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Abstract

In practical cases for radical operating conditions some systems exhibit slight nonlinear
behavior. The autoparametric vibration absorber based on a pendulum has been widely
studied and employed to quench the resonant excitation response of a primary linear
spring and mass viscous damped system. This work presents an analysis of nonlinear
primary systems modeled by the Duffing equation and coupled to a pendulum vibra-
tion absorber. The multiple scales method is used to determine that, for external and
internal resonances, the excitation force and the cubic nonlinearity are absorbed by the
pendulum. In both cases the steady state amplitude response of the primary system,
with linear and nonlinear springs, is the same. It is observed that, in contrast to linear
primary systems, a Duffing primary system leads to three real fixed points for the fre-
quency response. In fact, the nonlinearity on the primary system is transferred to the
pendulum dynamics, modifying the steady state response and bending the jumps. The
fixed points, amplitude and phase response and the stability are given in terms of the
nonlinearity. To ensure the performance of the absorber some constraint between the
nonlinearity and the external force must be accomplished. The system performance is
illustrated by means of numerical simulations.

INTRODUCTION

The study of a dynamic vibration absorbers has been gradually increasing. For instance,
the results obtained by Cartmell [1], using the techniques described in Nayfeh and Mook



B. Vizquez-Gonzalez, G. Silva-Navarro

[4], prove how in practical cases the tuning of the excited harmonically primary linear
system, with a pendulum, bring to the quenching of the first one. Other example is given
in the work by Song et. al. [5], where optimal parameters of the system are computed
to obtain vibration absorption and stability. Moreover, in Zhu et. al. [7] is considered
a passive vibration control scheme, including nonlinear damping and nonlinear springs.
The nonlinearities can appear also in the absorber dynamics as in the pendulum absorber
(see also Mikhlin and Reshetnikova [3] and references therein).

This work considers a mechanical system consisting of a primary system, including
non-linear elastic terms and dynamically coupled to a pendulum vibration absorber. A
similar system is analyzed by Hsieh and Shaw [2] as a chaotic system. The multiple scales
method is employed to determine the frequency response of the overall nonlinear system,
using similar approximations as those in Woafo [6]. The resulting solution enables us
to conclude that, the non-linear cubic term improves the absorption performance of the
pendulum for greater excitation forces. The stability is also affected by the nonlinear
term.

SYSTEM EQUATIONS

The system under study consists of an oscillating mass m; attached to a pendulum
vibration absorber as shown in Fig. 1. All the devices in the primary system are linear,
except for the elastic stiffness.The equations of motion describing the dynamics of the
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Figure 1: Pendulum absorber diagram for the Duffing primary system

horizontal displacement of m; and the angular displacement of mg are given by

(m1 +mo+m3)E+ 1t + kix + kgl‘g — <;mglb + m31> (99 + 92) = Fpycos Qt(l)
1 . . 1
<4m2l§ + IQ + m3l2> 0+ 629 + ki39 - <2m2lb + m31> 0 = 0 (2)

The following system parameters are defined as

T T T
T maitme+msg y= %m213+12+m3l2 €= 2m2lb +mal
W2 — k1 w2 = 3 Lkl — ko
1™ mit+matms 27 Imall+D4mgl? | M2 T mitmatms
£l =—F——"3d £y = 2
L™ 2w (m1+ma+ms) 27 2wy (Emal2+1r+mal?)

where € represents a small perturbation parameter associated to the coupling between
the pendulum and the primary system, among other kinds of perturbations like damp-
ing, nonlinearities and the exogenous excitation force. The equations of motion (1)-(2)
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are then normalized as follows
&+ 26 w13 4 Wiz + khad — he (09 + 92) = hFycosQt (3)
0 4 260w0f + W30 — geid = 0 (4)

In order to specify the influence of the damping over the overall system, we define
&, = €(y and &9 = €(y. The cubic term, associated to the Duffing equation, is described
by ki = ea, representing the effects of a hard spring. In addition, the exogenous
excitation is related with the amplitude perturbation by F' = hFy and f = eF. Then,
the normalized system equations are expressed as

i+ 26C i + wiz + cax® — he (99 + 92> = efcosQt (5)
0 (6)

0+ 25C2w29 + wab — geih

Frequency analysis

The multiple scales method is used to find an approximated solution for the perturbed
system equations. Then, the perturbed solutions to the system equations (5)-(6) are
proposed to be (see also Woafo et. al. [6])

x(To, 1) = =0 (To,T1) +exy (To, T1) + ... (7)
H(T(),Tl) = 90<T0,T1)+€01(T0,T1)+... (8)

where T is the fast time scale, 717 is the slow time scale and both time scales are
related by the perturbation as T,, = €"1p, with n = 0,1,2... and Ty = ¢t. Time scales
d

derivatives leads to the operators 3z = Do +¢eDj +...and % = D% +2eDogDq + .. ..

Moreover, the external and internal resonance conditions are defined by

Q = wi+eym 9)
w1 = 2wy +2epy (10)

where p; and p, denote two detuning parameters.

