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Abstract

The motions of a hula hoop are commonly regarded as the circular oscillations where a ring
undergoes around a moving human body. Based on fundamental dynamic concepts, the hula
loop motions are made possible by the interactive forces between the moving ring and human
body. Inspired by the generic concept of the hula hoop motion, this study proposes a novel
design of a motion transformer that consists of mainly a main mass sprung in one translational
direction and a free-moving mass attached at one end of a rod, the other end of which is hinged
onto the main mass. It is expected that the transformer is capable of transforming linear
reciprocating motions to rotary ones based on the concepts similar to the hula hoop motions. In
this way, the proposed transformer could be integrated with coils, magnets, and electric circuits
to form a portable power generator. To ensure the aforementioned performance of the proposed
transformer, a thorough dynamic analysis on the proposed transformer dynamic system is
conducted in this study to understand relation between the varied system parameters and the
chance of occurrence of a hula-loop motion. The governing equations are first formulated
based on dynamic principles, which is followed by the search for steady-state solutions and
corresponding stability analysis via the methods of harmonic balance and Floguet theory,
respectively. Based on the obtained results, the design guidelines for determining transformer
parameters to ensure the occurrence of hula-loop motions are distilled.

1 INTRODUCTION

The motions of a hula hoop are commonly regarded as the circular oscillations where a
ring undergoes around a moving human body. Based on fundamental dynamic
concepts, the occurrence of the hula loop motions are due to the interactive forces
between the moving ring and human body. Inspired by the generic concept of the hula
hoop motion, this study proposes a novel design of a motion transformer that consists
of mainly a main mass sprung in one translational direction and a free-moving mass
attached at one end of a rod, the other end of which is hinged onto the main mass. It is
expected that the transformer is capable of transforming linear reciprocating motions to
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rotary ones based on the concepts similar to the hula hoop motions. The proposed
transformer could be integrated with coils, magnets, and electric circuits to form a
portable power generator. To ensure the aforementioned performance of the proposed
transformer, a thorough dynamic analysis on the proposed transformer dynamic system
is conducted in this study to understand relation between the varied system parameters
and the chance of occurrence of a hula-loop motion. Note that Hatwal et al. [1]
presented a dynamic analysis on the system virtually owning the dynamic structure, but
concentrating on the small-amplitude oscillating motions of the free mass. In this study,
the free mass is expected to exhibit rotational motions as the hula-lop motions. The
governing equations are first formulated based on dynamic principles, which is
followed by the search for steady-state solutions and corresponding stability analysis
via the methods of harmonic balance and Floquet theory, respectively. Based on the
obtained results, the design guidelines for determining transformer parameters to
ensure the occurrence of hula-loop motions are distilled.

2 DYNAMICAL EQUATION

Mimicking the hula hoop spun around a human body, the hula-hoop system can be
schematically iluustrated as Fig. 1, in which a main mass, M, works as the main body
on which a free (free) mass is rotating around an axis fixed to the main mass as the hula
hoop. According to the dynamics of the hula-hoop motion, the free mass is required to
spin around the pin located at the center of the main mass to which the external forces,
Fex and Fey, applied. In a broad definition, the hula-hoop motion occurs as the free mass
spins around the pin in the same direction, that is, the angular displacement of the free
mass either grows or declines continuously, depending on the dynamic characteristics
of the applied external force. In various applications, the hula-hoop system can be
constructed in three different configurations shown in Fig. 2. Fig. 2 (a) is similar to Fig.
1, the main mass transmits the external forces from the pin to the inner surface of the
free mass. Resembling the impact damper, Fig. 2(b) illustrates that the main mass
drives the free mass via their contact surfaces. The phenomena of loss of contact and
impact between the two masses may occur in these two configurations due to the
insufficiency of the normal force. As a result, the hula-hoop motion will not happen.
Fig. 2(c) is another alternative configuration of Fig. 1, which still possesses the
dynamic characteristics of hula-hoop motion. The free mass and the pin on the main
mass is connected by a rigid link to keep the two masses in a constant distance and to
confine the free mass spinning along a circular path. Therefore, the above mentioned
phenomena, loss of contact and impact, would not happen. Furthermore, since the
objective of this paper is to design a motion transformer that is capable of transforming
linear reciprocating motions to rotaries, we will adopt the configuration in Fig. 2(c) in
the following analysis.

