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ABSTRACT

Gaussian process (GP) for machine learning has been well studied
over the past two decades and is now widely used in many sectors.
However, the design of low-complexity GP models still remains a
challenging research problem. In this paper, we propose a novel
scalable GP regression model for processing big datasets, using a
large number of parallel computation units. In contrast to the exist-
ing methods, we solve the classic maximum likelihood based hyper-
parameter optimization problem by a carefully designed distributed
alternating direction method of multipliers (ADMM). The proposed
method is parallelizable over a large number of computation units.
Simulation results confirm the benefits of the proposed scalable GP
model over the state-of-the-art distributed methods.

Index Terms— ADMM, big data, Gaussian process, hyper-
parameter optimization, scalable model.

1. INTRODUCTION AND RELATED WORKS

Gaussian process (GP) model is a class of important Bayesian
non-parametric models for machine learning and tightly related to
several other learning models, such as the support vector machine
(SVM), single-layer Bayesian neural network, regularized-least-
squares, relevance vector machine, and auto-regressive-moving-
average (ARMA) scheme [1]. The key of GP models is to first set
a Gaussian prior to the underlying function/system f(«) and then
compute the posterior over the function given the observed data. GP
models have been well studied and used in a plethora of applications
since its introduction due to its outstanding performance in function
approximation with a natural uncertainty bound. GP models are also
found to be an important component in Bayesian optimization [2].
However, the major drawback of the GP models for both re-
gression and classification lies in the high computational complex-
ity for finding the optimal set of hyper-parameters, which scales as
O(n?) with n the number of training samples. Thus, the standard
GP is computationally demanding when the dataset is large. Low-
complexity GP models can be obtained by exploring 1) low-rank
kernel matrix approximation [3]; 2) local structures of the kernel ma-
trix [4]; 3) state-space model reformulation and Kalman filter [5]; 4)
Bayesian committee machine (BCM) using a number of distributed
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computing units [6, 7]; 5) sparse representations by choosing a sub-
set of the data with some information criterion [8]; and 6) variational
Bayesian formulation [9].

Among the aforementioned works, the BCM-based models in
[6, 7] share some similarity with our work herein in the sense that
they all deploy a large number k of parallel computation units. Gen-
erally speaking, the BCM based distributed GP models approximate
the likelihood function over the full training dataset by a product
of multiple local likelihood functions over subsets of the training
dataset, which is equivalent to making a block-diagonal matrix as-
sumption on the true covariance matrix. Although the computational
complexity scales as O(n?/k?), their approximation accuracy be-
comes worse when using a large number of computing units, each
accessing a small subset, due to the loss of correlation information
across different subsets of data.

In this paper, we aim to propose a scalable GP model that is able
to handle big data by distributing the computational complexity of
the standard GP to a large number of parallel computing units. No
approximation or information loss is involved in the proposed frame-
work. The main contributions are summarized as follows. First,
we make the original maximum likelihood hyper-parameter estima-
tion distributed by introducing £ (equal to the number of comput-
ing units) local copies of the global hyper-parameters, optimized by
the celebrated alternating direction method of multipliers (ADMM),
which is able to break a large optimization problem into smaller
pieces that are easier to handle [10]. Compared with the existing dis-
tributed GP models [6, 7], our approach does not involve any approx-
imation essentially. Second, in each ADMM iteration, thanks to the
introduced local copies of the global hyper-parameter, only a small
part of the large covariance matrix inverse over the complete dataset
is needed to update the gradient, which helps to avoid multiplications
of large matrices. Third, the proposed practical implementation of
the scalable GP model adopts the Gauss-Seidel method for numeri-
cally solving matrix inverse in a parallel way, which distributes the
computation load of the standard O(n*) GP method to k computing
units evenly, resulting in a reduced complexity of O(n?®/k). Exper-
imental results show that the proposed scalable GP performs sim-
ilarly to the standard GP, but with a much reduced complexity. It
also outperforms the state-of-the-art distributed GP methods signifi-
cantly, which makes it a promising GP implementation for big data
applications.

