR Estimation

The recurrent structure described in the previous subsection
naturally lends itself to a recurrent neural network framework.
Specifically, we place a feedforward neural network immedi-
ately after each weighting factor, so that the RNN can learn the
recursive averaging coefficients rather than applying heuristics:

ξ̂[m, k] = â1m,kĜ
2[m− 1, k]γ̂[m− 1, k]

+ â2m,kmax{γ̂[m, k]− 1, 0}

γ̂[m, k] =
|X[m, k]|2
|X[m− 1, k]|2

γ̂[m− 1, k]

b̂1m,k + b̂2m,kγ̂[m− 1, k]
(17)

â1m,k = FF (a[m, k]), â2m,k = FF (1− a[m, k])

b̂1m,k = FF (β[m, k]), b̂2m,k = FF (1− β[m, k])

where FF (·) represents a feedforward neural network. Al-
though the equations look very similar to Eqs. (8) and (16),
we note two key differences. First, each coefficient is now
parametrized by both time and frequency. Because of the in-
terconnection of the neural network, these coefficients depend
not only on the frequency bin they belong to, but also all other
frequency bins. This is a useful generalization that is hard to
carry out systematically in the classical framework due to the
lack of a closed-form solution, but is easily realized in the neu-
ral network framework. Second, the heuristic constraint that
weighting coefficients add up to 1 is removed.

The loss function of the SNRNN is twofold. We adopt
the mean squared error in the STSA domain of the enhanced
speech, not only because it is a popular objective function in
deep learning SE methods, but also because it is the principle
upon which the a priori SNR estimation is derived [4]:

Emse[m] =
1

K

K−1∑

k=0

(|S[m, k]|−|Ŝ[m, k]|)2 (18)

In addition to the MSE-STSA loss, we introduce frame-level
voice activity detection (VAD) loss. Because the recurrent
structure is derived directly from the decision-directed ap-
proach, we can obtain the frame-level speech-presence log-
likelihood ratio assuming statistical independence across fre-
quency:

logΛ[m] =

K−1∑

k=0

logΛ[m, k] (19)

whereK is the total number of frequency bins. Assuming equal
prior probability of speech presence and absence, the speech-
presence probability given the noisy frame can be expressed as:

P (speech|X[m]) =
Λ[m]

1 + Λ[m]
(20)

We define the VAD loss for this two-class classfication prob-
lem as the cross entropy between the true and predicted speech-
presence probability:

Evad[m] = −vad[m]log(P (speech|X[m]))

− (1− vad[m])log(1− P (speech|X[m]))
(21)

where vad[m] ∈ {0, 1} is the true speech-presence probability
for frame m. The overall objective function is:

E[m] = αEmse[m] + (1− α)Evad[m] (22)

where 0 ≤ α ≤ 1 is the weighting coefficient.
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�̂m�1,k
<latexit sha1_base64="QvlalJA6SKDo096PteLVZ9TydrI=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNS7AIHrQkUlBvBS8eKxhbaEKYbDft0t0k7G6EGoJ/xYsHFa/+EG/+G7dtDtr6YODx3gwz88KUUals+9uoLC2vrK5V12sbm1vbO+bu3r1MMoGJixOWiG4IkjAaE1dRxUg3FQR4yEgnHF1P/M4DEZIm8Z0ap8TnMIhpRDEoLQXmgTcElXsD4ByKIOdnzumoCMy63bCnsBaJU5I6KtEOzC+vn+CMk1hhBlL2HDtVfg5CUcxIUfMySVLAIxiQnqYxcCL9fHp9YR1rpW9FidAVK2uq/p7IgUs55qHu5KCGct6biP95vUxFl35O4zRTJMazRVHGLJVYkyisPhUEKzbWBLCg+lYLD0EAVjqwmg7BmX95kbjnjauGc9ust5plGlV0iI7QCXLQBWqhG9RGLsLoET2jV/RmPBkvxrvxMWutGOXMPvoD4/MHsm+U4g==</latexit><latexit sha1_base64="QvlalJA6SKDo096PteLVZ9TydrI=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNS7AIHrQkUlBvBS8eKxhbaEKYbDft0t0k7G6EGoJ/xYsHFa/+EG/+G7dtDtr6YODx3gwz88KUUals+9uoLC2vrK5V12sbm1vbO+bu3r1MMoGJixOWiG4IkjAaE1dRxUg3FQR4yEgnHF1P/M4DEZIm8Z0ap8TnMIhpRDEoLQXmgTcElXsD4ByKIOdnzumoCMy63bCnsBaJU5I6KtEOzC+vn+CMk1hhBlL2HDtVfg5CUcxIUfMySVLAIxiQnqYxcCL9fHp9YR1rpW9FidAVK2uq/p7IgUs55qHu5KCGct6biP95vUxFl35O4zRTJMazRVHGLJVYkyisPhUEKzbWBLCg+lYLD0EAVjqwmg7BmX95kbjnjauGc9ust5plGlV0iI7QCXLQBWqhG9RGLsLoET2jV/RmPBkvxrvxMWutGOXMPvoD4/MHsm+U4g==</latexit><latexit sha1_base64="QvlalJA6SKDo096PteLVZ9TydrI=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNS7AIHrQkUlBvBS8eKxhbaEKYbDft0t0k7G6EGoJ/xYsHFa/+EG/+G7dtDtr6YODx3gwz88KUUals+9uoLC2vrK5V12sbm1vbO+bu3r1MMoGJixOWiG4IkjAaE1dRxUg3FQR4yEgnHF1P/M4DEZIm8Z0ap8TnMIhpRDEoLQXmgTcElXsD4ByKIOdnzumoCMy63bCnsBaJU5I6KtEOzC+vn+CMk1hhBlL2HDtVfg5CUcxIUfMySVLAIxiQnqYxcCL9fHp9YR1rpW9FidAVK2uq/p7IgUs55qHu5KCGct6biP95vUxFl35O4zRTJMazRVHGLJVYkyisPhUEKzbWBLCg+lYLD0EAVjqwmg7BmX95kbjnjauGc9ust5plGlV0iI7QCXLQBWqhG9RGLsLoET2jV/RmPBkvxrvxMWutGOXMPvoD4/MHsm+U4g==</latexit><latexit sha1_base64="QvlalJA6SKDo096PteLVZ9TydrI=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNS7AIHrQkUlBvBS8eKxhbaEKYbDft0t0k7G6EGoJ/xYsHFa/+EG/+G7dtDtr6YODx3gwz88KUUals+9uoLC2vrK5V12sbm1vbO+bu3r1MMoGJixOWiG4IkjAaE1dRxUg3FQR4yEgnHF1P/M4DEZIm8Z0ap8TnMIhpRDEoLQXmgTcElXsD4ByKIOdnzumoCMy63bCnsBaJU5I6KtEOzC+vn+CMk1hhBlL2HDtVfg5CUcxIUfMySVLAIxiQnqYxcCL9fHp9YR1rpW9FidAVK2uq/p7IgUs55qHu5KCGct6biP95vUxFl35O4zRTJMazRVHGLJVYkyisPhUEKzbWBLCg+lYLD0EAVjqwmg7BmX95kbjnjauGc9ust5plGlV0iI7QCXLQBWqhG9RGLsLoET2jV/RmPBkvxrvxMWutGOXMPvoD4/MHsm+U4g==</latexit>

