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7. Appendix

7.1. Proof of Lemma 1

Proof. Invoking the optimality condition for (6), we have

〈g(x∗) + s∇D(x∗,u),x− x∗〉 ≥ 0, ∀x ∈ X ,

which is equivalent to

〈g(x∗),x∗ − x〉 ≤ s 〈∇D(x∗,u),x− x∗〉
= s 〈∇ω(x∗)−∇ω(u),x− x∗〉
= s [D(x,u)−D(x,x∗)−D(x∗,u)] .

7.2. Proof of Lemma 2

Proof. Due to the convexity of θ1 and using the definition of δk, we have

θ1(xk)− θ1(x) ≤
〈
θ′1(xk),xk − x

〉
=
〈
θ′1(xk, ξk+1),xk+1 − x

〉
+ 〈δk+1,x− xk〉+

〈
θ′1(xk, ξk+1),xk − xk+1

〉
. (23)

Applying Lemma 1 to Line 1 of Alg.2 and taking D(u,v) = 1
2
‖v − u‖2, we have〈

θ′1(xk, ξk+1) +AT [β(Axk+1 +Byk − b)− λk] ,xk+1 − x
〉

≤ 1

2ηk+1

(
‖xk − x‖2 − ‖xk+1 − x‖2 − ‖xk − xk+1‖2

) (24)

Combining (23) and (24) we have

θ1(xk)− θ1(x) +
〈
xk+1 − x,−ATλk+1

〉
(23)

≤
〈
θ′1(xk, ξk+1),xk+1 − x

〉
+ 〈δk+1,x− xk〉+

〈
θ′1(xk, ξk+1),xk − xk+1

〉
+〈

xk+1 − x, AT [β(Axk+1 +Byk+1 − b)− λk]
〉

=
〈
θ′1(xk, ξk+1) +AT [β(Axk+1 +Byk − b)− λk] ,xk+1 − x

〉
+

〈δk+1,x− xk〉+
〈
x− xk+1, βA

TB(yk − yk+1)
〉
+
〈
θ′1(xk, ξk+1),xk − xk+1

〉
(24)

≤ 1

2ηk+1

(
‖xk − x‖2 − ‖xk+1 − x‖2 − ‖xk+1 − xk‖2

)
+ 〈δk+1,x− xk〉+〈

x− xk+1, βA
TB(yk − yk+1)

〉
+
〈
θ′1(xk, ξk+1),xk − xk+1

〉

(25)

We handle the last two terms separately:〈
x− xk+1, βA

TB(yk − yk+1)
〉
= β 〈Ax−Axk+1, Byk −Byk+1〉

=
β

2

[(
‖Ax+Byk − b‖2 − ‖Ax+Byk+1 − b‖2

)
+
(
‖Axk+1 +Byk+1 − b‖2 − ‖Axk+1 +Byk − b‖2

)]
≤ β

2

(
‖Ax+Byk − b‖2 − ‖Ax+Byk+1 − b‖2

)
+

1

2β
‖λk+1 − λk‖2

(26)

and 〈
θ′1(xk, ξk+1),xk − xk+1

〉
≤ ηk+1‖θ′1(xk, ξk+1)‖2

2
+

‖xk − xk+1‖2

2ηk+1
, (27)

where the last step is due to Young’s inequality. Inserting (26) and (27) into (25), we have

θ1(xk)− θ1(x) +
〈
xk+1 − x,−ATλk+1

〉
≤ 1

2ηk+1

(
‖xk − x‖2 − ‖xk+1 − x‖2

)
+

ηk+1‖θ′1(xk, ξk+1)‖2

2
+ 〈δk+1,x− xk〉

+
β

2

(
‖Ax+Byk − b‖2 − ‖Ax+Byk+1 − b‖2

)
+

1

2β
‖λk+1 − λk‖2,

(28)
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Due to the optimality condition of Line 2 in Alg.2 and the convexity of θ2, we have

θ2(yk+1)− θ2(y) +
〈
yk+1 − y,−BTλk+1

〉
≤ 0. (29)

Using Line 3 in Alg.2, we have

〈λk+1 − λ, Axk+1 +Byk+1 − b〉

=
1

β
〈λk+1 − λ,λk − λk+1〉

=
1

2β

(
‖λ− λk‖2 − ‖λ− λk+1‖2 − ‖λk+1 − λk‖2

) (30)

Taking the summation of inequalities (28) (29) and (30), we obtain the result as desired.

