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In this supplementary material, we give the proofs for the theorems in the main text. We consider more general
optimization problem:

A, ) s
st. Av+By—b=0, (S-1b)

where A € R*™ B € R4 and b € R!. We solve this problem in an online manner using OPG-ADMM and
RDA-ADMM techniques. The algorithm in the main text corresponds to the situation where B = —I and b =0

Theorems 1, 2, 3 and 4 in the main text correspond to Theorems 7 (and Eq. (S-31)), 8, 9 and 5 in this
supplementary material respectively.

A. Convergence rate of OPG-ADMM

Corresponding to the optimization problem (S-1), we consider the following generalized version of OPG-ADMM:
Let 21 = 0, \y = 0, and By; = b (we assume there exists y; that satisfies this equality for simplicity), and the
update rule of the t-th step is given by

1
Tyy1 = argmin gt—r:vf)\;r(quLByt fb)+£HAa:+Byt fb||2+—||xfxtHé , (S-2a)
TEX 2 2, !
yesr = argmin {(y) = AT (Azer + By — b) + £ Awyy + By = 0]}, (S-2b)
yey 2
>\t+1 = )\t — p(ASL't+1 + Byt+1 - b), (S—2C)

where Gy = vI — n;pAT A. Moreover we define
Xt = At — p(A$t+1 + Byt — b) (S—S)

This method satisfies the following regret property.
Theorem 4. For all z* € X, y* € Y and \* € R!, we have

N[ =
\TM%

T
(f(:z:t,wt)+¢yt *TZ z* we) + 9 (y"))
T

T 7ATAt Tt — T*
Z —BTS\t yt - y*
t=1 Al‘t + Byt —b )\t —A*

N \
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T
1 I = Aeall® | Az = AP
+ 7 ; +

- 2p 20T
|22, | 1<~ (v v o 1
< 1 — _ _ K 2 - it 27
<ot T2 me 7)Yl
A2

14 * (|12
—|b— B

1
+ = ((Azr11, X)) + (B(y" — yrs1), Arg1 — A7) — (By™ —

T

b, A*)).

Proof. Let fi(x) := f(x,w:). By the optimality of 211 and y;, we have that, for all x € X and y € ),

(g — AT N 4+ Gil@igr — x4) /e, @ — T441) >0

and
<V¢(yt) - BT)‘tvy - yt> > 07

(S-4)

(S-5)

where we used the relation Vi)(y;) — BT A\i_1 + pB" (Az; + By; — b) = Vi(y;) — BT \;. Using these inequality,

for given z* € X', y* € Y and \*, we have that

fe(@e) +¢(ye) — fula™) — ¥ (y")
<lgewe— ') = Fllae =" I+ (Vew).ve — ")

* * U *
=g, 1 — ) (VO ye — ¥") + (9, ¥ — Tp41) — §||3?t —z*|?

~ * * U *
(AN = Gi(@ps1 — 3) /s we1 — %) + (BT Ay ye — ¥°) + (ge, ¢ — Tp41) — §||!Et —z*|?

Yt — Y=y
= Sl — |
—ATN, ! ¥ — 1y T — Ty ’ Gi(re1 — $t)~/77t
= —-BT )\ Y= Yo | + Y= Yt . —BT (A —Xe)
A.’Et + Byt —b A*— )\t A — >\t L A(fEt - xt+1),

p

- g *
(AT N zpn — ) + (98, T — Tpy1) — §||33t —z*|?,

where, in the last line, we used
A = A

A$t+Byt —b=— +A(It 7xt+1)

by the definition of A and ;.

~ATRY (2 -2 Tt —x T (Gilwea — x4)/n -
(—BTS\i) ( t) " ( t+1) < iBtTJr(lAt *t)):t/) t) (AT A e — @) + {ge, @ — @)

Now we bound (x* — z411, G¢(Tt41 — @) /me). By Lemma 10, this can be bounded as

e A e

e — 2lZ,

*
_ G _ —
(" = 2441, Ge(Te41 — T0) /M0) o o

On the other hand,

2n

1
(96 me — we11) < |lgell g1 llae — Tegalla, < E||9t||?;t—1 + Tnt”xt —aeg,-

Combining these two inequalities, we have

g - z*||%,

2
oo — "I, |

(" — 2oy, Ge(Tepr — 20) /Me) + (9t Te — Tpy1) < o
t

2,

Nt 2
5 g ||G;1~
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This and Lemma 11 gives

o~z | Gi(Tep1 — ) /me i
Y= N ~BT(\ — X)) + (AT X, Teg1 — ) + (g, T — Teg),
)\* - )\t 7)\tp)\t - A(xt - xt—‘,—l)v