⇤̂m�1,k
<latexit sha1_base64="Y4igBqr6yfEHo3ZfugWwLFF52yI=">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEF1oSKai7ghsXLioYW2hCmEwm7dCZSZiZCCUE/BU3LlTc+h/u/Bunj4W2Hhg4nHMP986JMkaVdpxvq7K0vLK6Vl2vbWxube/Yu3sPKs0lJh5OWSq7EVKEUUE8TTUj3UwSxCNGOtHweux3HolUNBX3epSRgKO+oAnFSBsptA/8AdKFf2sSMSrDgp+5p8MytOtOw5kALhJ3RupghnZof/lxinNOhMYMKdVznUwHBZKaYkbKmp8rkiE8RH3SM1QgTlRQTM4v4bFRYpik0jyh4UT9nSgQV2rEIzPJkR6oeW8s/uf1cp1cBgUVWa6JwNNFSc6gTuG4CxhTSbBmI0MQltTcCvEASYS1aaxmSnDnv7xIvPPGVcO9a9ZbzVkbVXAIjsAJcMEFaIEb0AYewKAAz+AVvFlP1ov1bn1MRyvWLLMP/sD6/AE7Z5Uq</latexit><latexit sha1_base64="Y4igBqr6yfEHo3ZfugWwLFF52yI=">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEF1oSKai7ghsXLioYW2hCmEwm7dCZSZiZCCUE/BU3LlTc+h/u/Bunj4W2Hhg4nHMP986JMkaVdpxvq7K0vLK6Vl2vbWxube/Yu3sPKs0lJh5OWSq7EVKEUUE8TTUj3UwSxCNGOtHweux3HolUNBX3epSRgKO+oAnFSBsptA/8AdKFf2sSMSrDgp+5p8MytOtOw5kALhJ3RupghnZof/lxinNOhMYMKdVznUwHBZKaYkbKmp8rkiE8RH3SM1QgTlRQTM4v4bFRYpik0jyh4UT9nSgQV2rEIzPJkR6oeW8s/uf1cp1cBgUVWa6JwNNFSc6gTuG4CxhTSbBmI0MQltTcCvEASYS1aaxmSnDnv7xIvPPGVcO9a9ZbzVkbVXAIjsAJcMEFaIEb0AYewKAAz+AVvFlP1ov1bn1MRyvWLLMP/sD6/AE7Z5Uq</latexit><latexit sha1_base64="Y4igBqr6yfEHo3ZfugWwLFF52yI=">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEF1oSKai7ghsXLioYW2hCmEwm7dCZSZiZCCUE/BU3LlTc+h/u/Bunj4W2Hhg4nHMP986JMkaVdpxvq7K0vLK6Vl2vbWxube/Yu3sPKs0lJh5OWSq7EVKEUUE8TTUj3UwSxCNGOtHweux3HolUNBX3epSRgKO+oAnFSBsptA/8AdKFf2sSMSrDgp+5p8MytOtOw5kALhJ3RupghnZof/lxinNOhMYMKdVznUwHBZKaYkbKmp8rkiE8RH3SM1QgTlRQTM4v4bFRYpik0jyh4UT9nSgQV2rEIzPJkR6oeW8s/uf1cp1cBgUVWa6JwNNFSc6gTuG4CxhTSbBmI0MQltTcCvEASYS1aaxmSnDnv7xIvPPGVcO9a9ZbzVkbVXAIjsAJcMEFaIEb0AYewKAAz+AVvFlP1ov1bn1MRyvWLLMP/sD6/AE7Z5Uq</latexit><latexit sha1_base64="Y4igBqr6yfEHo3ZfugWwLFF52yI=">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEF1oSKai7ghsXLioYW2hCmEwm7dCZSZiZCCUE/BU3LlTc+h/u/Bunj4W2Hhg4nHMP986JMkaVdpxvq7K0vLK6Vl2vbWxube/Yu3sPKs0lJh5OWSq7EVKEUUE8TTUj3UwSxCNGOtHweux3HolUNBX3epSRgKO+oAnFSBsptA/8AdKFf2sSMSrDgp+5p8MytOtOw5kALhJ3RupghnZof/lxinNOhMYMKdVznUwHBZKaYkbKmp8rkiE8RH3SM1QgTlRQTM4v4bFRYpik0jyh4UT9nSgQV2rEIzPJkR6oeW8s/uf1cp1cBgUVWa6JwNNFSc6gTuG4CxhTSbBmI0MQltTcCvEASYS1aaxmSnDnv7xIvPPGVcO9a9ZbzVkbVXAIjsAJcMEFaIEb0AYewKAAz+AVvFlP1ov1bn1MRyvWLLMP/sD6/AE7Z5Uq</latexit>

log
<latexit sha1_base64="78fBtClUe3ytrS6Azb67v4gjrxU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWNLbQhrLZbtKlm92wuxFK6E/w4kHFq//Im//GbZqDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUctMEeoTyaXqhVhTzgT1DTOc9lJFcRJy2g0nN3O/+0SVZlI8mGlKgwTHgkWMYGOley7jYb3hNt0CaJV4JWlAic6w/jUYSZIlVBjCsdZ9z01NkGNlGOF0VhtkmqaYTHBM+5YKnFAd5MWpM3RmlRGKpLIlDCrU3xM5TrSeJqHtTLAZ62VvLv7n9TMTXQU5E2lmqCCLRVHGkZFo/jcaMUWJ4VNLMFHM3orIGCtMjE2nZkPwll9eJf5F87rp3bUa7VaZRhVO4BTOwYNLaMMtdMAHAjE8wyu8Odx5cd6dj0VrxSlnjuEPnM8fzOWNoA==</latexit><latexit sha1_base64="78fBtClUe3ytrS6Azb67v4gjrxU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWNLbQhrLZbtKlm92wuxFK6E/w4kHFq//Im//GbZqDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUctMEeoTyaXqhVhTzgT1DTOc9lJFcRJy2g0nN3O/+0SVZlI8mGlKgwTHgkWMYGOley7jYb3hNt0CaJV4JWlAic6w/jUYSZIlVBjCsdZ9z01NkGNlGOF0VhtkmqaYTHBM+5YKnFAd5MWpM3RmlRGKpLIlDCrU3xM5TrSeJqHtTLAZ62VvLv7n9TMTXQU5E2lmqCCLRVHGkZFo/jcaMUWJ4VNLMFHM3orIGCtMjE2nZkPwll9eJf5F87rp3bUa7VaZRhVO4BTOwYNLaMMtdMAHAjE8wyu8Odx5cd6dj0VrxSlnjuEPnM8fzOWNoA==</latexit><latexit sha1_base64="78fBtClUe3ytrS6Azb67v4gjrxU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWNLbQhrLZbtKlm92wuxFK6E/w4kHFq//Im//GbZqDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUctMEeoTyaXqhVhTzgT1DTOc9lJFcRJy2g0nN3O/+0SVZlI8mGlKgwTHgkWMYGOley7jYb3hNt0CaJV4JWlAic6w/jUYSZIlVBjCsdZ9z01NkGNlGOF0VhtkmqaYTHBM+5YKnFAd5MWpM3RmlRGKpLIlDCrU3xM5TrSeJqHtTLAZ62VvLv7n9TMTXQU5E2lmqCCLRVHGkZFo/jcaMUWJ4VNLMFHM3orIGCtMjE2nZkPwll9eJf5F87rp3bUa7VaZRhVO4BTOwYNLaMMtdMAHAjE8wyu8Odx5cd6dj0VrxSlnjuEPnM8fzOWNoA==</latexit><latexit sha1_base64="78fBtClUe3ytrS6Azb67v4gjrxU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWNLbQhrLZbtKlm92wuxFK6E/w4kHFq//Im//GbZqDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUctMEeoTyaXqhVhTzgT1DTOc9lJFcRJy2g0nN3O/+0SVZlI8mGlKgwTHgkWMYGOley7jYb3hNt0CaJV4JWlAic6w/jUYSZIlVBjCsdZ9z01NkGNlGOF0VhtkmqaYTHBM+5YKnFAd5MWpM3RmlRGKpLIlDCrU3xM5TrSeJqHtTLAZ62VvLv7n9TMTXQU5E2lmqCCLRVHGkZFo/jcaMUWJ4VNLMFHM3orIGCtMjE2nZkPwll9eJf5F87rp3bUa7VaZRhVO4BTOwYNLaMMtdMAHAjE8wyu8Odx5cd6dj0VrxSlnjuEPnM8fzOWNoA==</latexit>

1 � x
<latexit sha1_base64="Y+U9PEhqL8pISogua0KbrzAtWCs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnorePFY0dpCG8pmu2mXbjZhdyKW0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwup76rUeujYjVPY4T7kd0oEQoGEUr3XlnT71yxa26M5Bl4uWkAjkavfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzvHpV9W5rlXotT6MIR3AMp+DBBdThBhrQBAYDeIZXeHOk8+K8Ox/z1oKTzxzCHzifPyjpjTQ=</latexit><latexit sha1_base64="Y+U9PEhqL8pISogua0KbrzAtWCs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnorePFY0dpCG8pmu2mXbjZhdyKW0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwup76rUeujYjVPY4T7kd0oEQoGEUr3XlnT71yxa26M5Bl4uWkAjkavfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzvHpV9W5rlXotT6MIR3AMp+DBBdThBhrQBAYDeIZXeHOk8+K8Ox/z1oKTzxzCHzifPyjpjTQ=</latexit><latexit sha1_base64="Y+U9PEhqL8pISogua0KbrzAtWCs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnorePFY0dpCG8pmu2mXbjZhdyKW0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwup76rUeujYjVPY4T7kd0oEQoGEUr3XlnT71yxa26M5Bl4uWkAjkavfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzvHpV9W5rlXotT6MIR3AMp+DBBdThBhrQBAYDeIZXeHOk8+K8Ox/z1oKTzxzCHzifPyjpjTQ=</latexit><latexit sha1_base64="Y+U9PEhqL8pISogua0KbrzAtWCs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnorePFY0dpCG8pmu2mXbjZhdyKW0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwup76rUeujYjVPY4T7kd0oEQoGEUr3XlnT71yxa26M5Bl4uWkAjkavfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzvHpV9W5rlXotT6MIR3AMp+DBBdThBhrQBAYDeIZXeHOk8+K8Ox/z1oKTzxzCHzifPyjpjTQ=</latexit>

