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Abstract 
Response Surface Method（RSM）for structure reliability analysis is simple, efficient and 
practical, which has been widely paid attention to by experts. However, it has been mainly used 
for static reliability analysis before. In this paper, it is introduced in the dynamic reliability 
analysis of a stochastic structure. Firstly, based on First Excursion Failure Criterion of random 
vibration, the performance function of dynamic reliability of a stochastic structure is 
established. Then RSM is used for fitting of the performance function. And finally the 
reliability index is obtained with JC method. An example demonstrates the method to have 
good calculation precision and high efficiency. It has especially wide prospect to be applied to 
the dynamic reliability analysis of complicated engineering structures. 

INTRODUCTION 

Response Surface Method（RSM） is a numerical simulation method well developed 
in the past two decades for structure reliability analysis. It has the characteristics of 
simplicity of calculation and universal application. In 1984, RSM was firstly used by 
Wong to calculate the reliability of soil slope stability , which was immediately paid 
attention to in the field of reliability and has drawn many researchers to make efforts in 
its envelopment and application. As to the algorithm, Bucherd and Bourgun suggested 
to use linear interpolation to select sampling points in the process of approaching the 
real surface . Schueller etc. discussed the precision of the quadratic multinomial 
RSM . Rajashekhar and Ellingwod proposed the adaptive iterative process of RSM 
with interpolation technique . Kim suggested vector projection method to determine 
the design checking points, thus to raise the calculation efficiency . As the algorithm 
become more and more mature, it is more widely used in engineering. For example, it 
was used by Liu etc. in the reliability analysis of aircraft structural systems , by Soares 
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in the reliability analysis of non-linear reinforced concrete frames  and by Vipman in 
the reliability analysis of laterally loaded piles . 
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Though many achievements have been made in the application of RSM, it has been 
used mainly for the static reliability analysis. In this paper, RSM is introduced in the 
dynamic analysis. The method for dynamics reliability analysis of a stochastic 
structure is developed based on RSM. 

PRINCIPLE OF THE RESPONSE SURFACE METHOD 

Assume the structure has n random variables of parameters , which mean 
values and variances are respectively 

),,,( 21 nxxx L

ixμ and 
ixσ . The performance function of the 

structure is usually the implicit function regarding to those random variables: 
 

 ),,( 21 nxxxgZ L=                    (1) 
 

One key technique in RSM is to select appropriate form of the fitting function. If 
the form of the function is too simple, the fitting precision would be poor, while the 
form is too complicated, the sampling and the calculation of the undetermined 
coefficients would be a tremendous work. Currently, the quadratic multinomial 
without cross term , which was developed by Bucher in 1990, is usually used as the 
response surface function: 
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where a ,  and are undetermined coefficients.  ib ic

The other key in RSM is to select appropriate sampling points to determine the 
undetermined coefficients of the function. Since there are totally 2n+1 undetermined 
coefficients in expression (2), 2n+1 groups of sampling points are needed for the 
estimation. Sampling points are usually selected within ( )xxxx ff σμσμ +− ,  and the 
value of f is taken between 1～3. 2n+1 groups of sampling points are obtained as: 

 and ( )nxxx L,, 21 ( )nii xfxx LL ,,,1 σ± . Based on those sampling points, analytical 
method or finite element analysis method can be used to calculate the value of Z . The 
undetermined coefficients can be obtained by substituting the results into expression 
(2).  

After the explicit function of the performance function is obtained, the reliability 
index β  and the design checking point can be calculated by using the JC Method . 
To the normal random variables, the calculation formulae are: 

*x [9]
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where iα is the sensitivity coefficient and calculated with 
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To the other non-normal random variables, they can be equivalently normalized 

firstly. Then β  and are calculated with expression(3)~(5) . *x [9]

DYNAMIC RELIABILITY ANALYSIS OF A STOCHASTIC 
STRUCTURE WITH RESPONSE SURFACE METHOD 

The commonly used performance function in static reliability analysis of a stochastic 
structure is: 
 

YLZ −=                       (6) 
 

where L  is limit value, Y is some kind of response. To calculate the reliability is 
to calculate the probability of 0Z < . 

Let that mode be extended into the dynamic analysis. Under random loads, the 
response of the structure is a random process varying with time; therefore, the 
performance function can be regarded as a function random process . [10]

 
( ) ( )tYLtZ −=                                                      (7) 

 
 In a certain time range , following expression is obtained through minimum 

transformation of expression (7):   
[ T,0 ]
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where  is the maximal value of the structure response in the time range [ ]. 
The calculation result with (8) is the minimal probability of the reliability of the 
structure in [ ]. 

( )
[ ],Tt

ty
0

max
∈

T,0

T,0
In this paper, assume dynamic load to be stationary random process. According 

to First Excursion Failure Criterion (the structure is considered to be damaged when 
the response exceeds for the first time the upper and lower limit value specified), 

 can be expressed as: 

 [10] 
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where  is the random variable. Its mean value, variance and distribution function are 
detailedly listed in literature[11].  

p

yσ  is the total mean square root of the dynamic response. For a deterministic 
structure, yσ  is determined value. For a stochastic structure, such parameters as the 
elastic modulus, Poisson’s ratio, density and damping ratio are random variables. A 
total mean square root is corresponded to a group of sampling points of these variables. 
So, yσ  should be described as a random variable that varies with the structure 
parameters. 

