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Abstract
The problem of the loss of stability of the rotation with a constant angular velocity o elastic
rod from the variable rigid EJ = EJ(x) and density p = p(X) by axis x is examined.

INTRODUCTION

The influence of gyroscopic effect (GE) on the stability of the rotation of the
outrigger shaft, which simulates the unguided rocket stabilized by rotation, is
investigated. The distribution of the rigid and density characteristics of rod starts in
the form of continuous smooth functions in this case. The distributed centrifugal force
and the distributed bending moment, caused by GE, act to the rod after loss of
stability. We bring the task to the integration of ordinary differential equation of the
4th order with the variable coefficients relative to the dimensionless function of
sagging, using known differential relationships between the internal power factors
and the intensity of external loads with the bend.

The number of examples for different laws of variation in the density and
hardness along the axis of rod is examined. The analysis of the obtained results shows
that the calculation GE with a study of those being fast-turning is gross it influences
critical frequencies to the side of their increase. The degree of influence in essence is
connected with the number of the frequency and parameter of the function of
heterogeneity, which characterize extension shaft. Influence GE is reduced with an
increase in the extension shaft.

Disregard GE leads to the essential errors with a study of the highest
frequencies. The degree of influence GE is determined by the function of the
heterogeneity for the rods of variable along the axis of hardness. The monotonic
growth of functions leads to an increase in the influence GE, monotonic decrease - to



the decrease. The position is different for the rods of permanent hardness and variable
density: the degree of influence GE is practically identical with different laws of
variation density.

PROBLEM FORMULATION

The distributed centrifugal force of intensity c)zp(X)A(X)W(X) and the distributed

bending moment of intensity (ozp(X)J(X)W'(X) (caused by the gyroscopic effect
(GE)) acts on swollen as a result of the loss of stability rod. It is designated here: x —
axial coordinate, w=w(x) — rod deflection, A= A(x), J =J(x) — the area and the
moment of the inertia of the cross section of rod respectively, prime indicates

differentiation with respect to x.
We will obtain the equation of equilibrium in the form

M"(X) + 0 {[p(X)J W ()] +p(x) ACOW(x) } =0, 1)
where M = M (x) — the bending moment
M (x) = —E(x)I (Qw’(x). )

Using known differential relationships between the internal power factors and
the intensities of external loads with the bend of rods. We bring the task to the
integration of the 4-th order with the variable coefficients relative to the function of
the sagging w = w(x)

[E0)I 0w (¥)] = 0?[p()I (W (X)] —0?p(x) AX)W(X) =0, 3)

excluding from equation (1) moment with the aid of idea (2).
By introduction of the dimensionless parameters and functions

. \2
=X w=Y &= B) g PA gy P k:('ij_
I E*J* p*A* p*J*

where | — length of rod; Ex, px, Ax, J«, ix — some characteristic values of the module

of elasticity, density of material, area, moment and radius of inertia of the cross
section of rod, equation (3) is reduced to form

CEwW ©] - p?{REWE] -sEwE | =0, @)

where p = ol? f% — the dimensionless parameter of the frequency of rotation.

Functions G=G(§), S=S(§), R=R(§), characterize the heterogeneity of the rod



from the different sides: G(§) — variable along the axis § rigidity, S(§) — density of
material, R(§) — the influence of gyroscopic effect.

PROBLEM SOLUTION

The analytical method of integrating the equations of the type (2) in the absence of
the term, which contains function R=R(§), i.e., the method of constructing the

solution of this problem without the calculation GE, is represented, for example, in
articles [1, 2, 3].

Using a somewhat modified approach, we will search for the general solution of
equation (4) in the form

W () =2CiW;(g), (5)
where Cj (j=1,4) - arbitrary constants;

Wi(©)= 1)+ [HE 25;@) 1@ dz+ 3 [HE 2[[P® @ ) () (mdn]dz

— fundamental system of solution of equation (4), P("™ _ n-th iteration of nucleus

P, Z):_ﬁl(i) f18) , 92(8) f2(§)+i[§3(§) f3(8) 94 () f4(i)]

f1(2) f2(2) f3(2) f4(2)
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f1(2) fa(z) | fa(2) fa(2)
fj(6)=9(8)8j (&) exp(&m; (&, 0)),
f1(8) = 9(8)33(8)exp(m (5,0),  T2(8) = 9(8)33(5) exp(-my (&, 0)),

f3(6) = 9(€)81(8)exp(im3(§,0),  f4(€) = 9(&)81(E) exp(-im3 (&, 0)),
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g1 =1 ey =-1 e3 =1, g4 =—1 (roots of equation e =1).