✓
x

1 + x

◆2

<latexit sha1_base64="qJRuI1sKVsHQ6jsYgCEdYPupEyw=">AAACBnicbVBNS8NAEJ3U7/pV9SSCBItQEUqignoTvHhUMLbQxLrZbtrFzQe7E7GE3Lz4U/TiQcWrv8Gb/8btx0FbHww83pthZp6fCK7Qsr6NwsTk1PTM7FxxfmFxabm0snql4lRS5tBYxLLuE8UEj5iDHAWrJ5KR0Bes5t+e9vzaHZOKx9EldhPmhaQd8YBTglpqljYzV7AAK24gCc3u88zevc9dydsd3Mmv95qlslW1+jDHiT0k5ZP99acbADhvlr7cVkzTkEVIBVGqYVsJehmRyKlgedFNFUsIvSVt1tA0IiFTXtb/Ize3tdIyg1jqitDsq78nMhIq1Q193RkS7KhRryf+5zVSDI68jEdJiiyig0VBKkyMzV4oZotLRlF0NSFUcn2rSTtEJ4I6uqIOwR59eZw4e9Xjqn2hwziAAWZhA7agAjYcwgmcwTk4QOEBnuEV3oxH48V4Nz4GrQVjOLMGf2B8/gCJoZq8</latexit><latexit sha1_base64="M0kPu3rr9kDQD8w6i1JPPX0L2B4=">AAACBnicbVDLSsNAFJ3UV62vqisRJFiEilCSKqi7ghuXFawtNLFMJpN26OTBzI20hOzc+Cm6caHSrd/gzg8Q/Aynj4W2HrhwOOde7r3HiTiTYBifWmZufmFxKbucW1ldW9/Ib27dyDAWhNZIyEPRcLCknAW0Bgw4bUSCYt/htO50L4Z+/Y4KycLgGvoRtX3cDpjHCAYltfJ7icWpB0XLE5gkvTQxj3qpJVi7A4fpbbmVLxglYwR9lpgTUqgc7zy634Ovaiv/YbkhiX0aAOFYyqZpRGAnWAAjnKY5K5Y0wqSL27SpaIB9Ku1k9EeqHyjF1b1QqApAH6m/JxLsS9n3HdXpY+jIaW8o/uc1Y/DO7IQFUQw0IONFXsx1CPVhKLrLBCXA+4pgIpi6VScdrBIBFV1OhWBOvzxLauXSecm8UmGcoDGyaBftoyIy0SmqoEtURTVE0D16Qi/oVXvQnrU3bTBuzWiTmW30B9r7D+kBnUQ=</latexit><latexit sha1_base64="M0kPu3rr9kDQD8w6i1JPPX0L2B4=">AAACBnicbVDLSsNAFJ3UV62vqisRJFiEilCSKqi7ghuXFawtNLFMJpN26OTBzI20hOzc+Cm6caHSrd/gzg8Q/Aynj4W2HrhwOOde7r3HiTiTYBifWmZufmFxKbucW1ldW9/Ib27dyDAWhNZIyEPRcLCknAW0Bgw4bUSCYt/htO50L4Z+/Y4KycLgGvoRtX3cDpjHCAYltfJ7icWpB0XLE5gkvTQxj3qpJVi7A4fpbbmVLxglYwR9lpgTUqgc7zy634Ovaiv/YbkhiX0aAOFYyqZpRGAnWAAjnKY5K5Y0wqSL27SpaIB9Ku1k9EeqHyjF1b1QqApAH6m/JxLsS9n3HdXpY+jIaW8o/uc1Y/DO7IQFUQw0IONFXsx1CPVhKLrLBCXA+4pgIpi6VScdrBIBFV1OhWBOvzxLauXSecm8UmGcoDGyaBftoyIy0SmqoEtURTVE0D16Qi/oVXvQnrU3bTBuzWiTmW30B9r7D+kBnUQ=</latexit><latexit sha1_base64="xzzFqMyb7HdL2PkL9RNcXgR/NKc=">AAACBnicbVDLSsNAFJ3UV62vqEtBBotQEUpSBHVXcOOygrGFJpbJdNIOnTyYuZGWkJ0bf8WNCxW3foM7/8bpY6GtBy4czrmXe+/xE8EVWNa3UVhaXlldK66XNja3tnfM3b07FaeSMofGIpYtnygmeMQc4CBYK5GMhL5gTX9wNfabD0wqHke3MEqYF5JexANOCWipYx5mrmABVNxAEpoN88w+Heau5L0+nOT3tY5ZtqrWBHiR2DNSRjM0OuaX241pGrIIqCBKtW0rAS8jEjgVLC+5qWIJoQPSY21NIxIy5WWTP3J8rJUuDmKpKwI8UX9PZCRUahT6ujMk0Ffz3lj8z2unEFx4GY+SFFhEp4uCVGCI8TgU3OWSURAjTQiVXN+KaZ/oREBHV9Ih2PMvLxKnVr2s2jdWuX42S6OIDtARqiAbnaM6ukYN5CCKHtEzekVvxpPxYrwbH9PWgjGb2Ud/YHz+AGhsmSc=</latexit>

1

x
<latexit sha1_base64="qiZzrSltcyVMk3Qiqmzd+XeLpE8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoN4KXjxWMLaQhrLZbtqlm92wOxFLyM/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KBXcgOt+O5W19Y3Nrep2bWd3b/+gfnj0YFSmKfOpEkr3ImKY4JL5wEGwXqoZSSLButHkZuZ3H5k2XMl7mKYsTMhI8phTAlYK+rEmNPeK/KkY1Btu050DrxKvJA1UojOof/WHimYJk0AFMSbw3BTCnGjgVLCi1s8MSwmdkBELLJUkYSbM5ycX+MwqQxwrbUsCnqu/J3KSGDNNItuZEBibZW8m/ucFGcRXYc5lmgGTdLEozgQGhWf/4yHXjIKYWkKo5vZWTMfEpgA2pZoNwVt+eZX4F83rpnfXarRbZRpVdIJO0Tny0CVqo1vUQT6iSKFn9IreHHBenHfnY9FaccqZY/QHzucPCauRPw==</latexit><latexit sha1_base64="qiZzrSltcyVMk3Qiqmzd+XeLpE8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoN4KXjxWMLaQhrLZbtqlm92wOxFLyM/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KBXcgOt+O5W19Y3Nrep2bWd3b/+gfnj0YFSmKfOpEkr3ImKY4JL5wEGwXqoZSSLButHkZuZ3H5k2XMl7mKYsTMhI8phTAlYK+rEmNPeK/KkY1Btu050DrxKvJA1UojOof/WHimYJk0AFMSbw3BTCnGjgVLCi1s8MSwmdkBELLJUkYSbM5ycX+MwqQxwrbUsCnqu/J3KSGDNNItuZEBibZW8m/ucFGcRXYc5lmgGTdLEozgQGhWf/4yHXjIKYWkKo5vZWTMfEpgA2pZoNwVt+eZX4F83rpnfXarRbZRpVdIJO0Tny0CVqo1vUQT6iSKFn9IreHHBenHfnY9FaccqZY/QHzucPCauRPw==</latexit><latexit sha1_base64="qiZzrSltcyVMk3Qiqmzd+XeLpE8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoN4KXjxWMLaQhrLZbtqlm92wOxFLyM/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KBXcgOt+O5W19Y3Nrep2bWd3b/+gfnj0YFSmKfOpEkr3ImKY4JL5wEGwXqoZSSLButHkZuZ3H5k2XMl7mKYsTMhI8phTAlYK+rEmNPeK/KkY1Btu050DrxKvJA1UojOof/WHimYJk0AFMSbw3BTCnGjgVLCi1s8MSwmdkBELLJUkYSbM5ycX+MwqQxwrbUsCnqu/J3KSGDNNItuZEBibZW8m/ucFGcRXYc5lmgGTdLEozgQGhWf/4yHXjIKYWkKo5vZWTMfEpgA2pZoNwVt+eZX4F83rpnfXarRbZRpVdIJO0Tny0CVqo1vUQT6iSKFn9IreHHBenHfnY9FaccqZY/QHzucPCauRPw==</latexit><latexit sha1_base64="qiZzrSltcyVMk3Qiqmzd+XeLpE8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoN4KXjxWMLaQhrLZbtqlm92wOxFLyM/w4kHFq//Gm//GbZuDtj4YeLw3w8y8KBXcgOt+O5W19Y3Nrep2bWd3b/+gfnj0YFSmKfOpEkr3ImKY4JL5wEGwXqoZSSLButHkZuZ3H5k2XMl7mKYsTMhI8phTAlYK+rEmNPeK/KkY1Btu050DrxKvJA1UojOof/WHimYJk0AFMSbw3BTCnGjgVLCi1s8MSwmdkBELLJUkYSbM5ycX+MwqQxwrbUsCnqu/J3KSGDNNItuZEBibZW8m/ucFGcRXYc5lmgGTdLEozgQGhWf/4yHXjIKYWkKo5vZWTMfEpgA2pZoNwVt+eZX4F83rpnfXarRbZRpVdIJO0Tny0CVqo1vUQT6iSKFn9IreHHBenHfnY9FaccqZY/QHzucPCauRPw==</latexit>