7.3. Proof of Theorem 1

Proof. (i). Invoking convexity of θ1(·) and θ2(·) and the monotonicity of operator F (·), we have ∀w ∈ W:

θ(ūt)− θ(u) + (w̄t −w)TF (w̄t) ≤
1

t

t∑
k=1

[
θ1(xk−1) + θ2(yk)− θ(u) + (wk −w)TF (wk)

]
=

1

t

t−1∑
k=0

[
θ1(xk) + θ2(yk+1)− θ(u) + (wk+1 −w)TF (wk+1)

] (31)

Applying Lemma 2 at the optimal solution (x,y) = (x∗,y∗), we can derive from (31) that, ∀λ

θ(ūt)− θ(u∗) + (x̄t − x∗)
T (−AT λ̄t) + (ȳt − y∗)

T (−BT λ̄t) + (λ̄t − λ)T (Ax̄t +Bȳt − b)

(7)

≤ 1

t

t−1∑
k=0

[
ηk+1‖θ′1(xk, ξk+1)‖2

2
+

1

2ηk+1

(
‖xk − x∗‖2 − ‖xk+1 − x∗‖2

)
+ 〈δk+1,x∗ − xk〉

]
+

1

t

(
β

2
‖Ax∗ +By0 − b‖2 + 1

2β
‖λ− λ0‖2

)
≤ 1

t

t−1∑
k=0

[
ηk+1‖θ′1(xk, ξk+1)‖2

2
+ 〈δk+1,x∗ − xk〉

]
+

1

t

(
D2

X
2ηt

+
β

2
D2

y∗,B +
1

2β
‖λ− λ0‖22

)
(32)

The above inequality is true for all λ ∈ Rm, hence it also holds in the ball B0 = {λ : ‖λ‖2 ≤ ρ}. Combing with the fact
that the optimal solution must also be feasible, it follows that

max
λ∈B0

{
θ(ūt)− θ(u∗) + (x̄t − x∗)

T (−AT λ̄t) + (ȳt − y∗)
T (−BT λ̄t) + (λ̄t − λ)T (Ax̄t +Bȳt − b)

}
= max

λ∈B0

{
θ(ūt)− θ(u∗) + λ̄T

t (Ax∗ +By∗ − b)− λT (Ax̄t +Bȳt − b)
}

= max
λ∈B0

{
θ(ūt)− θ(u∗)− λT (Ax̄t +Bȳt − b)

}
= θ(ūt)− θ(u∗) + ρ‖Ax̄t +Bȳt − b‖2

(33)
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Taking an expectation over (33) and using (32) we have:

E [θ(ūt)− θ(u∗) + ρ‖Ax̄t +Bȳt − b‖2]

≤ E

[
1

t

t−1∑
k=0

(
ηk+1‖θ′1(xk, ξk+1)‖2

2
+ 〈δk+1,x∗ − xk〉

)
+

1

t

(
D2

X
2ηt

+
β

2
D2

y∗,B

)]

+ E
[
max
λ∈B0

{
1

2βt
‖λ− λ0‖22

}]
≤ 1

t

(
M2

2

t∑
k=1

ηk +
D2

X
2ηt

)
+

βD2
y∗,B

2t
+

ρ2

2βt
+

1

t

t−1∑
k=0

E [〈δk+1,x∗ − xk〉]

=
1

t

(
M2

2

t∑
k=1

ηk +
D2

X
2ηt

)
+

βD2
y∗,B

2t
+

ρ2

2βt

≤
√
2DXM√

t
+

βD2
y∗,B

2t
+

ρ2

2βt

In the second last step, we use the fact that xk is independent of ξk+1, hence Eξk+1|ξ[1:k]
〈δk+1,x∗ − xk〉 =〈

Eξk+1|ξ[1:k]
δk+1,x∗ − xk

〉
= 0.

(ii) From the steps in the proof of part (i), it follows that,

θ(ūt)− θ(u∗) + ρ‖Ax̄t +Bȳt − b‖

≤ 1

t

t−1∑
k=0

ηk+1 ‖θ′1(xk, ξk+1)‖2

2
+

1

t

t−1∑
k=0

〈δk+1,x∗ − xk〉+
1

t

(
D2

X
2ηt

+
β

2
D2

y∗,B +
ρ2

2β

)
≡ At +Bt + Ct

(34)

Note that random variables At and Bt are dependent on ξ[t].