=" — 211, Ge(Tep1 — o) /) + (G, T — Teg1) + (N, A1 — 2¢))

(v " (=BT(v = A)
/\*_/\t )\fp)\t’

lze =213, o — =¥ M
< t t A o i3 2_
< o0 2 + (N A2 — 24)) + 9 llgell -1
P .2 P .2 Ae = A2 e = AP
+§|Iytfy ||BTB*§||yt+1*y I5m5 + % - 2
(B = yt4+1), Adey1 — A°) = (B(Y" —ye), At — AF) (S-6)
e = AP
2p '
Now summing up this bound for ¢t = 1,...,T, then we have
T T
Z(ft(xt +¥(ye)) Z )
t=1 t=1
T *ATAt ! ¥ — Tt
<> -B"X\ Yy =y

t=1 ALL’t + Byt —b A* — S\t

oy —a I3, o [Nz =22, =2l
+701+Z Ge _ L)+ (NS Az — 7)) +Z ||9t|\2t—1

2m = 204 2m—1
Pu 2 A= X2 Az = AP
+ = Py + L -
+ (B —yr1), Ar+1 — A) = (By" —y1), A1 — ")

T T
[Xe — Mg |I? o .
- 27—5 §||$t—$||2~
t=1 ,0

t=1

Now since Gy = I — nipAT A, we have that

|z — I,  lee—a*llE, < v v > 2y — 2|
_ (- . )
21 21— 2 2
This and the initial settings of x1,y1, A1 give the assertion. O

Here we simplify Theorem 4. First note that by Eq. (S-5)

(" —yr+1, BT (Ar1 — A)) < (" — yri1, Vo (yri1) — BTAY).

Since the diameters of X and ) are bounded by R, ||g:]| < G, and the subgradient of ¢ is bounded by L, if
| B"A*|| < Ly and B is invertible, there exists a constant K depending on R, B, p, \*, Ly, m such that the bound
shown in Theorem 4 can be further bounded as

T
—Z (e, we) +Y(yr)) 12 f(@™ we) +p(y"))

t=1
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1 I AT ! ¥ —
D BT\ v =y
t=1 A,Tt + Byt —b )\t — A"
T
IXe = Aegall® | Az = A
+ T t:ZI 2p + 20T
T T
1 Y Y U K
<= b __r g SN e S-7
N R TRl LR ST 7
ZIET. (S_S)

Theorem 5. Suppose v is Lipschitz continuous with a constant Ly, i.e., |Y(y)—v(y)| < Lylly—v'|| Yy, € V),
and B is invertible. We utilize y, := B~ (b— Az,) as an estimator of y at the t-th step, and let j, := 1 Zj—:l Y.
Then, for allz* € X,y* € Y such that Az*+By*—b = 0, there exists a constant K depending on R, A, B, Ly, p,m
such that

Eur.r [(f (@1, wr) + 0(F)) — (F(@* wr) + 9y )] + EBuy || AZr 11 + B — bﬂ

¥ o 1 & n K
R AN A S Yet i
;max{znt M1 2’} tr2 st

Proof. Note that

B(y; —yt) = b— Axy — By = (A — Ae—1)/p- (S-9)
Thus, noting y] = y; by the initialization, we have
1
B(yr —yr) = —(A\r — A1), S-10
(¥ — 9r) pT( T — A1) (S-10)

Since b — Axy — Byy = (A¢ — A¢—1)/p, the Lagrangian part in the statement of Theorem 4 can be bounded as

T T

ATS\t Tr— 1y AT\ T* — 1y
BT\, ooy | = BT Y =
Ax;+ By, — b A — A* Ax* 4+ By* —b A — AF
=\ A(x" —xy) + Bly* — ) = (\*,b— Axy — Byy)
=A%, (A = A1)/ p)-
Therefore
1 & ATN R
T BT\ v -y | = (WL A@@ —Zr) + Bly" — 9r))
t=1 \Ax, + By, — b Ae— A
1
= — M\ Ar— A -11
o Ar = ), (s-11)

where we again used Axy + By, — b = 0.
Eq. (S-10) gives

f@r,wr) +9(@r) < f(@r, wr) + (Gr) + (V(5r), I — I1)

< f(@r,wr) +(gr) + Tipww(y;), B (Ar — A1)

Thus if we set

N = B~ T'V(7),
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(note that [|[BTA*|| < Ly) then we have

f@r,wr) +9(Ur) < f(Tr, wr) + (Fr) + Tipo\*’ AT = A1).