To the end of a precise dynamic modelling, the system shown in Fig. 2(c) is further
modified by attaching the main mass with a spring and a damper, as shown in Fig. 3, to
create the possibility of the reciprocating motions of the main mass In the figure, M, m,
K, ¢, Cm, R and Fey indicate the main mass, free mass, coefficient of the spring, damping
capacity of the damper, the rotational damping due to the friction between the pin and
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hole, distance between the centers of the pin and the free mass, and the external force in
y-direction, respectively. The motion degrees of freedom (DOFs) of the main mass and
the free mass are represented by y and &, respectively, which implies that the main mass
reciprocating along one single translational DOF of y while the free mass rotates
around the pin. In addition, the following assumptions are made to simplify the ensuing
analysis without loss of generality but still complying with the purpose of the study.

The main mass is confined to move only in y direction.

The free mass is a point mass.

The link connecting the free mass and pin is rigid.

The two masses move parallel to ground, no gravity is considered. No bearing
clearance exists at the rotary joint.

PwnpPE

Lagrange’s equation is next employed to derive the governing equations that
describe the motions of the two masses under external excitation. The formation of
kinetic energy is started with system motions in terms of the notations defined, yielding

1 1 .
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where V, and V, denote the absolute velocities of the free mass in the x- and
y-directions, respectively. On the other hand, the potential energy in the system caused

by the motion of the spring can be expressed as V =(1/ 2)ky*. The generalized forces of
the system can be categorized into two kinds, acting on the main mass and acting on the
free mass. Those on the main mass are the damping force exerted by the damper and
external force, which can be simply captured by —cy+F, . For the non-conservative
force acting on the free mass that spins around the center pin is the rotational friction
force, —Rc,_ & . With potentials, kinetic energies and generalized forces, the equations of

motion of the system can be derived by applying Lagrange’s equation

d , oL
E(a_) (—) Q, (2)

where L=T-V, T is the total kinetic energy, V is the total potentials, Q, ’s are

generalized forces, and q¢’s are the generalized coordinates. Having applied the
Lagrange’s equation as shown in Eg. (2), the equations governing the motions of the
free mass and the main mass can be derived and then expressed as

RO+ 160+ ycosd =0 ?)
m
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(M +m)§-+cy+ky=F, +mR(6°sind—dcoso) (4)

To analyze the dynamic behaviours of the system, it is convenient to express Egs. (3)
and (4) in non-dimensional forms via the non-dimensional parameters defined by
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q'(c) +2p0'(7) + A(c) + £{0"() cos O(z) ~(0/(7)) sin O(z) | = F(7)  (6)
0"(r)+¢,0'+q"(r)cosd(r) =0 (7)

where the primes denotes the derivative with respect to the non-dimensional time .
With the equations (6,7) in hands, approximate steady-state solutions are sought in
section 3 and the associated stability analyses are conducted in section 4.