Claim 1. For Ω1 > 0,

Prob

(
At ≥ (1 + Ω1)

M2

2t

t∑
k=1

ηk

)
≤ exp{−Ω1}. (35)

Let αk ≡ ηk∑t
k=1

ηk
∀k = 1, . . . , t, then 0 ≤ αk ≤ 1 and

∑t
k=1 αk = 1. Using the fact that {δk, ∀k} are independent and

applying Assumption 2, one has

E

[
exp

{
t∑

k=1

αk‖θ′1(xk, ξk+1)‖2/M2

}]
=

t∏
k=1

E
[
exp

{
αk‖θ′1(xk, ξk+1)‖2/M2}]

≤
t∏

k=1

(
E
[
exp

{
‖θ′1(xk, ξk+1)‖2/M2}] )αk

(Jensen’s Inequality)

≤
t∏

k=1

(exp{1})αk = exp

{
t∑

k=1

αk

}
= exp{1}

Hence, by Markov’s Inequality, we can get

Prob

(
At ≥ (1 + Ω1)

M2

2t

t∑
k=1

ηk

)
≤ exp {−(1 + Ω1)}E

[
exp

{
t∑

k=1

αk‖θ′1(xk, ξk+1)‖2/M2

}]
≤ exp{−Ω1}.

We have therefore proved Claim 1.

Claim 2. For Ω2 > 0,

Prob

(
Bt > 2Ω2

DXM√
t

)
≤ exp

{
−Ω2

2

4

}
. (36)

In order to prove this claim, we adopt the following facts in Nemirovski’s paper (Nemirovski et al., 2009).
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Lemma 3. Given that for all k = 1, . . . , t, ζk is a deterministic function of ξ[k] with E
[
ζk|ξ[k−1]

]
= 0 and

E
[
exp{ζ2k/σ2

k}|ξ[k−1]

]
≤ exp{1}, we have

(a) For γ ≥ 0, E
[
exp{γζk}|ξ[k−1]

]
≤ exp{γ2σ2

k}, ∀k = 1, . . . , t

(b) Let St =
∑t

k=1 ζk, then Prob{St > Ω
√∑t

k=1 σ
2
k} ≤ exp

{
−Ω2

4

}
.

Using this result by setting ζk = 〈δk,x∗ − xk−1〉 , St =
∑t

k=1 ζk, and σk = 2DXM, ∀k, we can verify that E
[
ζk|ξ[k−1]

]
= 0

and
E
[
exp{ζ2k/σ2

k}|ξ[k−1]

]
≤ E

[
exp{D2

X‖δk‖2/σ2
k}|ξ[k−1]

]
≤ exp{1},

since |ζk|2 ≤ ‖x∗ − xk−1‖2‖δk‖2 ≤ D2
X
(
2‖θ′1(xk, ξk+1)‖2 + 2M2

)
.

Implementing the above results, it follows that

Prob
(
St > 2Ω2DXM

√
t
)
≤ exp

{
−Ω2

2

4

}
.

Since St = tBt, we have

Prob

(
Bt > 2Ω2

DXM√
t

)
≤ exp

{
−Ω2

2

4

}
as desired.

Combining (34), (35) and (36), we obtain

Prob

(
Errρ(ūt) > (1 + Ω1)

M2

2t

t∑
k=1

ηk + 2Ω2
DXM√

t
+ Ct

)
≤ exp {−Ω1}+ exp

{
−Ω2

4

}
,

where Errρ(ūt) ≡ θ(ūt)− θ(u∗) + ρ‖Ax̄t + Bȳt − b‖2. Substituting Ω1 = Ω,Ω2 = 2
√
Ω and plugging in ηk = DX

M
√
2k
, we

obtain (10) as desired.

7.4. Proof of Theorem 2

Proof. By the strong-convexity of θ1 we have ∀x:

θ1(xk)− θ1(x) ≤
〈
θ′1(xk),xk − x

〉
− µ

2
‖x− xk‖2

=
〈
θ′1(xk, ξk+1),xk+1 − x

〉
+ 〈δk+1,x− xk〉+

〈
θ′1(xk, ξk+1),xk − xk+1

〉
− µ

2
‖x− xk‖2.