Since {w;}1_; is independently identically distributed, Jensen’s inequality yields

Ew,.r [(f (@7, wr) +9(57)) — (f(2",0r) + ¢ (y"))]
B, [f (@1, wr) + (1) — (f(2", wr) +9(y")) + Tip@*, A — A1)

12 Farvwr) + ¥(m)) = (e wr) + 07) + 7 (A = 2)

1:T —
1
Bu,r |7 D (e w) +¢(ye)) — (fa*,w) + 9 (y*))
t=1
1 T AT>\t T r*— Tt
Y BT\ v - 1 : (5-12)
t=1 Al’t + Byt —b >\t —\*
By combining this with Theorem 4 (and Eq. (S-8)), we have:
_ » \ A — )\t+1 [
Ewl:T[(f(xT?wT) + WZ/T)) - (f(.’ﬂ 7wT) + qu(y ) wl T Z
(S-13)

<=r.

Finally we lower bound the second term of the LHS of Eq. (S-9). Remind that A\t — A\r11 = p(Azty1 + Bysy1 —b)

(Eq. (S-10)). Thus

Z A — /\t+1H ]

T
14 2
o7 ;:1 |Azy11 + By — bl ]

wl T
T+1
T+1 .
= TEwl;T AT+ 1) ; |Az; + By, — b||2] (.- the definition of z1,y;)
p | Tl 2
= 5w ||\ ;(Aft + By — b)
= P B, [ AZ7e1 + Byra — bl (5-14)
O

This gives the assertion.

Now substituting 7; = 19/v/t, Theorem 5 gives that, for all & > 0,
Euy o [(f (@1, wr) +¥(57)) — (f(2", wr) + 9 (y"))]

v - 1 1< K
<1 — R+ =Y 2@+
_TZ<47]0\/t—1) T;2 t T

L O (S-15)
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where Cy is a constant depending on R, G, A, B, Ly, p,10,7. Moreover if o > 0, by letting n; = 2, we have that

B o [(f(@r,wr) +9(97)) — (f(27,wr) +4(y7))]
log(7T)
T )

< (S-16)

(% is a constant depending on R, G, A, B, Ly, p,m0,7, 0.

Theorem 6. Suppose 1 is Lipschitz continuous with a constant Ly, i.e., [ (y)—0(y")| < Lylly—v'|| (Vy,v' € V),
and A is invertible. We utilize x} := A~'(b— By,) instead of z; at the t-th step, and let T; := 1 St al. Then,
for all x* € X, y* € Y such that Ax* + By* — b = 0, there exists a constant K depending on R,G, A, B,p,m
such that

B, [(f (@7, wr) + ¥ (57)) = (f(@", wr) + ¢ (y7))]
1</ v v o 1 7 K
2 2
In particular, for n; = no/\/t, the RHS is further bounded as
Bu,.r [(f (@, wr) + ¥ (57)) — (f (" wr) + ¥ (y7))]
<O
_\/T?

where Cy is a constant depending on R, G, A, B, Ly, p,no,7. Moreover, if o > 0, by letting n, = v/(ot), we have
that

(S-17)

Eu, o [(f (@7, wr) +9(57)) — (f (2", wr) + ¢ (y"))]
log(T)
T b

< (S-18)

where C5 is a constant depending on R,G, A, B, Ly, p,1m0,7,0.
Proof. Eq. (S-10) gives

f(@p,wr) +9(gr) < f(@r,wr) +9(Gr) + (Vo f (@, wr) o=z, , Tp — 1)
= f(@r,wr) +¥(Gr) + (Vo f (2, 0r)|s=a,, A7 (b — By — Azr))
f

(@r,wr) +¢(ir) + 7<me(wiT)‘x:f’T7 A7 O = M)

Thus if we set
N = ATV f (@, wr) o=y,

(note that ||A*Tfo(x,wT)\z:f/T|| < ||A7|G), then we have

f@p,wr) +9(Fr) < f(Tr, wr) + (Fr) + TLPO\’T A — A1).