Having available general solution for saggings (5), it is possible to obtain the
remaining kinematic and power factors of the task by successive differentiation: the
angles of rotation of cross sections W'(§), bending moments M(&) and the

transverse forces Q(&), necessary subsequently for the formulation of boundary
conditions.

RESULTS

Results for four versions of the support are represented below: rod with the pinched
ends, console, the hinged support of ends and free ends. In particular, the last case
simulates the flight of rocket being fast-turned relative to axis.

The standard procedure of satisfaction of boundary conditions reduces to the
transcendental frequency equations of form
1) the pinched ends

{ a0) | ﬂ} chmy (1, 0)cosmz (1, 0) + {a(O)a(l) -

a@) a0 }Shml(l, 0)sinmz(1, 0) = 2,

1
a(0)a(d)

2) console

{a(O)a:g M)+ ;S}Chml (L 0)cosmy (L, 0) +
a(0)a~(@)

3
i {:‘3((()1)) Z(él))}hml(l’ 0)sinmg(1, 0) = 2;



3) the free ends

3 3
a” (1) +a_(0) chmy (1, 0)cosms(1, 0) +
as(0) a3

1 230)a3@) shmy (L 0)sinms(l, 0) = 2;
a3(0)ad()

4) the hinged support of the ends

sinmz(1, 0) =0,

where it is marked a(&) = [a (&) - y(£)]*' 2.

A number of the examples is examined:
1) the rod with the free ends of the round cross section, whose diameter changes
along the axis according to the linear law

s =L-a-nef, GE=L-@-nel, RE=kL-@-rel;

2) the rod of permanent rigidity with the free ends, whose density changes according
to the linear law

S(E)=1-(-r)&, G(&)=1 R(E)=kL-@1-r)E];

3) the rod of permanent rigidity with the free ends, whose density changes according
to the cosinusoidal law

S(E)=1+pcos2ng, G(&)=1, R(E)=k[l+pcos2ng],

where r — parameter of conicity (relation of the diameters of end sections),

pa — the amplitude values of density, p, — the average values of density.

The analysis of the obtained results shows that the calculation of gyroscopic
effect with a study of those being fast-turning rods is gross it influences the critical
frequencies of rotation to the side of their increase. The degree of influence in essence
is connected with the number natural of the frequency in question and parameter «k»
of the function of heterogeneity, which characterize extension rod, i.e., the ratio of the
characteristic transverse dimension of rod to its length.



Thus, influence GE is reduced with an increase in lengthening rod. For

example, for by 3-th the frequency of uniform rod with k =17 107 a relative change
in the frequency as a result of the calculation of gyroscopic forces composes 20,8%,
with k =9,8-10™ - 10,6% and with k =6,25-10™* — 6,4%. Influence GE on the
fundamental frequency insignificantly and does not exceed 1%. Thus, with a study of
high frequencies the disregard GE leads to the essential errors. For the rods of

variable rigidity along the axis the degree of influence GE is determined by the nature
of the function R(§): its monotonic growth leads to an increase in the influence GE,

monotonic decrease — to the decrease. In particular, for the 1-st case with r =1 gnd

k =17-10~% 3-th critical frequency of rotation grows by 20,8%, and with r = 0,25 in
all by 5,8%. The position is different for the rods of permanent hardness and variable
density: the degree of influence GE is practically identical with different laws of
variation in the density and with the significant heterogeneity. Thus, the 2-nd case

with r=1 (uniform rod) relative change by 3-th frequency with k=17.10"%
composes 20,8%, and with r =4 —20,9%.

The parameter was used for evaluating the accuracy of the obtained natural
frequencies of the rotation

=}rvv,-(a)—fj(a>\ .
0 |f1(§)|

that being the average along the length of rod relative error between the precise and
approximate particular solutions of equation (4) /3/.

It is shown that error in the calculated frequencies does not exceed 10% with
different laws of variation in the rigidity and density and with the significant degree
of heterogeneity strong heterogeneity worsens the accuracy of results.

The obtained analytical solutions are especially effective with a study of the
highest frequencies, when the influence of gyroscopic effect is substantial.
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