Following the same derivations as in Lemma 2 and Theorem 1 (i), we have

E [θ(ūt)− θ(u∗) + ρ‖Ax̄t +Bȳt − b‖2]

≤ E

{
1

t

t−1∑
k=0

[
ηk+1‖θ′1(xk, ξk+1)‖2

2
+

(
1

2ηk+1
− µ

2

)
‖xk − x∗‖2 −

‖xk+1 − x∗‖2

2ηk+1

]}

+
βD2

y∗,B

2t
+ E

[
max
λ∈B0

{ 1

2βt
‖λ− λ0‖20

}]
≤ M2

2t

t∑
k=1

1

µk
+

1

t

t−1∑
k=0

E
[
µk

2
‖xk − x∗‖2 −

µ(k + 1)

2
‖xk+1 − x∗‖2

]
+

βD2
y∗,B

2t
+

ρ2

2βt

≤ M2 log t

µt
+

µD2
X

2t
+

βD2
y∗,B

2t
+

ρ2

2βt
.

7.5. Proof of Theorem 3

Proof. The Lipschitz smoothness of θ1 implies that ∀k ≥ 0:

θ1(xk+1) ≤ θ1(xk) + 〈∇θ1(xk),xk+1 − xk〉+
L

2
‖xk+1 − xk‖2

(3)
= θ1(xk) + 〈∇θ1(xk, ξk+1),xk+1 − xk〉 − 〈δk+1,xk+1 − xk〉+

L

2
‖xk+1 − xk‖2.
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It follows that ∀x ∈ X :

θ1(xk+1)− θ1(x) +
〈
xk+1 − x,−ATλk+1

〉
≤ θ1(xk)− θ1(x) + 〈∇θ1(xk, ξk+1),xk+1 − xk〉 − 〈δk+1,xk+1 − xk〉+

L

2
‖xk+1 − xk‖2 +

〈
xk+1 − x,−ATλk+1

〉
= θ1(xk)− θ1(x) + 〈∇θ1(xk, ξk+1),x− xk〉 − 〈δk+1,xk+1 − xk〉+

L

2
‖xk+1 − xk‖2

+
[
〈∇θ1(xk, ξk+1),xk+1 − x〉+

〈
xk+1 − x,−ATλk+1

〉]
≤ 〈∇θ1(xk),xk − x〉+ 〈∇θ1(xk, ξk+1),x− xk〉 − 〈δk+1,xk+1 − xk〉+

L

2
‖xk+1 − xk‖2

+
[
〈∇θ1(xk, ξk+1),xk+1 − x〉+

〈
xk+1 − x,−ATλk+1

〉]
= 〈δk+1,x− xk+1〉+

L

2
‖xk+1 − xk‖2 +

[
〈∇θ1(xk, ξk+1),xk+1 − x〉+

〈
xk+1 − x,−ATλk+1

〉]
= 〈δk+1,x− xk+1〉+

L

2
‖xk+1 − xk‖2 +

〈
x− xk+1, βA

TB(yk − yk+1)
〉

+
〈
∇θ1(xk, ξk+1) +AT [β(Axk+1 +Byk − b)− λk] ,xk+1 − x

〉
(24)

≤ 1

2ηk+1

(
‖x− xk‖2 − ‖x− xk+1‖2

)
− 1/ηk+1 − L

2
‖xk+1 − xk‖2

+
〈
x− xk+1, βA

TB(yk − yk+1)
〉
+ 〈δk+1,x− xk+1〉 .

The last inner product can be bounded as below using Young’s inequality, given that ηk+1 ≤ 1
L
:

〈δk+1,x− xk+1〉 = 〈δk+1,x− xk〉+ 〈δk+1,xk − xk+1〉

≤ 〈δk+1,x− xk〉+
1

2 (1/ηk+1 − L)
‖δk+1‖2 +

1/ηk+1 − L

2
‖xk − xk+1‖2.

Combining this with inequalities (26,29) and (30), we can get a similar statement as that of Lemma 2:

θ(uk+1)− θ(u) + (wk+1 −w)TF (wk+1) ≤
‖δk+1‖2

2(1/ηk+1 − L)

+
1

2ηk+1

(
‖xk − x‖2 − ‖xk+1 − x‖2

)
+

β

2

(
‖Ax+Byk − b‖2 − ‖Ax+Byk+1 − b‖2

)
+ 〈δk+1,x− xk〉+

1

2β

(
‖λ− λk‖22 − ‖λ− λk+1‖22

)
.

The rest of the proof are essentially the same as Theorem 1 (i), except that we use the new definition of ūk in (12).