The remainder of this paper is organized as follows. Section 2
briefly reviews the standard GP regression model. Section 3 presents
the proposed scalable GP model. Section 4 contains the experimen-
tal results. Finally, Section 5 concludes this paper.
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2. STANDARD GP MODEL

2.1. GP Regression

A GP is a collection of random variables, any finite number of which
follow a Gaussian distribution [1]. In the sequel, we focus on real-
valued GPs that are completely specified by their mean functions and
kernel functions as

f(z) ~ GP(m(), k(x, z';0)), (M

where m () is the mean function, which is often set to zero in prac-
tice, and k(x, z'; 0) is the kernel function with the hyper-parameters
0 to be optimized. Commonly used kernels include the squared-
exponential (SE) kernel, rational quadratic kernel, Matérn kernel,
etc. More advanced kernels, e.g., [11, 12, 13] could also be used for
specific applications.

We consider the following GP based regression model y =
f(x) + e, where y € R is a continuous-value output, the underlying
function f(x) is modeled by a zero mean GP for simplicity, and the
noise e is assumed to be Gaussian distributed with zero mean and
variance o2 It is not difficult to estimate the independent noise vari-
ance o2 jointly with @; but in this paper we assume it is already esti-
mated, e.g., by the robust smoothing method in [14]. Given a training
dataset D £ { Xy}, where y = [y1,v2, -+ ,yn]" is the training
output and X = [@1, @2, - ,&y] is the training input, the aim of
GP regression is to predict the output 4. = [yu.1, Yu,2, " > Yrn] s
given the test inputs X, = [@,1,®+,2, - , T« n] With a posterior
distribution p(y«|D, X.; 0).

2.2. Standard GP Hyper-parameter Optimization

The predictive performance of GP regression depends on the good-
ness of the model parameters 6. The dominant formulation to
tune the model parameters is via maximizing the marginal likeli-
hood function p(y;@). For GP regression, the model parameters
can be tuned equivalently by minimizing the following negative
log-likelihood function [1]:

Po: argmin g(8) £ y" C™'(8)y +log|C(6)],
0 ©)
s.t. 6 €0,

where | - | stands for matrix determinant, C(0) £ K (X, X;8) +
oI, is the covariance matrix, and K (X, X; 0) is the kernel matrix
of the training inputs X.

The gradient descent method is the benchmark hyper-parameter
optimization method most widely used in the GP community. In
particular, at each iteration, the hyper-parameter is updated as

0" —1i-Veg(8)e=or, 3

where i is the step size, and @ = [01, 02, - - - ,0,]7 with p the di-
mension of . The partial derivative of the j-th element of @ in
Veg(0) is computed, according to [1], as

20— (025" ) -y e 0 % e e,
C))

where Tr(-) represents the matrix trace. Note that at each iteration,
C~1(0) has to be re-evaluated and the multiplications of large ma-
trices of size n X m have to be performed several times. The total
computational complexity per iteration scales as O(n?), when the
covariance matrix has no favorable structures, such as Toeplitz or
banded.

07‘+1 _

3. SCALABLE GP MODEL USING INEXACT ADMM

3.1. Scalable GP Hyper-parameter Optimization

Our goal here is to break the original maximum likelihood hyper-
parameter estimation problem Py into smaller pieces that are easier
to handle without making any approximations. In other words, we
aim to distribute the high computation load of solving a big opti-
mization problem to a bunch of local computing units that can work
in parallel. By introducing a set of k local variables 61,0, . .., 0y,
denoted as {0;} where i € K, K = {1,2,---,k}, and a global
variable z, we can write the original problem Py equivalently as

Py :argmin g({6:}),
{6;} 5)
st. 8,—z=0, 6,€0, i€k,

where g({6:}) £ y"C~'({6:})y + log |C({6:})|. Here, we let
the i-th block of C({0;}) be determined by 6;. It is worth noting
that the block partition of C'({8;}) is flexible, which solely depends
on how we allocate the variable blocks to the computing units. For
example, a covariance matrix C(61, 02, 03,04) with n = 4 data
samples can be partitioned evenly into £ = 4 square blocks as

61 6
ay; Qg
6, 6,
an; a
21 Q22
C(601,02,05,0,) = rr—
aszy Qg
63 603
Qg1 Qg3

62 63
Q13 Qi1
0, 0,
Q3 Aoy 6)
64 64 |’
A3z A3y
64 04
Qg3 Qyq

where afj’“ = k(xi,xj;0) + 0% - 5(i = j) with § = 1ifi = 7,
or 6 = 0 otherwise, is one single element of the full covariance
matrix C'(61, 62, 03, 0.4) at the i-th row and the j-th column, and is
determined by 6, associated with the k-th computing unit, In this
paper, we assume that [ = v/k and n /1 are integers for simplicity.
In this way, the n x n covariance matrix C'({6;}) can be partitioned
evenly into [ x [ square blocks, each of size n/l x n/I.