x � 1
<latexit sha1_base64="ditUmPtVENI9KsO6LjizQflKWmI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnorePFY0dpCG8pmu2mXbjZhdyKW0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwup76rUeujYjVPY4T7kd0oEQoGEUr3T2deb1yxa26M5Bl4uWkAjkavfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzvHpV9W5rlXotT6MIR3AMp+DBBdThBhrQBAYDeIZXeHOk8+K8Ox/z1oKTzxzCHzifPyl3jTQ=</latexit><latexit sha1_base64="ditUmPtVENI9KsO6LjizQflKWmI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnorePFY0dpCG8pmu2mXbjZhdyKW0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwup76rUeujYjVPY4T7kd0oEQoGEUr3T2deb1yxa26M5Bl4uWkAjkavfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzvHpV9W5rlXotT6MIR3AMp+DBBdThBhrQBAYDeIZXeHOk8+K8Ox/z1oKTzxzCHzifPyl3jTQ=</latexit><latexit sha1_base64="ditUmPtVENI9KsO6LjizQflKWmI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnorePFY0dpCG8pmu2mXbjZhdyKW0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwup76rUeujYjVPY4T7kd0oEQoGEUr3T2deb1yxa26M5Bl4uWkAjkavfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzvHpV9W5rlXotT6MIR3AMp+DBBdThBhrQBAYDeIZXeHOk8+K8Ox/z1oKTzxzCHzifPyl3jTQ=</latexit><latexit sha1_base64="ditUmPtVENI9KsO6LjizQflKWmI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnorePFY0dpCG8pmu2mXbjZhdyKW0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwup76rUeujYjVPY4T7kd0oEQoGEUr3T2deb1yxa26M5Bl4uWkAjkavfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzvHpV9W5rlXotT6MIR3AMp+DBBdThBhrQBAYDeIZXeHOk8+K8Ox/z1oKTzxzCHzifPyl3jTQ=</latexit>

x

1 + x
<latexit sha1_base64="t463RhZvfh3u5wG+TBauwHzOIVM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBfVW8OKxgrGFNpTNdtMu3Wzi7qa0hPwOLx5UvPpnvPlv3KY5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PHlWUSEJdEvFIdnysKGeCupppTjuxpDj0OW3749u5355QqVgkHvQspl6Ih4IFjGBtJK8XSEzSaZY6F9OsX63ZdTsHWiVOQWpQoNWvfvUGEUlCKjThWKmuY8faS7HUjHCaVXqJojEmYzykXUMFDqny0vzoDJ0ZZYCCSJoSGuXq74kUh0rNQt90hliP1LI3F//zuokOrr2UiTjRVJDFoiDhSEdongAaMEmJ5jNDMJHM3IrICJsctMmpYkJwll9eJe5l/abu3DdqzUaRRhlO4BTOwYEraMIdtMAFAk/wDK/wZk2sF+vd+li0lqxi5hj+wPr8AVPekfY=</latexit><latexit sha1_base64="t463RhZvfh3u5wG+TBauwHzOIVM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBfVW8OKxgrGFNpTNdtMu3Wzi7qa0hPwOLx5UvPpnvPlv3KY5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PHlWUSEJdEvFIdnysKGeCupppTjuxpDj0OW3749u5355QqVgkHvQspl6Ih4IFjGBtJK8XSEzSaZY6F9OsX63ZdTsHWiVOQWpQoNWvfvUGEUlCKjThWKmuY8faS7HUjHCaVXqJojEmYzykXUMFDqny0vzoDJ0ZZYCCSJoSGuXq74kUh0rNQt90hliP1LI3F//zuokOrr2UiTjRVJDFoiDhSEdongAaMEmJ5jNDMJHM3IrICJsctMmpYkJwll9eJe5l/abu3DdqzUaRRhlO4BTOwYEraMIdtMAFAk/wDK/wZk2sF+vd+li0lqxi5hj+wPr8AVPekfY=</latexit><latexit sha1_base64="t463RhZvfh3u5wG+TBauwHzOIVM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBfVW8OKxgrGFNpTNdtMu3Wzi7qa0hPwOLx5UvPpnvPlv3KY5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PHlWUSEJdEvFIdnysKGeCupppTjuxpDj0OW3749u5355QqVgkHvQspl6Ih4IFjGBtJK8XSEzSaZY6F9OsX63ZdTsHWiVOQWpQoNWvfvUGEUlCKjThWKmuY8faS7HUjHCaVXqJojEmYzykXUMFDqny0vzoDJ0ZZYCCSJoSGuXq74kUh0rNQt90hliP1LI3F//zuokOrr2UiTjRVJDFoiDhSEdongAaMEmJ5jNDMJHM3IrICJsctMmpYkJwll9eJe5l/abu3DdqzUaRRhlO4BTOwYEraMIdtMAFAk/wDK/wZk2sF+vd+li0lqxi5hj+wPr8AVPekfY=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="BhN0SuI3HqcZ0GPHh5VZZwznxdY=">AAAB6HicbZDNSgMxFIXv1L9aq1a3boJFEIQy40bdCW5cVnBsoR1KJr3ThmYyY5IpLcM8hxsXKj6RO9/G9GehrQcCh3MS7s0XpoJr47rfTmljc2t7p7xb2avuHxzWjqpPOskUQ58lIlHtkGoUXKJvuBHYThXSOBTYCkd3s741RqV5Ih/NNMUgpgPJI86osVHQjRRl+aTIvYtJ0avV3YY7F1k33tLUYalmr/bV7Scsi1EaJqjWHc9NTZBTZTgTWFS6mcaUshEdYMdaSWPUQT5fuiBnNumTKFH2SEPm6e8XOY21nsahvRlTM9Sr3Sz8r+tkJroOci7TzKBki0FRJohJyIwA6XOFzIipNZQpbnclbEgtB2M5VSwEb/XL68a/bNw0vAcXynACp3AOHlzBLdxDE3xg8Awv8Abvzth5dT4WtErOEtsx/JHz+QMORpCm</latexit><latexit sha1_base64="BhN0SuI3HqcZ0GPHh5VZZwznxdY=">AAAB6HicbZDNSgMxFIXv1L9aq1a3boJFEIQy40bdCW5cVnBsoR1KJr3ThmYyY5IpLcM8hxsXKj6RO9/G9GehrQcCh3MS7s0XpoJr47rfTmljc2t7p7xb2avuHxzWjqpPOskUQ58lIlHtkGoUXKJvuBHYThXSOBTYCkd3s741RqV5Ih/NNMUgpgPJI86osVHQjRRl+aTIvYtJ0avV3YY7F1k33tLUYalmr/bV7Scsi1EaJqjWHc9NTZBTZTgTWFS6mcaUshEdYMdaSWPUQT5fuiBnNumTKFH2SEPm6e8XOY21nsahvRlTM9Sr3Sz8r+tkJroOci7TzKBki0FRJohJyIwA6XOFzIipNZQpbnclbEgtB2M5VSwEb/XL68a/bNw0vAcXynACp3AOHlzBLdxDE3xg8Awv8Abvzth5dT4WtErOEtsx/JHz+QMORpCm</latexit><latexit sha1_base64="lI7KKvxT66tV1jg2kLvjG6NgbJY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQklEUG8FLx4rGFtoQ9lsN+3S3U3c3ZSWkN/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YcKZNq777aysrq1vbJa2yts7u3v7lYPDRx2nilCfxDxWrRBrypmkvmGG01aiKBYhp81weDv1myOqNIvlg5kkNBC4L1nECDZWCjqRwiQb55l3Ps67lapbc2dAy8QrSBUKNLqVr04vJqmg0hCOtW57bmKCDCvDCKd5uZNqmmAyxH3atlRiQXWQzY7O0alVeiiKlS1p0Ez9PZFhofVEhLZTYDPQi95U/M9rpya6DjImk9RQSeaLopQjE6NpAqjHFCWGTyzBRDF7KyIDbHMwNqeyDcFbfHmZ+Be1m5p371brl0UaJTiGEzgDD66gDnfQAB8IPMEzvMKbM3JenHfnY9664hQzR/AHzucPUp6R8g==</latexit><latexit sha1_base64="t463RhZvfh3u5wG+TBauwHzOIVM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBfVW8OKxgrGFNpTNdtMu3Wzi7qa0hPwOLx5UvPpnvPlv3KY5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PHlWUSEJdEvFIdnysKGeCupppTjuxpDj0OW3749u5355QqVgkHvQspl6Ih4IFjGBtJK8XSEzSaZY6F9OsX63ZdTsHWiVOQWpQoNWvfvUGEUlCKjThWKmuY8faS7HUjHCaVXqJojEmYzykXUMFDqny0vzoDJ0ZZYCCSJoSGuXq74kUh0rNQt90hliP1LI3F//zuokOrr2UiTjRVJDFoiDhSEdongAaMEmJ5jNDMJHM3IrICJsctMmpYkJwll9eJe5l/abu3DdqzUaRRhlO4BTOwYEraMIdtMAFAk/wDK/wZk2sF+vd+li0lqxi5hj+wPr8AVPekfY=</latexit><latexit sha1_base64="t463RhZvfh3u5wG+TBauwHzOIVM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBfVW8OKxgrGFNpTNdtMu3Wzi7qa0hPwOLx5UvPpnvPlv3KY5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PHlWUSEJdEvFIdnysKGeCupppTjuxpDj0OW3749u5355QqVgkHvQspl6Ih4IFjGBtJK8XSEzSaZY6F9OsX63ZdTsHWiVOQWpQoNWvfvUGEUlCKjThWKmuY8faS7HUjHCaVXqJojEmYzykXUMFDqny0vzoDJ0ZZYCCSJoSGuXq74kUh0rNQt90hliP1LI3F//zuokOrr2UiTjRVJDFoiDhSEdongAaMEmJ5jNDMJHM3IrICJsctMmpYkJwll9eJe5l/abu3DdqzUaRRhlO4BTOwYEraMIdtMAFAk/wDK/wZk2sF+vd+li0lqxi5hj+wPr8AVPekfY=</latexit><latexit sha1_base64="t463RhZvfh3u5wG+TBauwHzOIVM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBfVW8OKxgrGFNpTNdtMu3Wzi7qa0hPwOLx5UvPpnvPlv3KY5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PHlWUSEJdEvFIdnysKGeCupppTjuxpDj0OW3749u5355QqVgkHvQspl6Ih4IFjGBtJK8XSEzSaZY6F9OsX63ZdTsHWiVOQWpQoNWvfvUGEUlCKjThWKmuY8faS7HUjHCaVXqJojEmYzykXUMFDqny0vzoDJ0ZZYCCSJoSGuXq74kUh0rNQt90hliP1LI3F//zuokOrr2UiTjRVJDFoiDhSEdongAaMEmJ5jNDMJHM3IrICJsctMmpYkJwll9eJe5l/abu3DdqzUaRRhlO4BTOwYEraMIdtMAFAk/wDK/wZk2sF+vd+li0lqxi5hj+wPr8AVPekfY=</latexit><latexit sha1_base64="t463RhZvfh3u5wG+TBauwHzOIVM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBfVW8OKxgrGFNpTNdtMu3Wzi7qa0hPwOLx5UvPpnvPlv3KY5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PHlWUSEJdEvFIdnysKGeCupppTjuxpDj0OW3749u5355QqVgkHvQspl6Ih4IFjGBtJK8XSEzSaZY6F9OsX63ZdTsHWiVOQWpQoNWvfvUGEUlCKjThWKmuY8faS7HUjHCaVXqJojEmYzykXUMFDqny0vzoDJ0ZZYCCSJoSGuXq74kUh0rNQt90hliP1LI3F//zuokOrr2UiTjRVJDFoiDhSEdongAaMEmJ5jNDMJHM3IrICJsctMmpYkJwll9eJe5l/abu3DdqzUaRRhlO4BTOwYEraMIdtMAFAk/wDK/wZk2sF+vd+li0lqxi5hj+wPr8AVPekfY=</latexit><latexit sha1_base64="t463RhZvfh3u5wG+TBauwHzOIVM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBfVW8OKxgrGFNpTNdtMu3Wzi7qa0hPwOLx5UvPpnvPlv3KY5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PHlWUSEJdEvFIdnysKGeCupppTjuxpDj0OW3749u5355QqVgkHvQspl6Ih4IFjGBtJK8XSEzSaZY6F9OsX63ZdTsHWiVOQWpQoNWvfvUGEUlCKjThWKmuY8faS7HUjHCaVXqJojEmYzykXUMFDqny0vzoDJ0ZZYCCSJoSGuXq74kUh0rNQt90hliP1LI3F//zuokOrr2UiTjRVJDFoiDhSEdongAaMEmJ5jNDMJHM3IrICJsctMmpYkJwll9eJe5l/abu3DdqzUaRRhlO4BTOwYEraMIdtMAFAk/wDK/wZk2sF+vd+li0lqxi5hj+wPr8AVPekfY=</latexit><latexit sha1_base64="t463RhZvfh3u5wG+TBauwHzOIVM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBfVW8OKxgrGFNpTNdtMu3Wzi7qa0hPwOLx5UvPpnvPlv3KY5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+PHlWUSEJdEvFIdnysKGeCupppTjuxpDj0OW3749u5355QqVgkHvQspl6Ih4IFjGBtJK8XSEzSaZY6F9OsX63ZdTsHWiVOQWpQoNWvfvUGEUlCKjThWKmuY8faS7HUjHCaVXqJojEmYzykXUMFDqny0vzoDJ0ZZYCCSJoSGuXq74kUh0rNQt90hliP1LI3F//zuokOrr2UiTjRVJDFoiDhSEdongAaMEmJ5jNDMJHM3IrICJsctMmpYkJwll9eJe5l/abu3DdqzUaRRhlO4BTOwYEraMIdtMAFAk/wDK/wZk2sF+vd+li0lqxi5hj+wPr8AVPekfY=</latexit>