With the same reasoning as Eq. (S-12), we have
By [(f (@7, wr) + ¢(r)) — (f(@", wr) + 9 (y7))]

T

1
SEUH:T T (f(‘rhwt) + ’l/)(yt)) - (f(x*th) + ﬂ’(y*))
t=1
1 AT)i\t ! r*— axy
7 BTN Y -y

t=1 A.]ft + Byt —b S\t —\*
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By combining this with Theorem 4 (and Eq. (S-8)), we have:

Ewl:T[(f(g_:/vaT) + 1/’(§T)) - (f(x*7wT) + ¢(y*))]
= (S-19)

This gives the assertion. O

B. Convergence rate of RDA-ADMM

We define the generalized RDA-ADMM corresponding to (S-1) as follows: Let 21 = 0, Ay = 0, and By, = b— Az,
and the update of the t-th step is given by

_ 1
s = anguin {qa AT Ao+ 21 AclP + oAz + B -0 A+ 5L el, b (s200)
TEX 2t 2m
i1 = axgmin {9) = N (Azess + By —b) + £l Awes + By — 0|12}, (S-20b)
ye
>\t+1 = )\t — p(A$t+1 + Byt+1 — b), (S—?OC)

where Gy = yI — %ATA. As in the analysis of OPG-ADMM, we define
S\t = )\t — p(Al't+1 + Byt - b) (8-21)

Moreover we suppose that 7;/t is non-increasing.
Theorem 7. For all z* € X, y* € Y and \* € R!, we have

1z T
TZ(f(xtawt)+¢yt Tg (2™ we) +¥(y"))
T

1z AT\, ¥ — 1y 1 X Ay = Ao |12
= TX * = At = AL
+ T Z B A Yy yi + T Z 2p
t=1 Al‘t + Byt — b )\t — )\ t=1

T
1 Ne—1 1
<= lgelie; . +*H91||2— + ol ller

72301

p a2, I

Piv_nB A
+2TH yr[I° + 2T

1 * * * *
+T(<y —y7r11, BT (A1 — X)) — (By* — b, A"))

1
+ ol A@r = 2P + = (X, Awroa).

Proof. First observe that

(gt ze — ") + (VYY) e — y*))

[M]=

T
Z fe(we) +b(ye) — frl2™) —¥(y")) <

~
Il
-

({ge, ¢ — 2*) + (BT My — )

-

~
Il
_

(gt xe) + (N, B(ye — y7))) — T(gr, 7). (S-22)

-

o~
Il
_
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Here we define po; and V; as follows:

_ 1
0i(g, ) = (g,2) + (M, Az) — L || Az|® = p(AZ, + By, — )T Ax — — |||,
2t 2n,

Vi(g) = max {oi(g,2)} -

Obviously Vi(—g:) = 0t(—3gt, x4+1) by the update rule of z;. In particular (2’ — 24, Vi0i—1(—Gt—1,%)|sez,) <0
for all 2’ € X. Because g;—1(—g¢—1,-) is a concave quadratic function, we have

0t—1(—Jt—1,Te41)
1

~(@eg1 — 2) (Vg Vaor-1(=G1—1, ) o=z, ) (Tes1 — 24)

<0t—1(=Gr—1,2¢) + (X1 — T, Vo 0r—1(—Gt—1,T)|2=2,) + 5

_ 1 _
<ot—1(=Gr—1,2) + §($t+1 —2) (Vi Va0t 1(=Gt—1,2)|ama, ) (Te1 — T4

Here note that V. V,0; 1(=Gi—1,7)|smz, = ATA . . Therefore

_ _ p 1
0t-1(=Ge—1,T141) < 01-1(—Fe—1,2¢) — m”A(th —a)|* ~ M1 2111 — 917t||%;t,1

1

=Vic1(=ge—1) — I

[A(ze1 — m4)]1 —

_r lzt41 — xt“é :
2(t—1) t-1

Using this inequality, we can compare V;(—g;) to Vi—1(—gi—1):

tVi(=3t) = toi(—ge, Te41)
< (t=1)oi—1(=Gi—1,Te41) + (=g, Teg1) + (M, Axyq1) — p(Axyq, Axy + By, — b) (S-23)

< (t = DViea(=Ge1) = S A@es — @) -

lze41 — xt”%:,,_l

211

— (96, %¢) + (g, v — 2e41) + (A, A1) — p(Axiy1, Ay + By, — b). (S-24)
Since (gi, @t — @e41) < llgellg loe = wenillans < smpllgelly + 202 Sllee = wegallE,,, the RHS is further
bounded by

_ _ 4 MNt—1
Vil=ge) (= DVir (=Gi-1) = Gl =2 I+ 3= ol
—{gt,21) + (A, Awiy1) — p(Axiy1, Azy + By, — b).