Note that the global minimum of P; is the same as that of Py
[15]. One of the major benefits of the reformulation from Py to Py
is the flexibility of allowing each local computing unit to focus on its
own local variable 0; [15]. Specifically, in this paper, we propose to
solve P; via the ADMM. The augmented Lagrangian function can
be written as

k k
L({0:},2.8) 2 g({0 ) B (Bi=21)_ 5 |62 5. ()

For any 7 € KC, the sequential update of the parameters at the (r+1)-
th iteration can be written as

0" —arg min g(6:,2" ;) + 8" (6 —z’")+§ 16:;—2" |2 (8a)
0;

k
= (o L), (8b)
i=1

BT =B +p0;T -2, (8¢)
where ¢(0;,2",;) £ yTC7(0;,2";)y + log|C(0;, 2" ;)| with
2l 2 {07, ,07_1,0;,0/ 1, --,0;}\ 0; containing all previ-
ous estimates of the local variables except for ;. Here C(0;, 2" ;)
comprises one block determined by 6; and the other blocks deter-
mined by z”; which is fixed at the (r + 1)-th iteration. Note that
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the objective function in (8a) is non-convex and minimizing it ex-
actly to get the global minimum in each ADMM iteration may not
be easy, especially in the early stage of the algorithm. Therefore, in
this paper, we propose to use an inexact step to update the local 8; as
07 =07 — - Ve, L(0;,27;, 2", B")le;=6r, which corresponds
to updating it once with gradient descent, followed by the consen-
sus immediately. We can derive Vo, £(0;, 2", 2", 8")|e,=6r asin
(9b) (next page). For clarity, following the example given in (6),
the covariance matrix C(61, 2" 1) of the first computing unit at the
(r + 1)-th iteration can be written as

aft afi|aly ol
61 61 29 2
a a a,: a
21 Qo3 | Q23 Qog
C(61,2",) = |21 22 %25 ot | (10)
As$  Ass | ast  asi
31 @32 | A3z O3y
63 63| 6 6]
Ay Q3 | Qy3 Qyy

Note that optimizing 6; using (9b) requires much less computa-
tional cost than optimizing € using (4). Specifically, as shown in
Fig. 1, with C({6;}) evenly partitioned into { X [ square blocks,
C(6;,z";) has only one square block that is in terms of 0;, e.g.,
marked as the dark one in Fig. 1(a). Accordingly, the partial deriva-
tive 0C(0;, 2" ;) /00;; has only one non-zero block, e.g., marked as
the dark one in Fig. 1(b). Hence, the matrix multiplication involved
with C~1(8;,2";) in (9b) only requires knowing one horizontal
slice and one vertical slice of C~*(8;, 27), e.g., marked as the dark
slices in Fig. 1(c). Generally, for the (m, n)-th block of C(6;, 2" ;),
where m,n € {1,2,---,1}, one only needs to the know the n-th
horizontal slice and the m-th vertical slice of C~'(8;,2";). As
such, we only need to compute a small fraction of a big covariance
matrix inverse over the complete dataset to update the gradient, thus
avoiding multiplications of large matrices and reducing the compu-
tational complexity for each local computing unit.

Following the example given in (10), for the first computing unit,
we denote the four square blocks as C11(601), C12(03), C21(0%)
and Ca2(07), respectively. Then, the covariance matrix can be writ-

ten as C(01 o ) _ 011(01‘) C12(0£)
et C21(03) C22(01)]°
We denote the inverse of the full covariance matrix as B,i.e., CB =
I, «n, where I, ., is the identity matrix of size n X n. Similarly, we
partition B into four blocks, i.e., B11, B12, B21 and Baa, satisfying

Cin Crn2| [Bui Bia| _ Inyn Oznyan (12)
Cy Ca| |B21 Ba Onyn Inyn|’

As discussed above, evaluating (9b) does not require knowing the
complete B. Specifically, for any j € {1,2,...,p} with p the di-
mension of @, the partial derivatives of 6,; can be written as

aC11(01)
oc {ggl ogxn}

an

|

13)