⇤̂m,k
<latexit sha1_base64="tX1z0RpAXF6iSDyT0vMyUMd0QjE=">AAAB+3icbVBPS8MwHE39O+e/6o5egkPwIKMVQXcbePHgYYJ1g7WUNM22sCQtSSqUUr+KFw8qXv0i3vw2ZlsPuvkg8Hjv9/j98qKUUaUd59taWV1b39isbdW3d3b39u2DwweVZBITDycskf0IKcKoIJ6mmpF+KgniESO9aHI99XuPRCqaiHudpyTgaCTokGKkjRTaDX+MdOHfmkSMyrDgZ5MytJtOy5kBLhO3Ik1QoRvaX36c4IwToTFDSg1cJ9VBgaSmmJGy7meKpAhP0IgMDBWIExUUs+NLeGKUGA4TaZ7QcKb+ThSIK5XzyExypMdq0ZuK/3mDTA+vgoKKNNNE4PmiYcagTuC0CRhTSbBmuSEIS2puhXiMJMLa9FU3JbiLX14m3nmr3XLvLpqddtVGDRyBY3AKXHAJOuAGdIEHMMjBM3gFb9aT9WK9Wx/z0RWryjTAH1ifP1ZAlL0=</latexit><latexit sha1_base64="tX1z0RpAXF6iSDyT0vMyUMd0QjE=">AAAB+3icbVBPS8MwHE39O+e/6o5egkPwIKMVQXcbePHgYYJ1g7WUNM22sCQtSSqUUr+KFw8qXv0i3vw2ZlsPuvkg8Hjv9/j98qKUUaUd59taWV1b39isbdW3d3b39u2DwweVZBITDycskf0IKcKoIJ6mmpF+KgniESO9aHI99XuPRCqaiHudpyTgaCTokGKkjRTaDX+MdOHfmkSMyrDgZ5MytJtOy5kBLhO3Ik1QoRvaX36c4IwToTFDSg1cJ9VBgaSmmJGy7meKpAhP0IgMDBWIExUUs+NLeGKUGA4TaZ7QcKb+ThSIK5XzyExypMdq0ZuK/3mDTA+vgoKKNNNE4PmiYcagTuC0CRhTSbBmuSEIS2puhXiMJMLa9FU3JbiLX14m3nmr3XLvLpqddtVGDRyBY3AKXHAJOuAGdIEHMMjBM3gFb9aT9WK9Wx/z0RWryjTAH1ifP1ZAlL0=</latexit><latexit sha1_base64="tX1z0RpAXF6iSDyT0vMyUMd0QjE=">AAAB+3icbVBPS8MwHE39O+e/6o5egkPwIKMVQXcbePHgYYJ1g7WUNM22sCQtSSqUUr+KFw8qXv0i3vw2ZlsPuvkg8Hjv9/j98qKUUaUd59taWV1b39isbdW3d3b39u2DwweVZBITDycskf0IKcKoIJ6mmpF+KgniESO9aHI99XuPRCqaiHudpyTgaCTokGKkjRTaDX+MdOHfmkSMyrDgZ5MytJtOy5kBLhO3Ik1QoRvaX36c4IwToTFDSg1cJ9VBgaSmmJGy7meKpAhP0IgMDBWIExUUs+NLeGKUGA4TaZ7QcKb+ThSIK5XzyExypMdq0ZuK/3mDTA+vgoKKNNNE4PmiYcagTuC0CRhTSbBmuSEIS2puhXiMJMLa9FU3JbiLX14m3nmr3XLvLpqddtVGDRyBY3AKXHAJOuAGdIEHMMjBM3gFb9aT9WK9Wx/z0RWryjTAH1ifP1ZAlL0=</latexit><latexit sha1_base64="tX1z0RpAXF6iSDyT0vMyUMd0QjE=">AAAB+3icbVBPS8MwHE39O+e/6o5egkPwIKMVQXcbePHgYYJ1g7WUNM22sCQtSSqUUr+KFw8qXv0i3vw2ZlsPuvkg8Hjv9/j98qKUUaUd59taWV1b39isbdW3d3b39u2DwweVZBITDycskf0IKcKoIJ6mmpF+KgniESO9aHI99XuPRCqaiHudpyTgaCTokGKkjRTaDX+MdOHfmkSMyrDgZ5MytJtOy5kBLhO3Ik1QoRvaX36c4IwToTFDSg1cJ9VBgaSmmJGy7meKpAhP0IgMDBWIExUUs+NLeGKUGA4TaZ7QcKb+ThSIK5XzyExypMdq0ZuK/3mDTA+vgoKKNNNE4PmiYcagTuC0CRhTSbBmuSEIS2puhXiMJMLa9FU3JbiLX14m3nmr3XLvLpqddtVGDRyBY3AKXHAJOuAGdIEHMMjBM3gFb9aT9WK9Wx/z0RWryjTAH1ifP1ZAlL0=</latexit>