Applying the differential operators to the solutions (7)-(8), and constructing each
of the perturbed system equations (5)-(6), yields a set of differential equations in terms
of powers of €. The resulting equations for the first two powers of ¢ for the perturbed
equations are expressed by

el D3xg +wizg =0 (11)

el D3xy + wizy = —2¢ w1 Dozg — 2Dg Do — oz + h (D000)2 (12)
+ h (D§o) b0 + f cos (Tp)

¥ 1 D2y +wiby =0 (13)

e+ D3Oy + w3t = g (Dixo) 0o — 2D1 Doy — 2(owaDoby (14)

The proposed solutions for (11) and (13) are of the form

zog = A(Ty)eTo 4 A(Ty) e nto (15)
00 = B (Tl) eiw2To + B (Tl) e~ w2To (16)
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where the amplitudes depend on the fast time scale 77 and the oscillations on the time
scale Tp. Here A (T1) and B (71) denote complex conjugates of the amplitudes A (T})
and B (T1), respectively. Substituting (15) and (16) in equations (12) and (14) result

D%:cl + w%a:l = —2i§1w%Aei”1TO — 2iw Ale™1To _ o A3 311 To
. . 1 .
— 30 A2 AT _ opyy, B2e?iw2To 4 Efe’QTO +C.C. (17)
Dg@l + w%&l = —gw%ABe(“’1+w2)To — gw%ABe(wl_“’Q)TO
— 2iwe B'ew2To _ 2i§2w2Beiw2T° +C.C. (18)

where C.C. stands for complex conjugate terms. Canceling secular terms from equa-
tions (17)-(18) and using the polar forms for A (T1) = 3a (1) e®M) and B(T)) =
30 (Ty) (1) yields

3 1 ; 1, .
—iCiwia — iwyd + wiad — gaa?’ - ghw%b%“ﬁl + §fe’¢2 = 0 (19)
1 .
—Zgw%abe_ml — iwab’ + bway — ibCawd = 0 (20)

where the phases are defined by
¢1=p1T1 — 9, Py =27 — 06— 2pTh (21)

Steady state response

From system equations (19)-(20) are determined the steady state response amplitudes
and their stability. Therefore, taking real and imaginary parts of (19) and (20), respect-
ively, and reflecting the steady state on the phases (21) like &' = p; and v/ = & + p,,
with @’ = 0, b’ = 0 for the fixed points, results that

wiap; — zaa?’ — %hw%bQ cos ¢; + %f cospy = 0 (22)
—Cwia — %hw%bz sin ¢; + %f sing, = 0 (23)
figw%ab cos ¢; + bwa (% + ,02) =0 (24)
Jowlabsing; by} = 0 (25)

Now, solving the above equations are determined the approximated amplitude responses
for the primary system and pendulum, that is,

4 2 0 2
“= 8gbju2% ((2@ B 1> + f%) (26)
V+QW¥+R=0 (27)
where
B wy (2ar) (Q — 2ws)? (eq) w3gs (= wy)
R N EE% BN e A En e Rt

16£, &5
(eh) (e9)
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3/2

2 2
R = Blea)w [(Q—1> +63

@) (7)o |\ 202
Q 2
B | 2
<2(AJ2 > + 52

64 |(Q —w1)? + wie? 2
N {( w1) w1§1:| [<9_1> +§§

(e2h2) (e2¢?) w? 2wo

2
768 (car) w3 (2 —w)

(€2h?) (g%e*) wi

F2
(eh)? wi

Note that, the primary system response (26) does not depend on the cubic term.
In fact, the amplitude is the same as that determined by Cartmell [1], when there are
only linear elements. The pendulum response is affected by the cubic nonlinearity in
(28)-(29), that is, the cubic term has been transferred from the primary system to the
pendulum. Observe, in addition, that if the cubic term is neglected, o = 0, the response
coincides also with that in Cartmell [1]. Therefore, it is concluded the robustness of
the pendulum vibration absorber with respect to some nonlinearities on the primary
system, cancelling the effect of the cubic nonlinearity.
Fixed points. The real and imaginary parts are taken from equations (19)-(20) and
the system is solved for @', V', ¢} and ¢}, resulting the differential equations

—(wia — %hw%bQ sin ¢y + %f sin ¢q

a = (30)
w1
1gwiabsin ¢ — Cpw3b
Y — j9wiabsin ¢y — Cow3 (31)
w2
1
. wiap; — Saa® — Lhwib? cos ¢y + 1 f cos ¢, (32)
wia
o 29w1a2cos¢1 3w2aa3—7hw2b2008¢1+ swa f cos Py + wiwaa2ps (33)
2 pu—

wi1aw9

The fixed points are computed for the external and internal resonance conditions, that
is, when p; = py =0 and @’ =0, b’ =0, ¢} =0 and ¢5 = 0.