3 APPROXIMATE STEADY STATE SOLUTIONS

It is seen from Egs. (6) and (7) that the hula-loop system considered in this study, as
presented in Fig. 3, exhibits the dynamics that can be described by a set of two
second-order non-linear differential equations. With system dynamic equations in hand,
the next step is to seek the approximate particularly the steady state solutions that
corresponds to the scenario of a reciprocating main mass and a rotational free mass.
Since this solution is the desired one that provides the capability of transforming the
translational, reciprocating motions to rotating ones, then enabling the designed system
to fulfil the design purpose of power generation. With the assumed harmonic excitation
F., (7). shown in the last equation of Egs. (5), it is reasonable to assume that the desired

solution the steady-state solution of the main mass to be harmonic in the same
frequency of excitation Q plus a higher order components in the scales of ¢, i.e.,

q=gq,cos(Qz—B)+0(e), (8a)

where ¢, denotes the amplitude of oscillation of the main mass. On the other hand, in

order to reflect the dynamic characteristics of the hula-hoop motion, the steady-state
response of the angular displacement of the rotating mass, 6, must grow or decline
linearly and the variation of angular velocity &”is small. Thus, the motion of the mass is
assumed as a sum of a constant-velocity rotation, a super harmonic components and
higher-order terms, i.e.,

0 =ar+u,cos(2Qr—y), (8b)
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where =2 and |u1|<1. In addition, S and y are the phase angles. Note that the

assumption of the super harmonic components in double oscillating frequency 2Q in
Eq. (8b) originates from the fact that in the most of numerically simulated system
responses, the motions of the rotating free mass exhibit strong a double-frequency
super harmonic component from frequency content. Towards the end of approximating
steady-state solutions, the assumed solution forms in Egs. (8) are plugged back into
system equations (6,7), and then employing the method of harmonic balancing to find
appropriate values of { q,u,,S,7 }. In the aforementioned process of finding

approximate solutions of g, and ¢ in Egs. (8a,8b), the Neumann’s expansion [3] is

utilized to expand the terms wherever it is necessary. The Neumann’s expansion
enables

sin(u, cosy ) =2J, (u,)cosy —2J;(u;)cos3y +2J, (u,)cos5y —+...  (9)

cos(u, cosy ) = J (uy)—2J, (u,)cos 2y +2J, (u, ) cosdy —+... (10)

where y=2Q7—-y;J,,n=0,1, ...., 5, is known as Bessel function of the first kind of

order n .Employing Eq. (9)-(11), the terms in the bracket on the left-hand side of Eq. (6)
and the last term on the left-hand side of Eq. (7) can be expanded as

(') sin@ =sin(Qz Y(H, )+ cos(Qz)H,) (12)

6" cos8 =sin(Qr )L, )+ cos(Qz)L,) (13)

q"cosd =sin(2Q7)Q, )+ cos(2Q7)Q, )+%s2 [3,¢(p,)+3,5(p,)]  (14)

where the expressions of the newly-introduced parameters are omitted for simplicity
of presentation. As mentioned above that |ul| <1 and only the first-order approximation

is assumed, the Bessel function can be well approximated by
u
J (u)=—=—. 15
)= o0 (15)
Substituting Eqg. (8) and (12)-(15) into (6) and (7) and equating the coefficients of sine
and cosine terms, the following four equations that will be solved for the four
unknowns g1, Ui, £, and yare obtained.

(16)

eqa !

(1—&22)q1 cos 3 +2,0Qq, sin 3 —%sﬁzul cosy=F

(1-Q? Ja, sin 8 — 200, cos B = £Q?, (17)
40°%u, cos;/—2g,nQulsin;/+%qu1 cos =0, (18)
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40%u, siny +2¢5,Qu, cos;/+%£22qlsin,3=0 : (19)

Solving the pure algebraic equations (16-19) provides the solutions of {q,,u,, 5,7}

that lead to a reciprocating main mass and a rotational free mass, following the motions
prescribed by Eqgs. (8a,b), respectively.