Moreover

1
Vi(=g) =(=g1,22) & O, Aw) =S4 | = pldzy + By = b Azz) = 5 -,
<(=g,@1) + (M, Awa) = Fl|A(@r = 2)|* = p(Awr + Bys — b, Aas)
1 —1_ 2 m 2 P 2
= g le HmGT o, + YllanlE o + (o) = plAws, Am) + Dl An P,

Summing up t = 1,...,7T, we have

T T
P Nt—1
TVr(—gr) <— 5 Z (o1 — z)|* + Z Q(tt_ ) ||9t||2G;1
t=1 t=2

T T
- (ge, ) + Z A, A1) —
t=1 t=1

= t=1

=

p<A£L’t+1, Al’t + Byt — b>

+ Tlgrll%-1 + (g1, 21) — plAza, Azr) + £l Ay |2 (5-25)
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Using this inequality, we observe that
—(Tgr,z")

_ T
=Tor(—gr,z") — (T'A\r, Ax™) + g”Aw*HQ + Tp(Ax™, AZr + Byr — b) + TTTW*HQGT

_ T
<TVr(=gr) = (Thr, Ax™) + gllAl”*ll2 +Tp(Ax", ATy + Byr — b) + n*TIII*HéT

T

T
14 2 Mt—1
,E A( _ — E
9 |A(ze 1 — )| 2(t )HgtH
t=1 t=2
T

= Agewe) + > (A, Awgpa) = Y p(Awyia, Azy + By, — b)
=1 =1

= t=1

~
~

+ gllngG;l + (91, 21) — p(Axz, Az1) + g||A331H2

_ T
— (Tr, A0} + B A0" |2 + Tpl(Aa” Ay + Bir = b) + —la"[, (- Ba. (525)

T T

p
~ 79 Z [A(2er1 — 20)|* + Z HgtH

= =2

T T
* * T *

=Yg @) + D — p(Awe + By, — b), Alwer — %)) + 5| 422 + pl A
t=1 t=1

+ DllgalZ o + (g1,21) = plAwz, Avy) + 2 Ay |2

Substituting this inequality into the RHS of Eq. (S-22), we obtain

[M]=

({ge, ze) + (N, B(ye —y"))) — T(gr, =")

t=1

T T
Z<>\t, + Z Al't + Byt — b) A(zt+1 — I'*)>
t=1 t=1

l\J\b

T
t—1
Z It+1 _:Et)H2 +Z Q(t — 1) ||gt||2gf—1
t=1 =2
T
Z1A * |12 - * |12
+ 2|| al +nTHff Fe

+ Tlgrll%-1 + (g1, 21) = plAza, Azs) + Z)| Ay |2

From now on, we bound the first two terms of the RHS: (i) ZtT:1<)\t, B(y: — y*)) and (ii) Zf:lO\t

Byt - b),A(.’L’t+1 — .’L'*)>
(i) Ewvaluating Z?ﬂ()\t, B(y: — y*)). We have

M, Blye —y™)) = M, Blye — y)) 4+ (B(ye — y™)s he — M)

(ii) Evaluating ZtT:lO\t — p(Azy + By, —b), A(z441 — x*)). By the definition of );, we have

(At = p(Az; + By, — b), (w41 — &%) = (M + pA(wi41 — 21), Al — %))
=\, Az — 7)) + (e = X, A1 — 20)) + (A7, A1 — 7))
+ p(A(@e41 — 1), A(Tp41 — 27))

(S-26)

p(Ax, +

(S-27)
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<A Al —2%)) + A= A Al — ) + (O, A — 20))
+ Ll A@e =2 = A —2")|? + S Al — 2| (- Lemma 10). (5-28)