= 1j
(901]' O%XQ 0

2 PR
where we use C = C(61,2z7;) for short. Accordingly, the
first computing unit only needs {Bi1,B21,Bi2} to evaluate
C*lngj and yTC*lngjC*y in (9b). Similarly, the other
computing units only need {Bi1, B21,B22}, {Bi1,Bi2,Ba2}
and {Ba1, Ba2, B12} to optimize 02, 85 and 04, respectively. Ac-
tually, for [ = 2, it is easy to derive the closed-form expressions of
the block-wise matrix inverses as

Bll = (Cll — 01202721021)717 (14&)
Bis = Bgl = —02_21021B117 (14b)
Bay = (Ca2 — C21Cri'C) . (14c)

Algorithm 1 Gauss-Seidel Method For Computing A Slice of Com-
plete Matrix Inverse: e.g., B

1: Initialization: ¢, t = 0, BY.
2: Iteration:

3: while |Bi™ — B||r > edo
4 t=t+1.

5. Bifl=c! (I% cn =Y, CliBL-). (The first unit)
6: forl<j<l do

7: (The j-th unit)

s Bif'=—Cj (LI CuBI Yl CiBl) -
9:  end for

10: Bif' = -C;' (TiZ) CuBif!). (The t-th unio)

11: end while

12: Output: Bi,, B, - , B, at convergence.

For | > 3, the closed-form inverse of each block can be derived,
albeit in a tedious, recursive manner. Next, we will show a practical
solution without deriving the closed-form expressions.

3.2. A Practical Implementation

Using (9b) on next page with closed-form expressions of B, to
update 0; is readily tedious for [ > 3 in practice. Therefore, we
propose to approximate C~*(8;,2";) in (9b) with C~*(z") and
use the Gauss-Seidel iterative method [16] to compute B,,,,. More
specifically, we use (9¢) instead of (9b) when updating 6; and run the
Gauss-Seidel method with parallel computing units to get all blocks
of C™!(2") computed in a similar way. After that, all computing
units communicate in a way that each one gets its desired verti-
cal slice and horizontal slice of C~*(2") at the end for updating
the gradients according to (9¢c). The detailed procedure for com-
puting the first vertical slice of C~!(2") using | computing units
is presented in Algorithm 1, i.e., the procedure to compute an ap-

proximated solution of B; = C~'(z") Izyn; O%X%} , where
Bi £ [Bi1; Bai; ... B, The other vertical slices of C~'(2"),

ie., Ba,--- , By, can be computed in the same way.
Note that in Algorithm 1: 1) every computing unit uses the full
dataset; 2) all principal sub-matrices Cj_jl, j=1,2,--- 1, are pos-

itive definite thus invertible; 3) the computational complexity scales
as O(n*/k) at each computing unit. Specifically, to compute one
slice of C~*(2"), e.g., B1, with [ computing units in Algorithm 1,
each computing unit needs to take an inverse of one principal sub-
matrix of size n/l xn/l and perform [ — 1 multiplications of two ma-
trices both of size n/l x n/l. Hence, when the number of iterations
required by the Gauss-Seidel method to achieve a target approxima-
tion precision is small and not a function of k, the computational
complexity of our scheme scales as O(n>/I1?) = O(n®/k) per com-
puting unit. Note that the overall complexity still scales as O(n?)
due to the fact that unlike other distributed GP models to optimize
the GP hyper-parameter with approximations [6, 7], we do not make
any approximations in P;. However, better matrix partition strate-
gies or alternatives for the Gauss-Seidel method for computing the
matrix inverse can be explored in the future to further reduce the
overall computational complexity, subject to an acceptable perfor-
mance loss.

The complete procedure of our proposed scalable GP hyper-
parameter optimization using inexact ADMM is presented in Algo-
rithm 2 for clarity. After the algorithm converges, each local comput-
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T r r 6
[Vo,£(6:, 2%, 2", 8")loi=0r] = 00,5
ij

aC(0;,2",)

— -1 . T
=Tr (C (0:,225) 905,

~ -1 T
~ Tr (C (z") 205,

0C(8;,2" ;)

(a) C(0:,2";) (b) a0, (c) C~1(0;,27,)

Fig. 1. When updating its local hyper-parameter, say 0;, the i-th
local computing unit requires only one block of the full covariance
matrix, e.g., the dark block in Fig. 1(a); only one block of the par-
tial derivative matrix is non-zero, e.g., the dark block in Fig. 1(b);
only one vertical and one horizontal slice of the full matrix inverse
is needed, e.g., the two dark slices in Fig. 1(c), for gradient update.

ing unit can immediately compute the posterior mean and variance
of a given test point conditioned on the complete data and the global
hyper-parameter estimate.

