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Abstract 
The problem of the loss of stability of the rotation with a constant angular velocity ω elastic 
rod from the variable rigid )(xEJEJ =  and density )(xρ=ρ  by axis x is examined. 

INTRODUCTION 

The influence of gyroscopic effect (GE) on the stability of the rotation of the 
outrigger shaft, which simulates the unguided rocket stabilized by rotation, is 
investigated. The distribution of the rigid and density characteristics of rod starts in 
the form of continuous smooth functions in this case. The distributed centrifugal force 
and the distributed bending moment, caused by GE, act to the rod after loss of 
stability. We bring the task to the integration of ordinary differential equation of the 
4th order with the variable coefficients relative to the dimensionless function of 
sagging, using known differential relationships between the internal power factors 
and the intensity of external loads with the bend. 

The number of examples for different laws of variation in the density and 
hardness along the axis of rod is examined. The analysis of the obtained results shows 
that the calculation GE with a study of those being fast-turning is gross it influences 
critical frequencies to the side of their increase. The degree of influence in essence is 
connected with the number of the frequency and parameter of the function of 
heterogeneity, which characterize extension shaft. Influence GE is reduced with an 
increase in the extension shaft. 

Disregard GE leads to the essential errors with a study of the highest 
frequencies. The degree of influence GE is determined by the function of the 
heterogeneity for the rods of variable along the axis of hardness. The monotonic 
growth of functions leads to an increase in the influence GE, monotonic decrease - to 



 

the decrease. The position is different for the rods of permanent hardness and variable 
density: the degree of influence GE is practically identical with different laws of 
variation density. 

PROBLEM FORMULATION 

The distributed centrifugal force of intensity )()()(2 xwxAxρω  and the distributed 

bending moment of intensity )()()(2 xwxJx ′ρω  (caused by the gyroscopic effect 
(GE)) acts on swollen as a result of the loss of stability rod. It is designated here: x – 
axial coordinate, )(xww =  – rod deflection, )(xAA = , )(xJJ =  – the area and the 
moment of the inertia of the cross section of rod respectively, prime indicates 
differentiation with respect to x. 

We will obtain the equation of equilibrium in the form 

[ ]{ } 0)()()()()()()( 2 =ρ+′′ρω+′′ xwxAxxwxJxxM ,                     (1) 

where )(xMM =  – the bending moment 

)()()()( xwxJxExM ′′−= .                                            (2) 

Using known differential relationships between the internal power factors and 
the intensities of external loads with the bend of rods. We bring the task to the 
integration of the 4-th order with the variable coefficients relative to the function of 
the sagging )(xww =  

[ ] [ ] 0)()()()()()()()()( 22 =ρω−′′ρω−″′′ xwxAxxwxJxxwxJxE ,              (3) 

excluding from equation (1) moment with the aid of idea (2). 
By introduction of the dimensionless parameters and functions 
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where l – length of rod; ***** ,,,, iJAE ρ  – some characteristic values of the module 
of elasticity, density of material, area, moment and radius of inertia of the cross 
section of rod, equation (3) is reduced to form 

[ ] [ ]{ } 0)()()()()()( 2 =ξξ−′ξ′ξ−″ξ′′ξ WSWRpWG ,                     (4) 

where 
**

**2
JE
Alp ρ

ω=  – the dimensionless parameter of the frequency of rotation. 

Functions )(ξ=GG , )(ξ= SS , )(ξ= RR , characterize the heterogeneity of the rod 



 

from the different sides: )(ξG  – variable along the axis ξ rigidity, )(ξS  – density of 
material, )(ξR  – the influence of gyroscopic effect. 

PROBLEM SOLUTION 

The analytical method of integrating the equations of the type (2) in the absence of 
the term, which contains function )(ξ= RR , i.e., the method of constructing the 
solution of this problem without the calculation GE, is represented, for example, in 
articles [1, 2, 3]. 
Using a somewhat modified approach, we will search for the general solution of 
equation (4) in the form 
 

∑ ξ=ξ )()( jjWCW ,                                               (5) 
 

where )4,1(
___

=jC j  – arbitrary constants; 
 

[ ]∑∫ ∫∫
∞

ηηηηξ+ξ+ξ=ξ dzdfgzPzHdzzfzgzHfW jj
n

jjjj )()(~),(),()()(~),()()( )(  

– fundamental system of solution of equation (4), )(nP  – n-th iteration of nucleus 
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))0,(exp()()()( ξξξδξ=ξ jjjj mgf , 

 
)),0,(exp()()()()),0,(exp()()()( 132131 ξ−ξδξ=ξξξδξ=ξ mgfmgf  

 
)),0,(exp()()()()),0,(exp()()()( 314313 ξ−ξδξ=ξξξδξ=ξ imgfimgf  

 

[ ] ,)()()(),()()()(
4/122/18/18/3 −−−− ξγ⋅ε+ξα=ξδξαξξ=ξ jjGSg  

 

[ ] ,)(1)(),()()(,)()( 2/122

0
ξγ+−ξαξδξβ−ξξξ=ξ −

ξ

∫ jjjj bdbm  



 