Substitute (9) into (8). The performance function of the dynamic reliability of the 
stochastic structure can be obtained as: 

 
ypLZ σ−=                                                          (10) 

 
The key to the solution of the reliability is to obtain the rule of yσ  that varies 

with the structure parameters. yσ  is a complicated implicit function related to the 
structure parameters, so RSM is introduced to fit its explicit function. The fitting 
expression of the performance function is:  
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As above described, 2n+1 groups of sampling points are selected to estimate the 

undetermined coefficients. Then, the reliability index β  and design checking point  
can be obtained with JC Method.  

∗x

In order to make the response surface function approach more possibly to the real 
function, reconstitution of the function is needed. At the first fitting, the center point of 
sampling is mean point xiμ . After the reliability index and the design checking point 
have been obtained, the center point of sampling  for the next round should be mx
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adjusted as design checking point . Then, new fitting and calculation of the next 
round are made as before.  This procedure is repeated until the calculation precision 
meets the specification.  

∗x

In the finite element modeling and the response analysis of the structure, such 
current finite element analysis software as ANSYS, NASTRAN can be used to greatly 
simplify the calculation. 

For double limits problem（limit is ±L）, the probability that the response crosses 
+L is equal to that crosses -L in a stationary random process, therefore the reliability is:   

 
[ ])(121 βΦ−×−=fP                                          (12) 

 
To sum up, the procedure for the dynamic reliability analysis of a stochastic 

structure is shown in figure 1:
 

Take the mean value of the random variables as the 
center point of sampling 

Select 2n+1 groups of sampling points, and calculate the 
total mean square root

yσ of the response 

Calculate the undetermined coefficient, and substitute it into (11) 
to obtain the fitting expression of the performance function 

Calculate the reliability index β and design 
checking point ∗x  with JC Method 

( ) ( ) εββ <− −1kk

Take ∗x  as the  new 
center point of sampling 

Calculate reliability with (12)

Yes

Take the mean value of the variables, calculate the mean value and 
variance of the variable p . 

No 

 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

Fig 1－ procedure of calculation

ANALYSIS ON AN EXAMPLE 

A cylindrical structure (see figure 2) is taken as an example. The finite element model 
of the structure established with ANSYS software is shown in figure 3. The constraint 
condition is the fixed constraint on the bottom side. The random variables of the 
structure parameters and their statistical characteristics are listed in table 1. Random 
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loads in Y direction are imposed on the constrained side and the loading condition is 
shown in figure 4.  

The key point of the structure is point A. Take the limit value of the acceleration 
response =L ±200g and the time =T 10s. Analyze the dynamic reliability of the 
structure with the method given in this paper. 
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Fig 2－ structure of the example                            Fig3－ finite element 
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Fig4－ Loading condition

Table 1 Random variables of the structure parameters 

 Elastic modulus E （Mpa） Poisson ratioν  Density ρ （kg/m3） Damping ratioξ  

Bottom 
Mean value: 6.5×104

Mean variance: 6.5×103

Normal distribution 
0.3 2.7×103

Middle 
Mean value:8.43×103

Mean variance:1.2645×103

Normal distribution 

Mean value:0.3 
Mean variance:0.03 
Normal distribution 

Mean value:1.82×103

Mean variance:3.64×102

Logarithmic normal distribution 

Top 
Mean value:4.3×104

Mean variance:5.16×103

Normal distribution 
0.32 

Mean value:1.458×104

Mean variance:2.187×103

Logarithmic normal distribution 

Mean value:0.01 
Mean variance: 

0.0015 
Normal distribution

Following the procedure shown in figure 1, the convergence solution for the 
reliability index can be obtained after 4 iterations (see table 2). Since this example has 7 
variables, 60 times of dynamic response calculation has been made with ANSYS in 
seeking the solution. 
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To validate the method in this paper, 20000 groups of sampling points are taken 
with Monte-Calo method and their dynamic responses have been made with ANSYS to 
statistically obtain the reliability index. From the results comparison shown in table 2, 
it is seen that the method in this paper has good precision and efficiency.  

Table 2 Comparison of the calculation results with the two different methods 

Design check point  Time of 
iteration 

Reliability 
index β  

1E  2E  2ν  2ρ  3E  3ρ  ξ  
1 2.386 6.516104 8.947×103 0.352 1.828×103 4.302×104 1.443×104 0.00725
2 2.525 6.520×104 9.043×103 0.350 1.837×103 4.302×104 1.443×104 0.00697
3 2.530 6.520×104 9.043×103 0.350 1.860×103 4.301×104 1.443×104 0.00695

Method in 
this paper 

4 2.530 6.520×104 9.038×103 0.350 1.847×103 4.301×104 1.443×104 0.00694
MC Method 

（20000 sampling） 
2.676        

Error 5.46%        
The dynamic reliability for double limits is:  

 
[ ] =Φ−×−= )(121 βfP 98.86% 

 

CONCLUSION 

RSM is introduced in the field of dynamic reliability analysis in this paper, based on 
which a method for the dynamic reliability analysis of a random structure has been 
developed. In this method, the total mean square root of the dynamic response of the 
structure is considered as a variable, and the performance function of the dynamic 
reliability of the stochastic structure is established based on the First Excursion Failure 
Criterion. Quadratic multinomial is used to approximately fit the function. JC Method 
is used to calculate the reliability index. The calculation precision is improved through 
sequential reconstitution of the fitting function. This method has the advantage of 
simplicity, generality, high precision and efficiency, and can be combined with the 
existing commercial software. It has wide prospect of application especially in the 
dynamic reliability analysis of the complicated stochastic structure.  
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