Here by substituting the relation A(x;41 — a¢) = )‘tp t — (Axzy + By; — b) to the second term in the RHS, we
have

(Ae = p(Azy + Byy — b), A(wi41 — 27))
~ ~ A — A
=\, A(xy — 2™)) + </\t a2 5 L — (Azy + By, — b)> + (X Az — o))

p . p . p
+ §||A($t+1 —a")|* - §||A($t —a")|* + §||A(9Ct+1 — ).
Substituting Eqs. (S-27),(S-28) into the RHS of Eq. (S-30), we have that

T
Do) + (s Bl =) = Tlor. )

T
—AT)\t x* — Tt

T T -
_ “BT(\ — A
“BTA v - |+ Z (y yt) ( /\f tA, t)>

1 AIt+Byt*b )\*—>\t P

!

t

1)

P g s AT il p
+ §|\Ax I? + nlelx 18, + 5”91”2@;1 + (g1, 1) — p(Az2, Axq) + §||Ax1||2- (S-29)

T
* p * p * nt—l
O Awri =) + SIAGr e =2 = GlAG P+ Y g el
t=2

Finally we bound the second term of the RHS using Lemma 11, we obtain

T
> ({ge ) + (M, Blye = y*))) — T{gr, %)

t=1
T —ATS\t ’ T* — Xt
SZ —BT/\t y* _yt
t=1 \Azxy + By — b A=\
p . AL —X*?
+ 5l =y s + T
* * A )\ 1
+ (B —yr+1): A1 — X)) = (B(y" —y1), Z 1A = A
+ (N A(zr41 — 21))
T
P .
+5lAlri —2 )|? — IIA 1 —a")|* + Z HgtH
=2
LAz 12 + e 12, + g2 — p(Azy, Azy) + 2| Azy |2 S-30
+ 514277 + ||z 12+ Dl gallZ-s + (g1, 21) — p(Aws, Azr) + 2]l Az |12 (5-30)
nr 2 1 2
This, Eq. (S-22) and the initial settings of x1,y1, A1 give the assertion. O

Here we simplify Theorem 7. First note that by Eq. (S-5)

(" — yr+1, BT (Arg1 — A)) < (0" — yrir, Vi (yri1) — BTAY).
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Since the diameters of X and ) are bounded by R, ||¢:|]| < G, and the subgradient of ¢ is bounded by L, if B
is invertible, then there exists a constant K depending on R, G, Ly, p, A, B, 11, A* such that the bound shown in
Theorem 7 can be further bounded as

M:

—Z (e, we) + P (ye)) fla™,we) +(y"))

t:l

* — _ « " 1 A — )\ 2
— (\*, AZr + Byr — (Az* + By )>+TZM

1 Ui Y K
t—1 2 2
< ! - _
> 0 1)G + LR+ (s-31)

where we used Eq. (S-11).
Theorem 8. Suppose 1 is Lipschitz continuous with a constant Ly, i.e., |¢(y) — ¥ (y')| < Lylly — ¢'|| My, ¥’ €

V), and B is invertible. We utilize y; := B~*(b — Ax;) as an estimator of y at the t-th step, and let j, =

%23:1 yr. Then, for all 2* € X,y* € Y such that Az* + By* — b =0, there exists a constant K depending on
R,G, Ly, p, A, B, such that

Bu, . [(f (@7, wr) + (7)) — (f(&", wr) +d(y"))]
Z + LR+

p—st nr T

'ﬂ \

Proof. Using 1; = n9v/t and Theorem 7 instead of 1; = 19/+/t and Theorem 4 respectively, the same proof as
Theorem 5 yields the assertion. ]

Substituting 1; = 10v/%, the bound in Theorem 8 can be simplified as
By, T[(f(a?T, wr) + (7)) = (f (@, wr) + 9 (y"))]

movVt—1 2, K
<= Z -0 o \FR +
"o 2 4 v 2 K
T Tt T
<L
— \/T?
where (5 is a constant depending on R, G, Ly, p,n0, A, B, G, .
Theorem 9. Suppose ¢ is Lipschitz continuous with a constant Ly, i.e., |¥(y)—v¥ ()| < Lylly—v'|| Yy, € V),
and A is invertible. We utilize x} :== A~ (b— By,) instead of z; at the t-th step, and let T} := 1 S, al. Then,

for all x* € X, y* € Y such that Ax* + By* — b = 0, there exists a constant K depending on R, G, A, B,p,m
such that