,
)()(4

)(
)(~,

)()(
)()(,

)(
)()( 32/12/1

4/1
2

ξβξ

ξ
=ξ

ξξ

ξ
=ξγ⎥

⎦

⎤
⎢
⎣

⎡
ξ
ξ

=ξβ
G

g
g

GZpS
R

G
Sp j

j  

 

,
)(

))()(()(),()()()(
ξ

′′ξ′′ξ
=ξξε+ξε+ξ=ξ

q
qGKTLKg jjj  

 

,4646262 ⎥
⎦

⎤
⎢
⎣

⎡
β
β ′′′

+
β
β′′′

+
β
β ′′′

+
′′′

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β
β′′

+
β
β ′′

+
′′′

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
+

β
β′′′

β=
q

q
g

qq
q
q

g
qq

q
q

G
G

q
q

G
GGL  

 

,431266
2

2
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

β
β ′′

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
β
β′

+
β
β′′

+
′′

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′
+

β
β′′

+
′′

β=
q
q

q
q

q
q

G
G

G
GGT  

 
ii −=ε=ε−=ε=ε 4321 ,,1,1  (roots of equation 14 =ε ). 

Having available general solution for saggings (5), it is possible to obtain the 
remaining kinematic and power factors of the task by successive differentiation: the 
angles of rotation of cross sections )(ξ′W , bending moments )(ξM  and the 
transverse forces )(ξQ , necessary subsequently for the formulation of boundary 
conditions. 

RESULTS 

Results for four versions of the support are represented below: rod with the pinched 
ends, console, the hinged support of ends and free ends. In particular, the last case 
simulates the flight of rocket being fast-turned relative to axis.  

The standard procedure of satisfaction of boundary conditions reduces to the 
transcendental frequency equations of form  
1) the pinched ends 
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2) console 
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3) the free ends  
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4) the hinged support of the ends 
 

0)0,1(sin 3 =m , 
 

where it is marked [ ] 2/1)()()( ξγ−ξα=ξa . 
A number of the examples is examined:  
1) the rod with the free ends of the round cross section, whose diameter changes 
along the axis according to the linear law 
 

[ ] [ ] [ ]442 )1(1)(,)1(1)(,)1(1)( ξ−−=ξξ−−=ξξ−−=ξ rkRrGrS ; 
 

2) the rod of permanent rigidity with the free ends, whose density changes according 
to the linear law 
 

[ ]ξ−−=ξ=ξξ−−=ξ )1(1)(,1)(,)1(1)( rkRGrS ; 
 

3) the rod of permanent rigidity with the free ends, whose density changes according 
to the cosinusoidal law 
 

[ ]πξµ+=ξ=ξπξµ+=ξ 2cos1)(,1)(,2cos1)( kRGS , 
 

where r – parameter of conicity (relation of the diameters of end sections),  
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aρ  – the amplitude values of density, mρ  – the average values of density. 

The analysis of the obtained results shows that the calculation of gyroscopic 
effect with a study of those being fast-turning rods is gross it influences the critical 
frequencies of rotation to the side of their increase. The degree of influence in essence 
is connected with the number natural of the frequency in question and  parameter «k» 
of the function of heterogeneity, which characterize extension rod, i.e., the ratio of the 
characteristic transverse dimension of rod to its length. 



 

Thus, influence GE is reduced with an increase in lengthening rod. For 
example, for by 3-th the frequency of uniform rod with 41017 −⋅=k  a relative change 
in the frequency as a result of the calculation of gyroscopic forces composes 20,8%, 
with 4108,9 −⋅=k  – 10,6% and with 41025,6 −⋅=k  – 6,4%. Influence GE on the 
fundamental frequency insignificantly and does not exceed 1%. Thus, with a study of 
high frequencies the disregard GE leads to the essential errors. For the rods of 
variable rigidity along the axis the degree of influence GE is determined by the nature 
of the function )(ξR : its monotonic growth leads to an increase in the influence GE, 
monotonic decrease – to the decrease. In particular, for the 1-st case with 1=r  and 

41017 −⋅=k  3-th critical frequency of rotation grows by 20,8%, and with 25,0=r  in 
all by 5,8%. The position is different for the rods of permanent hardness and variable 
density: the degree of influence GE is practically identical with different laws of 
variation in the density and with the significant heterogeneity. Thus, the 2-nd case 
with 1=r  (uniform rod) relative change by 3-th frequency with 41017 −⋅=k  
composes 20,8%, and with 4=r  – 20,9%. 

The parameter was used for evaluating the accuracy of the obtained natural 
frequencies of the rotation 
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that being the average along the length of rod relative error between the precise and 
approximate particular solutions of equation (4) /3/. 

It is shown that error in the calculated frequencies does not exceed 10% with 
different laws of variation in the rigidity and density and with the significant degree 
of heterogeneity strong heterogeneity worsens the accuracy of results. 

The obtained analytical solutions are especially effective with a study of the 
highest frequencies, when the influence of gyroscopic effect is substantial. 
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