4 STABILITY ANLAYSIS

Based on basic theory of nonlinear dynamics, the steady-state solutions with the
reciprocating main mass and the rotational free mass sought by Eqgs. (16-19) need to be
stable to be present in practice. Therefore, the stabilities of the steady-state solutions
found by the solution procedure provided by the previous section is explored in order to
determine if the solved steady-state solutions are present in practice. The process of

stability analysis is initiated by adding small perturbationsaande~ to the principal
lower-order parts of g and @ in Egs. (8a,b), yielding

q =g, cos(f,z—B)+§

N (20)
0 =ar+u,cos(f,r—y)+8

Substituting the perturbed g and & in Eq. (20) into the equations of motion (6) and (7)
yields the equations with the linear parts in terms of the perturbations g and 6 as

G"+2pc~1'+a+Plé”+P2§’+P3§=O (21)

6"+¢,0'+P,0 +P§" =0 (22)
where the expressions of 8, and P’s are omitted for the sake of presentation simplicity.

Egs. (21) and (22) are in fact linear equations with periodic coefficients. The
well-known Floquet’s theory [2,3] is, therefore, next employed to investigate the
stabilities of the solved steady-state solutions complying with the forms in Egs. (8a,b).

By letting §'=Q and &' =0, the two second-order differential equations (21) and (22)
are transformed into four first-order equations as

X = A(7)X (23)

With the expression of A(7) in hands, the so-called transition matrix exp( A(T) ) over

one period of oscillation T can be computed. The stability of each solved steady-state
solution is then determined based on whether the eigenvalues of the transition matrix
are located inside the unit circle in the complex plane. If all eigenvalues of the
transition matrix are inside the unit circle, the solved solution is stable and possibly
appears in practice. On contrary, if any eigenvalue of the transition matrix is outside the
unit circle, then the corresponding solved solution is unstable and cannot be observed
at steady state in practice. Figure 4 shows the stability analysis results following the
aforementioned computation procedure on the transition matrix and associated
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eigenvalues. In this figure, the coarse curves denote the boundaries between stable and
unstable solutions in the form of Eqgs. (8a,b), which results from computation of the
eigenvalues of the transition matrix. Between boundaries, there are three regions.
Region | and 11 enclose unstable solutions, while Region Il does stable ones. On the
other hand, also shown in the figure are circles and crosses, which represent stable and
unstable solutions, respectively. Note that the stabilities associated with circles and
crosses are obtained from direct numerical solutions on the original governing
equations (3) and (4). It can be seen that a general agreement is present between the
stabilities prediction by the analytical Floquet theory and the direct numerical
simulations despite few exceptions.

5 CONCLUTIONS

A thorough dynamical modeling is conducted for a motion transformer mimicking a
hula loop, and further exploring feasibility of the desired steady-state solutions. Also
preformed is the stability analysis on the desired solution via the Floquet theory in
order to guarantee the practical existence of the solution. It is found that the desired
steady-state solution that transforms the reciprocating motions of the main mass to
rotary ones of the free mass does exist. The corresponding approximate mathematical
expressions are also derived. Furthermore, via the analysis based on the Floquet theory
the stability of the desired solution can be endured over a large set of combinations of
driving frequencies and amplitudes. A general agreement is present between the
stabilities prediction by the Floquet theory and the direct numerical simulations.

REFERENCES

[1] Hatwal, H., Mallik, A. K., and Ghosh, A., 1983, “Forced Nonlinear Oscillation of
an Autoparametric System,” Journal of Applied Mechanics, Vol. 50, Sep., pp.
657-662.

[2] Kapitaniak, T., Bishop, S. R., 1999, “Nonlinear Dynamics and Chaos,” Wiley,
England.

[3] Whittaker, E. T., and Watson, G. N., 1958, “A Course of Modern Analysis,”
Cambridge University Press.

Figure 1 — Schematic of a hula-hoop system



>Fu

<
i
o
[+
=
(@)
o
_-
O e
>
©
o
o
c
a )
> w
c 7
>
n\u. 2~
K e
O
o
c
=
Q E
($)
£
]

M

(©)

(b)

Figure 2 — Three configurations of the hula
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Figure 3 — Dynamic model of the entire hula-hoop system
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Figure 4 - Stabilities of solved steady-state solutions