4. SIMULATION RESULTS

In this section, we test our proposed scalable GP regression model
with some simulated datasets. Specifically, we use ten sets of
randomly generated hyper-parameters and noises to generate ten
datasets with the SE kernel. The regression task is defined as fol-
lows. For each dataset, we use 10000 data points as the full training
set, and predict the next upcoming data point. Moreover, we itera-
tively update the training set by removing the oldest data point and
adding the newest data point dynamically, i.e., advancing the train-
ing set forward in time one sample point at a time. In this way, we
can repeat the regression tasks 300 times and use the average to mea-
sure the algorithm performance. For all the following experiments,
we run at a workstation with eight Intel Xeon E3 CPU cores at 3.50
GHz. The local computing units are simulated by activating them
with the same computing power within the workstation cyclically.
We choose two baseline models: 1) the standard GP model [1],
i.e., optimizing the hyper-parameters as in Pg; 2) the state-of-art
BCM based distributed GP model, i.e., the robust BCM (rBCM)
model [7]. Specifically, the -BCM approximates the likelihood func-
tion over the full training dataset by a product of multiple local
likelihood functions over subsets of the training dataset when op-
timizing the GP hyper-parameter, and combines the local inferences
with heuristic weights to generate the final outcome. The root-mean-
square-error (RMSE) and the mean-absolute-error (MAE) averaged
over multiple test points are used as the performance metrics. The
results are as follows. In Fig. 2(a) and Fig. 2(b), we present the
RMSE and MAE performances of all comparing schemes, respec-
tively. The scalability of the rBCM based distributed GP model and
our proposed scalable GP model are evaluated with 100, 40, 20, 10, 1

) —yTCc ' (0:,2",;

80(9:5 Zil) TH~—1,_7 80(0:7 Zil)

(900270 + (B0 ==+ Z 10 =2 13) | ©2)
80 07;, iz — r T T
MC Y0i, 27 )y + BY; + p(0i; — 2) (9b)
80” i=Y;
C™ ' (2")y + Bl + p(0]; — z}). (%)

Algorithm 2 Scalable GP Hyper-parameter Optimization
1: Initialization: r = 0; ¢; 2°; 69, 32,1 € K
2: Iteration:
3: while | 87 — 07 ||l2> edo

4 r=r+1
5:  Obtain C~'(z") according to Algorithm 1.
6. forie Kdo
7: Obtain the desired blocks of C ™' (z").
8: for j € {1,2,...,p} do
9: Compute 0C (05, 2" ;) /D0;;.
10: Update 6; according to (8a) and implemented inexactly
via (9c¢).
11: end for
12:  end for

13:  Update 2" and 3; according to (8b) and (8c), respectively.
14: end while
15: Output: 07,05, ...,0;, and z* at convergence.

1.2 1.0
—B- rBCM =
1.04|--- Standard GP — Efg,':’éard GP
—A— Proposed Scalable GP 0811, Proposed Scalable GP

0.
900 250 500 1000 10000
Number of Training Points

1020 40 100
Number of Local Machines

(a) Prediction Accuracy (b) Prediction Accuracy

Fig. 2. The prediction performance

local machines, trained with 100, 250, 500, 1000, 10000 data points,
respectively. The result shows that our proposed scalable GP method
outperforms the rBCM based distributed GP method considerably.
Moreover, the scalable GP method can well-approximate the stan-
dard GP model when we increase the number of local computing
units, which demonstrates the scalability of the proposed ADMM
algorithm.

5. CONCLUSION

In this paper, we proposed a scalable GP method with inexact
ADMM to optimize the GP hyper-parameter in a parallel way
without making any approximations. Moreover, we proposed a
practical implementation by adopting the Gauss-Seidel method to
compute the matrix inverse. Experimental results verified that our
proposed method could outperform the state-of-art rBCM and well-
approximate the standard GP model, making it promising for big
data applications.
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