The system has one fixed point for the uncoupled or linear response, where the
pendulum is not affected by the primary system (b = 0), and two fixed points for the
coupled response or nonlinear interaction (a # 0, b # 0), where the absorption is being
performed. Clearly, one is interested on the absorption conditions and the corresponding
fixed points given in the following Table I:

Table I. Fixed points
Fixed point 2 Fixed point 3
o= 4C2‘;§ @ — _442‘1;5
9‘*’1 gwi
b= b= —%
gwlUJZ gwl(i.)g
¢ = ¢ =—37
¢y = arctan (s+q) ¢4 = arctan (@)

48a(3w$

where 7 = —g-222 5 = 8(,(,wlgw3 and ¢ = %, u are the roots of the polynomial
g Wlf g Wlf

2304¢5wia? + 64¢3(T g witws — f2gPwi? — 16¢,¢ hwfwig®u® + K2g*u =0 (34)
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This polynomial has four roots for w,

\/—gh (v + \/m>
+ ah

U19234 = (35)
where v = 8¢;(awiwlg?, w = 2304¢5wi? and z = f2¢5wi% . Note that all the involved
parameters are positive. The roots for u must be real, implying one main constraint on
the system parameters in order to get real values for b and ¢,, characterized by

2,6 2.4
a< ?“’g—%ggw% (36)
2 2

This constraint limits the parameter « (cubic nonlinearity) with respect to the amplitude
force f in order to satisfy the absorption conditions.

Stability analysis. The stability of the system response is determined using again
the system equations (30)-(33). The stability of the solutions is evaluated using the
Hurwitz criteria for the fixed points associated to the system parameters (see Table II)
and actual operating conditions.

Table II. System parameters
wy = 8.2368 | £, = 0.0086 | f =0.2357 | h = 0.1428 \ a=5
wg = 4.1183 | &, = 0.0051 | g = 4.2402 e =0.55

Linearizing (30)-(33) for the system parameters given in Table II and the fixed point 2
in Table I leads to the equilibrium a = 0.002186, b = 0.710107, ¢; = § and ¢y = 7.
The corresponding characteristic polynomial for this fixed point is unstable. It is still
possible to obtain stable responses for some detuning parameters p; and py, that is, if
we determine the fixed points as a function of p; and py then, when this fixed point is
re-evaluated, the stability can be guaranteed. For instance, for the tuning conditions
p1 = 0.65 and py = 0 the fixed point 2 result the equilibrium solutions a = 0.0187,
b= 0.76539, ¢; = {0.1169, —3.0246} and ¢, = 5. When ¢; = 0.1169 the fixed point is
unstable but for ¢; = —3.0246 is stable.

SIMULATION RESULTS

Some numerical simulations are presented to qualitatively evaluate the overall system
performance for some values of the parameter a. From (27) is plotted the frequency
response amplitude of the pendulum b. In Fig. 2(a) is shown the response for the
absorber in the case of & = 0, which corresponds to the linear primary system (see [1]).
As the nonlinear cubic term increases to a = 52, as shown in Fig. 2(b), the absorber
response modifies the jumps at both extremes, thus bending them and creating a saddle
point at the primary resonance frequency.When a = 54 the size of jumps are also
reduced (see Fig. 3). As we mentioned, the frequency response of the primary forced
system is described by the equation (26), which is identically to the linear case. The
corresponding value of the force amplitude is Fy = 3 N.

To correlate the frequency response in the time domain, some numerical simu-
lations of the system (3)-(4) and parameters in Table II are depicted in Fig. 4. It is
important to remark that, when o = 0 leads to large amplitudes and unstable behavior
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Figure 2: Abs(g)rber frequency response for a :(b)() and o = 52.

. (0
Figure 3: Abscg?")ber frequency response for a = %4 and o = 56.

with no absorption. In contrast, when the nonlinear cubic term is set to @ = 5 the ab-
sorption is achieved, that is, the nonlinearity improves the range of vibration absorption
of the pendulum for greater excitation forces on the primary system.
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Figure 4: Time response for a Duffing primary system and pendulum absorber.

Finally, in Fig. 5 is shown the time response for @ = 54, when the external
excitation has a detuning of p; = 1 and the absorption is still satisfied. At ¢ = 150s the
detuning is changed to p; = 0, where the absorption is still acomplished and improved.
This behavior can be predicted from the frequency response (see Fig. 3a).

CONCLUSIONS

A realistic condition on which a primary excited Duffing system is passively controlled by
one pendulum that acts as an absorber is considered. By the application of the multiple
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Figure 5: Time responses for a = 54, Fy = 3 and tuning variation on the excitation
frequency from Q =w1+1 to Q = ws.

scales method is determined that, the nonlinear dynamic effect of the primary system
is absorbed by the pendulum, then the fixed points of the overall system are modified
with respect to a linear system. The frequency response of the absorber is modified
by the cubic nonlinear term, while the primary system frequency response is the same
as in the linear case. The transference of the nonlinear term improves the absorption,
even for greater forces. Moreover, there exist approximated constraints between the
force magnitude and the nonlinear cubic coefficient to obtain real values of the system
response. The absorption capacity is robustly satisfied for excitation frequencies close
to the internal resonance condition (tuning) but the system stability could be stable or
unstable, depending on the phase of the fixed point. The pendulum can be considered
as a cubic vibration absorber.
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