�̂m,k
<latexit sha1_base64="WHTx0jdjkZfyHV7dYpcil+JCgv0=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16CRbBg5REBO2t4MVjBWMLTQiT7bZdursJuxuxhPwVLx5UvPpLvPlv3LY5aOuDgcd7M8zMi1NGlXbdb6uytr6xuVXdru3s7u0f2If1B5VkEhMfJyyRvRgUYVQQX1PNSC+VBHjMSDee3Mz87iORiibiXk9TEnIYCTqkGLSRIrsejEHnwQg4hyLK+fmkiOyG23TncFaJV5IGKtGJ7K9gkOCME6ExA6X6npvqMAepKWakqAWZIingCYxI31ABnKgwn99eOKdGGTjDRJoS2pmrvydy4EpNeWw6OeixWvZm4n9eP9PD6zCnIs00EXixaJgxRyfOLAhnQCXBmk0NASypudXBY5CAtYmrZkLwll9eJf5Fs9X07i4b7VaZRhUdoxN0hjx0hdroFnWQjzB6Qs/oFb1ZhfVivVsfi9aKVc4coT+wPn8AzciUdQ==</latexit><latexit sha1_base64="WHTx0jdjkZfyHV7dYpcil+JCgv0=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16CRbBg5REBO2t4MVjBWMLTQiT7bZdursJuxuxhPwVLx5UvPpLvPlv3LY5aOuDgcd7M8zMi1NGlXbdb6uytr6xuVXdru3s7u0f2If1B5VkEhMfJyyRvRgUYVQQX1PNSC+VBHjMSDee3Mz87iORiibiXk9TEnIYCTqkGLSRIrsejEHnwQg4hyLK+fmkiOyG23TncFaJV5IGKtGJ7K9gkOCME6ExA6X6npvqMAepKWakqAWZIingCYxI31ABnKgwn99eOKdGGTjDRJoS2pmrvydy4EpNeWw6OeixWvZm4n9eP9PD6zCnIs00EXixaJgxRyfOLAhnQCXBmk0NASypudXBY5CAtYmrZkLwll9eJf5Fs9X07i4b7VaZRhUdoxN0hjx0hdroFnWQjzB6Qs/oFb1ZhfVivVsfi9aKVc4coT+wPn8AzciUdQ==</latexit><latexit sha1_base64="WHTx0jdjkZfyHV7dYpcil+JCgv0=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16CRbBg5REBO2t4MVjBWMLTQiT7bZdursJuxuxhPwVLx5UvPpLvPlv3LY5aOuDgcd7M8zMi1NGlXbdb6uytr6xuVXdru3s7u0f2If1B5VkEhMfJyyRvRgUYVQQX1PNSC+VBHjMSDee3Mz87iORiibiXk9TEnIYCTqkGLSRIrsejEHnwQg4hyLK+fmkiOyG23TncFaJV5IGKtGJ7K9gkOCME6ExA6X6npvqMAepKWakqAWZIingCYxI31ABnKgwn99eOKdGGTjDRJoS2pmrvydy4EpNeWw6OeixWvZm4n9eP9PD6zCnIs00EXixaJgxRyfOLAhnQCXBmk0NASypudXBY5CAtYmrZkLwll9eJf5Fs9X07i4b7VaZRhUdoxN0hjx0hdroFnWQjzB6Qs/oFb1ZhfVivVsfi9aKVc4coT+wPn8AzciUdQ==</latexit><latexit sha1_base64="WHTx0jdjkZfyHV7dYpcil+JCgv0=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16CRbBg5REBO2t4MVjBWMLTQiT7bZdursJuxuxhPwVLx5UvPpLvPlv3LY5aOuDgcd7M8zMi1NGlXbdb6uytr6xuVXdru3s7u0f2If1B5VkEhMfJyyRvRgUYVQQX1PNSC+VBHjMSDee3Mz87iORiibiXk9TEnIYCTqkGLSRIrsejEHnwQg4hyLK+fmkiOyG23TncFaJV5IGKtGJ7K9gkOCME6ExA6X6npvqMAepKWakqAWZIingCYxI31ABnKgwn99eOKdGGTjDRJoS2pmrvydy4EpNeWw6OeixWvZm4n9eP9PD6zCnIs00EXixaJgxRyfOLAhnQCXBmk0NASypudXBY5CAtYmrZkLwll9eJf5Fs9X07i4b7VaZRhUdoxN0hjx0hdroFnWQjzB6Qs/oFb1ZhfVivVsfi9aKVc4coT+wPn8AzciUdQ==</latexit>

⇠̂m,k
<latexit sha1_base64="DmJxbzX5hmb1iwGn6SNOz6AXw4M=">AAAB93icbVBNS8NAEN34WetHox69LBbBg5REBO2t4MVjBWMLbQib7aZdupuE3YlYQ36JFw8qXv0r3vw3btsctPXBwOO9GWbmhangGhzn21pZXVvf2KxsVbd3dvdq9v7BvU4yRZlHE5Gobkg0EzxmHnAQrJsqRmQoWCccX0/9zgNTmifxHUxS5ksyjHnEKQEjBXatPyKQ9x95EeTybFwEdt1pODPgZeKWpI5KtAP7qz9IaCZZDFQQrXuuk4KfEwWcClZU+5lmKaFjMmQ9Q2Mimfbz2eEFPjHKAEeJMhUDnqm/J3IitZ7I0HRKAiO96E3F/7xeBtGVn/M4zYDFdL4oygSGBE9TwAOuGAUxMYRQxc2tmI6IIhRMVlUTgrv48jLxzhvNhnt7UW81yzQq6Agdo1PkokvUQjeojTxEUYae0St6s56sF+vd+pi3rljlzCH6A+vzB5UYkzU=</latexit><latexit sha1_base64="DmJxbzX5hmb1iwGn6SNOz6AXw4M=">AAAB93icbVBNS8NAEN34WetHox69LBbBg5REBO2t4MVjBWMLbQib7aZdupuE3YlYQ36JFw8qXv0r3vw3btsctPXBwOO9GWbmhangGhzn21pZXVvf2KxsVbd3dvdq9v7BvU4yRZlHE5Gobkg0EzxmHnAQrJsqRmQoWCccX0/9zgNTmifxHUxS5ksyjHnEKQEjBXatPyKQ9x95EeTybFwEdt1pODPgZeKWpI5KtAP7qz9IaCZZDFQQrXuuk4KfEwWcClZU+5lmKaFjMmQ9Q2Mimfbz2eEFPjHKAEeJMhUDnqm/J3IitZ7I0HRKAiO96E3F/7xeBtGVn/M4zYDFdL4oygSGBE9TwAOuGAUxMYRQxc2tmI6IIhRMVlUTgrv48jLxzhvNhnt7UW81yzQq6Agdo1PkokvUQjeojTxEUYae0St6s56sF+vd+pi3rljlzCH6A+vzB5UYkzU=</latexit><latexit sha1_base64="DmJxbzX5hmb1iwGn6SNOz6AXw4M=">AAAB93icbVBNS8NAEN34WetHox69LBbBg5REBO2t4MVjBWMLbQib7aZdupuE3YlYQ36JFw8qXv0r3vw3btsctPXBwOO9GWbmhangGhzn21pZXVvf2KxsVbd3dvdq9v7BvU4yRZlHE5Gobkg0EzxmHnAQrJsqRmQoWCccX0/9zgNTmifxHUxS5ksyjHnEKQEjBXatPyKQ9x95EeTybFwEdt1pODPgZeKWpI5KtAP7qz9IaCZZDFQQrXuuk4KfEwWcClZU+5lmKaFjMmQ9Q2Mimfbz2eEFPjHKAEeJMhUDnqm/J3IitZ7I0HRKAiO96E3F/7xeBtGVn/M4zYDFdL4oygSGBE9TwAOuGAUxMYRQxc2tmI6IIhRMVlUTgrv48jLxzhvNhnt7UW81yzQq6Agdo1PkokvUQjeojTxEUYae0St6s56sF+vd+pi3rljlzCH6A+vzB5UYkzU=</latexit><latexit sha1_base64="DmJxbzX5hmb1iwGn6SNOz6AXw4M=">AAAB93icbVBNS8NAEN34WetHox69LBbBg5REBO2t4MVjBWMLbQib7aZdupuE3YlYQ36JFw8qXv0r3vw3btsctPXBwOO9GWbmhangGhzn21pZXVvf2KxsVbd3dvdq9v7BvU4yRZlHE5Gobkg0EzxmHnAQrJsqRmQoWCccX0/9zgNTmifxHUxS5ksyjHnEKQEjBXatPyKQ9x95EeTybFwEdt1pODPgZeKWpI5KtAP7qz9IaCZZDFQQrXuuk4KfEwWcClZU+5lmKaFjMmQ9Q2Mimfbz2eEFPjHKAEeJMhUDnqm/J3IitZ7I0HRKAiO96E3F/7xeBtGVn/M4zYDFdL4oygSGBE9TwAOuGAUxMYRQxc2tmI6IIhRMVlUTgrv48jLxzhvNhnt7UW81yzQq6Agdo1PkokvUQjeojTxEUYae0St6s56sF+vd+pi3rljlzCH6A+vzB5UYkzU=</latexit>