By, [(f (@, wr) + ¥ (7)) — (f (2", wr) + ¢ (y7))]

T
Y e K
+ —R*+ —.
Z nr T

In particular, for n, = no\/'t, the RHS is further bounded as

By [(f (@, wr) + (7)) — (f(2"wr) +(y™)] <

where Cy is a constant depending on R, G, A, B, Ly, p,n0,7

77 (S-32)

Proof. Using 1, = 770\/12 and Theorem 7 instead of n; = 1o/ v/t and Theorem 4 respectively, the same proof as
Theorem 6 yields the assertion. O
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C. Auxiliary Lemmas

Lemma 10. For all symmetric matriz H, we have

1 1 1
(0 =) H(e—b) = gl — bl — glla— el + 3 le — bl (5-33)
Proof.
b b\
(a—b)TH(c—1b) ( ” C; —b) (c—b)
B N N
:<a c e ) H(c—b)—|—<c ) H(c—10)
2 2
a—c ! c—b\ "
— (51T Hla-n - @-a+ (7)) He-v)
1 1
= 5lla~ blI; — *Ila —cl + lle— I3
]
Lemma 11. Under the update rule (S-2) or (S-20), we have the following bound:
Y=y (=BT =N
2\ — >\t )\f At
P
p ) P ) e = AP s — A2
§§||Z/t—y H2BTB—§|Iyt+1—y v s + 2 - 2
(B = Ye+1), Aep1 = AT) = (B(y" —w), Ade — A7) (5-34)
e = AP
2p ’
Proof. Since Ay = A1 — pB(yr — y141), we have
(y" =46, =BT (\e = X))
=" =y, =BT (At = Mex1)) + (U — ye, pB Byesr — 1))
<", BT (A1 — A)) = (e, BT (Aea — o))
+ §Hyt s - §Hyt+1 — Y5 e+ §|Iyt+1 — 4B p (S-35)
where we used Lemma 10 in the last inequality.
On the other hand, by Lemma 10, we have
A =X, (A = A\o)/p)
P N KA (Y N LI PV
LY N GO LY U Oy DY S50
2p 2p 2p
———— N—
(1) (ii)
The first term (i) in Eq. (S-36) can be evaluated as
A=A _ A= Aol Qv = Mg, der = A e = X2
2p 2p P 2p
= xeall® B =) A =) A — XFHQ. (S-37)

2p p 2p
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Since Ay — A1 = pB(yi41 — i), the third term (i) in Eq. (S-36) can be evaluated as

e — Ael)? DV VY [ R At — Ay |2
AP W dealP L el
2p 2p P 2p
B — 21 A — A 2
_ p” (yt+21 yt)“ N 7<pB(yt+1 _ yt)7>\t+1 _ )\t> _ H t t+1|| ) (8—38)
p 2p
Here note that, by Eq. (S-5), we have
(B(yr1 = y), M1 — M) = (a1 — Yo, VO (Yeg1) — Vb)) 2 0,
by the monotonicity of subgradients. Therefore the RHS of Eq. (S-38) is further bounded as
_ ”5\16 - )\t||2 < _PHyt—H - yt||23TB _ [IAe — )\t+1||2 (S—39)
2p - 2 2p '
Combining Eqs. (S-36), (S-37), (S-39), then
A" =X, (A = A0 /p)
P A = Al | e = AP
< - §||yt+1 —yillpp — % + %
e — At | . Aip1 — A2
B2l g -y - - B (540

Finally we combine Eqgs. (S-40) and (S-35) so that we obtain

Y=y (=BT =N
A= A=
P
< BT (A1 — M) — (W, BT (A1 — Ar))

p p p
+ §||?/t —y 5 g — §||yt+1 — v s+ §||yt+1 — vl B
e = AP n A = A2

P
- §||yt+1 - yt||2BTB

2p 2p
A — A 1 2 * A1 — A §
— H t 2pt+ H _ <B(yt+1 _yt)7At+1 _ )\ >_ H t+ 2p ||
p . p . e = X2 A — 212
<Sllve—vy HQBTB—§||yt+1—y 155+ 2 - %
+ (B = Y1) M1 — A7) = (B(y" —ye), At — A7)
= dea?
2p ’

This gives the assertion. O