Gm,k
<latexit sha1_base64="GumlLnhsfMDDkobtqu7dOJcxpGw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECtpbwYMeKxhbaEPZbDftkt1N2N0IJfRHePGg4tX/481/47bNQVsfDDzem2FmXphypo3rfjultfWNza3ydmVnd2//oHp49KiTTBHqk4QnqhtiTTmT1DfMcNpNFcUi5LQTxjczv/NElWaJfDCTlAYCjySLGMHGSp3bQS4u4umgWnPr7hxolXgFqUGB9qD61R8mJBNUGsKx1j3PTU2QY2UY4XRa6WeappjEeER7lkosqA7y+blTdGaVIYoSZUsaNFd/T+RYaD0Roe0U2Iz1sjcT//N6mYmug5zJNDNUksWiKOPIJGj2OxoyRYnhE0swUczeisgYK0yMTahiQ/CWX14l/mW9WffuG7VWs0ijDCdwCufgwRW04A7a4AOBGJ7hFd6c1Hlx3p2PRWvJKWaO4Q+czx98j48t</latexit><latexit sha1_base64="GumlLnhsfMDDkobtqu7dOJcxpGw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECtpbwYMeKxhbaEPZbDftkt1N2N0IJfRHePGg4tX/481/47bNQVsfDDzem2FmXphypo3rfjultfWNza3ydmVnd2//oHp49KiTTBHqk4QnqhtiTTmT1DfMcNpNFcUi5LQTxjczv/NElWaJfDCTlAYCjySLGMHGSp3bQS4u4umgWnPr7hxolXgFqUGB9qD61R8mJBNUGsKx1j3PTU2QY2UY4XRa6WeappjEeER7lkosqA7y+blTdGaVIYoSZUsaNFd/T+RYaD0Roe0U2Iz1sjcT//N6mYmug5zJNDNUksWiKOPIJGj2OxoyRYnhE0swUczeisgYK0yMTahiQ/CWX14l/mW9WffuG7VWs0ijDCdwCufgwRW04A7a4AOBGJ7hFd6c1Hlx3p2PRWvJKWaO4Q+czx98j48t</latexit><latexit sha1_base64="GumlLnhsfMDDkobtqu7dOJcxpGw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECtpbwYMeKxhbaEPZbDftkt1N2N0IJfRHePGg4tX/481/47bNQVsfDDzem2FmXphypo3rfjultfWNza3ydmVnd2//oHp49KiTTBHqk4QnqhtiTTmT1DfMcNpNFcUi5LQTxjczv/NElWaJfDCTlAYCjySLGMHGSp3bQS4u4umgWnPr7hxolXgFqUGB9qD61R8mJBNUGsKx1j3PTU2QY2UY4XRa6WeappjEeER7lkosqA7y+blTdGaVIYoSZUsaNFd/T+RYaD0Roe0U2Iz1sjcT//N6mYmug5zJNDNUksWiKOPIJGj2OxoyRYnhE0swUczeisgYK0yMTahiQ/CWX14l/mW9WffuG7VWs0ijDCdwCufgwRW04A7a4AOBGJ7hFd6c1Hlx3p2PRWvJKWaO4Q+czx98j48t</latexit><latexit sha1_base64="GumlLnhsfMDDkobtqu7dOJcxpGw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECtpbwYMeKxhbaEPZbDftkt1N2N0IJfRHePGg4tX/481/47bNQVsfDDzem2FmXphypo3rfjultfWNza3ydmVnd2//oHp49KiTTBHqk4QnqhtiTTmT1DfMcNpNFcUi5LQTxjczv/NElWaJfDCTlAYCjySLGMHGSp3bQS4u4umgWnPr7hxolXgFqUGB9qD61R8mJBNUGsKx1j3PTU2QY2UY4XRa6WeappjEeER7lkosqA7y+blTdGaVIYoSZUsaNFd/T+RYaD0Roe0U2Iz1sjcT//N6mYmug5zJNDNUksWiKOPIJGj2OxoyRYnhE0swUczeisgYK0yMTahiQ/CWX14l/mW9WffuG7VWs0ijDCdwCufgwRW04A7a4AOBGJ7hFd6c1Hlx3p2PRWvJKWaO4Q+czx98j48t</latexit>

|Xm,k|2
|Xm�1,k|2

<latexit sha1_base64="cdWYHzYk+y2aRzQv7RvjrVRCSKU=">AAACCXicbVC7TsMwFHXKq5RXgJHFUCExQJVUlYCtEgtjkQit1IbKcZ3Wqu1EtoNUpZlZ+BUWBkCs/AEbf4PbZoCWI1k695x7dX1PEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t27U1EiMfFwxCLZCpAijAriaaoZacWSIB4w0gyGVxO/+UCkopG41aOY+Bz1BQ0pRtpIXfuwE0qE03Grm/LTYTa+r2az4szNy65ddirOFHCRuDkpgxyNrv3V6UU44URozJBSbdeJtZ8iqSlmJCt1EkVihIeoT9qGCsSJ8tPpKRk8NkoPhpE0T2g4VX9PpIgrNeKB6eRID9S8NxH/89qJDi/8lIo40UTg2aIwYVBHcJIL7FFJsGYjQxCW1PwV4gEy2WiTXsmE4M6fvEi8auWy4t7UyvVankYRHIAjcAJccA7q4Bo0gAcweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Acfemnc=</latexit><latexit sha1_base64="cdWYHzYk+y2aRzQv7RvjrVRCSKU=">AAACCXicbVC7TsMwFHXKq5RXgJHFUCExQJVUlYCtEgtjkQit1IbKcZ3Wqu1EtoNUpZlZ+BUWBkCs/AEbf4PbZoCWI1k695x7dX1PEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t27U1EiMfFwxCLZCpAijAriaaoZacWSIB4w0gyGVxO/+UCkopG41aOY+Bz1BQ0pRtpIXfuwE0qE03Grm/LTYTa+r2az4szNy65ddirOFHCRuDkpgxyNrv3V6UU44URozJBSbdeJtZ8iqSlmJCt1EkVihIeoT9qGCsSJ8tPpKRk8NkoPhpE0T2g4VX9PpIgrNeKB6eRID9S8NxH/89qJDi/8lIo40UTg2aIwYVBHcJIL7FFJsGYjQxCW1PwV4gEy2WiTXsmE4M6fvEi8auWy4t7UyvVankYRHIAjcAJccA7q4Bo0gAcweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Acfemnc=</latexit><latexit sha1_base64="cdWYHzYk+y2aRzQv7RvjrVRCSKU=">AAACCXicbVC7TsMwFHXKq5RXgJHFUCExQJVUlYCtEgtjkQit1IbKcZ3Wqu1EtoNUpZlZ+BUWBkCs/AEbf4PbZoCWI1k695x7dX1PEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t27U1EiMfFwxCLZCpAijAriaaoZacWSIB4w0gyGVxO/+UCkopG41aOY+Bz1BQ0pRtpIXfuwE0qE03Grm/LTYTa+r2az4szNy65ddirOFHCRuDkpgxyNrv3V6UU44URozJBSbdeJtZ8iqSlmJCt1EkVihIeoT9qGCsSJ8tPpKRk8NkoPhpE0T2g4VX9PpIgrNeKB6eRID9S8NxH/89qJDi/8lIo40UTg2aIwYVBHcJIL7FFJsGYjQxCW1PwV4gEy2WiTXsmE4M6fvEi8auWy4t7UyvVankYRHIAjcAJccA7q4Bo0gAcweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Acfemnc=</latexit><latexit sha1_base64="cdWYHzYk+y2aRzQv7RvjrVRCSKU=">AAACCXicbVC7TsMwFHXKq5RXgJHFUCExQJVUlYCtEgtjkQit1IbKcZ3Wqu1EtoNUpZlZ+BUWBkCs/AEbf4PbZoCWI1k695x7dX1PEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t27U1EiMfFwxCLZCpAijAriaaoZacWSIB4w0gyGVxO/+UCkopG41aOY+Bz1BQ0pRtpIXfuwE0qE03Grm/LTYTa+r2az4szNy65ddirOFHCRuDkpgxyNrv3V6UU44URozJBSbdeJtZ8iqSlmJCt1EkVihIeoT9qGCsSJ8tPpKRk8NkoPhpE0T2g4VX9PpIgrNeKB6eRID9S8NxH/89qJDi/8lIo40UTg2aIwYVBHcJIL7FFJsGYjQxCW1PwV4gEy2WiTXsmE4M6fvEi8auWy4t7UyvVankYRHIAjcAJccA7q4Bo0gAcweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Acfemnc=</latexit>

e
⇠̂�̂

1+⇠̂

1 + ⇠̂
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Figure 1: SNRNN computation at frame m in the dashed box.
Octagons hold input and output. Latent variables are bounded
by rings. Feedforward networks are highlighted by bold cap-
sules. Rectangles and circles are element-wise operations.

We conclude our description of the SNRNN from the neural
network perspective. From the zoomed-in view of the recurrent
structure shown in Fig. 1, a priori SNR, a posteriori SNR, and
speech-presence likelihood ratio are interpreted as latent vari-
ables that carry information across time frames. The four feed-
forward neural networks interact with instantaneous power ra-
tios rather than direct speech or noise power, which potentially
makes the system robust against unseen noise types. In fact, all
variables in the network are represented as ratios, motivated by
the finding that ratio masks are superior learning targets [10].

3. Experimental Results and Discussions
We conducted experiments using the RATS speech activity de-
tection dataset [18] and the TIMIT dataset [19]. We selected the
RATS dataset to train our system because it contains extremely
challenging noise conditions. It also contains ample exam-
ples of both speech-present and speech-absent regions that are
needed for training. To demonstrate the enhancement quality of
our system, we choose speakers from four of the RATS channels
for a speaker verification (SV) evaluation. To demonstrate the
robustness of our system against other unseen noise types, we
performed the global and local signal-to-distortion ratio (SDR)
test [20] on the speech segments from the TIMIT dataset with
digitally added noise samples taken from the NOIZEUS dataset
[21]. In both experiments, we compared the SNRNN’s perfor-
mance (denoted NN in all tables and figures) with the classical
Wiener solution using decision-directed a priori SNR estima-
tion with MCRA noise estimation (denoted DD).

To train the SNRNN, we used a total 56 hours of 320 audio
recordings sampled at 16 kHz from Channels A and H in the de-
velopment partition of the RATS SAD dataset. For the SV task,
we also used Channel D in training. During the training phase,
1000 320-ms audio segments were randomly sampled from all
recordings to form one minibatch. We used oracle VAD in-
formation to maintain approximately equal numbers of speech-
present and speech-absent frames within each minibatch. Next,
we computed the STFT of each segment with a 32-ms Hamming
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Table 1: Improvement of SDR and 512-point Segmental SDR on 6300 TIMIT Utterances

SNR
(dB)

Cafeteria Babble Train Flight Car
SDR SegSDR SDR SegSDR SDR SegSDR SDR SegSDR

DD NN DD NN DD NN DD NN DD NN DD NN DD NN DD NN
10 2.25 0.96 5.21 8.20 3.30 1.76 5.60 8.30 4.25 2.68 5.17 8.53 6.92 4.01 7.13 10.5
5 3.05 2.88 7.09 9.43 4.20 4.11 7.53 9.76 5.25 5.24 6.86 9.90 8.83 7.66 9.18 12.7
0 3.67 3.90 8.93 10.4 4.85 5.61 9.31 11.0 6.19 6.88 9.01 11.4 10.7 10.7 11.6 15.3
-5 3.44 3.65 9.54 10.5 5.27 6.37 10.7 11.9 7.00 7.69 11.3 12.5 12.3 13.1 13.8 17.5

-10 1.39 1.66 9.41 9.80 4.39 5.57 11.0 12.3 6.72 7.24 12.4 13.1 13.1 14.5 14.8 18.4
Mean 2.76 2.61 8.04 9.67 4.40 4.68 8.83 10.7 5.88 5.95 8.95 11.1 10.4 9.99 11.3 14.9

Table 2: Speaker Verification Performance on RATS Speakers

EER(%) Noisy DD NN Clean
Channel A 28.6 32.2 24.9 10.7
Channel B 36.6 37.2 36.6 11.5
Channel C 44.8 40.1 36.7 7.93
Channel H 43.2 29.7 23.9 10.8

window, 75% overlap between frames, and 512-point DFTs. Fi-
nally, we computed the magnitude STFT, retaining the first 257
frequency dimensions as the input to SNRNN.

For each neural network inside the SNRNN, we used a 3-
layer feedforward network with 257 neurons in each of the in-
put, hidden, and output layers. We used rectified linear units
(ReLUs) as the activation function at all layers because SNRs
are non-negative. We used the sigmoid function in Eq. (15).
We chose constants a = 0.98, b = 0.98 and δ = 0.15, which
are effective for the classical DD approach [1]. The network
parameters were initialized so that each network is an identity
function prior to learning. γ̂, ξ̂, and Λ are initialized the same
way as the decision-directed method [1]. α = 0.2 is a good
weighting constant for the loss function. We used stochastic
gradient descent with a learning rate of 10−4 and a momentum
of 0.9 to update all network weights.

We evaluated our enhancement system in terms of the equal
error rate (EER) obtained for the SV task. The baseline SV
system was trained using the ALIZE i-vector system setup de-
scribed in [22]. Farsi speakers in the training partition of the
RATS SAD dataset were used for evaluation. The enrollment
consisted of 30, 28, 28, and 30 speakers from RATS Channels
A, B, C, and H, respectively. 28, 35, 25, and 37 recordings from
Channels A, B, C, and H, respectively, were tested against ev-
ery enrolled speaker from their corresponding channels. Table
2 shows that the NN provides significant improvement for all
channels except Channel B. The improvement for unseen chan-
nel C is even greater than the improvement for Channel A. In
addition, NN provides better performance than DD in all cases.
One notable finding in our experiment is that Ĝ[m, k] in Eq. (8)
and (9) no longer need to be identical in SNRNN. The results in
Table 2 were obtained using the power subtraction rule [7] for
Eq. (8), and the Wiener filter rule for Eq. (9).

Table 1 shows the improvement of global and 512-point
segmental SDR after applying DD and NN on noisy TIMIT
utterances. The four types of noise we include are perceptu-
ally very different from the noise in RATS channels. Our re-
sults show that SNRNN consistently improves segmental SDR
under all conditions, even though the global SDR sometimes
is worse than DD in high SNRs (which are rare in our train-
ing data). We illustrate this phenomenon in Fig. 2, where we
show compensated waveforms after DD and NN processing, re-
spectively. The impulse-like speech waveform at around 3.8s is

Figure 2: Denoised waveforms. Top left and bottom left: de-
noised signal using DD and NN, respectively. Top right and
bottom right: residual noise at 4-5s after 39.3dB amplification.

wrongly suppressed by NN. However, the burst of noise during
0-3s and 5-10s is better contained using NN. In addition, NN
produces far fewer musical artifacts during 4-5s. The parameter
α controls the tradeoff between speech smearing and noise sup-
pression. Using MSE-STSA loss alone yields almost an identi-
cal system as the decision-directed approach, while using VAD
loss alone results in a system that heavily suppresses noise and
smears speech. Overall, the robustness of SNRNN processing
was expected, as we note in Sec. 2, because the neural networks
“see” only instantaneous SNRs.

4. Conclusions
In this paper, we have proposed a neural-network equivalent
of the decision-directed a priori SNR estimation. We strongly
advocate the use of instantaneous SNRs as internal represen-
tations in neural networks to accompany the use of IRMs as
learning targets [10] for noise robustness. Our system preserves
the robustness of the classical method while improving the ac-
curacy of the recurrent approximations of a priori and a pos-
teriori SNRs. Our results have shown that SNRNN processing
can preserve speech and greatly suppress noise, while produc-
ing very few residual artifacts. In addition, our system can han-
dle unseen nonstationary noise conditions when trained on very
few noise types. We introduce the joint STSA-MSE and VAD
loss function, and highlight the importance of VAD loss for bal-
ancing the level of noise suppression and speech distortion. In
the future, we will attempt to improve the quality of enhanced
speech in the speech-present regions, and extend framework to
linear filtering for channel compensation.
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