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ABSTRACT

The Canonical Polyadic Decomposition (CPD) is one of the
most basic tensor models used in signal processing and ma-
chine learning. Despite its wide applicability, identifiability
conditions and algorithms for CPD in cases where the tensor
is incomplete are lagging behind its practical use. We first
present a tensor-based framework for bilinear factorizations
subject to monomial constraints, called monomial factoriza-
tions. Next, we explain that the CPD of a tensor that has
missing fibers can be interpreted as a monomial factorization
problem. Finally, using the monomial factorization interpre-
tation, we show that CPD recovery conditions can be obtained
that only rely on the observed fibers of the tensor.

Index Terms— Tensor, canonical polyadic decomposi-
tion, monomial, missing data. subsampling.

1. INTRODUCTION

The CPD of a tensor has found many applications in sig-
nal processing and machine learning; see [1] and references
therein. In many applications the tensor is incomplete due to
missing observations, corrupt data or subsampling. It has also
been recognized that incomplete tensors, obtained by ran-
dom sampling, play an important role in the context of large
scale CPD computations [2, 3, 4]. Several optimization-based
methods to compute the CPD of an incomplete tensor have
been proposed (e.g., [5, 6, 2, 7, 1]), but the algebraic founda-
tions are not discussed. As an alternative to random sampling,
we have recently proposed a structured subsampling approach
in which only a subset of the fibers of the tensor are consid-
ered [8]. In particular, we showed that if the fibers in one of
the modes of the tensor are sampled in a structured way, then
CPD recovery can be ensured, despite missing data. We also
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mention that a tensor subsampling method that relies on reg-
ular sampling has been proposed in [9]. In this paper we first
provide in Section 2 a new monomial factorization approach
to bilinear factorizations exhibiting monomial structure in one
mode. Based on this framework, in Section 3 we will extend
the tensor subsampling framework in [8] to cases where fibers
in several modes of the tensor are considered. This result will
explain that by considering fibers in several modes, more re-
laxed CPD recovery conditions can be obtained compared to
results that only consider fibers in a single mode. Before div-
ing into the details, a brief review of CPD is provided next.

1.1. Canonical Polyadic Decomposition (CPD)
Consider the CPD of the tensor X ∈ CI×J×K :

X =

R∑
r=1

ar ◦ br ◦ sr =

R∑
r=1

G(r) ◦ sr, (1)

where R denotes the rank of X , A = [a1, . . . , aR] ∈ CI×R,
B = [b1, . . . ,bR] ∈ CJ×R, S = [s1, . . . , sR] ∈ CK×R are
the CPD factor matrices of X and ’◦’ denotes the outer prod-
uct, e.g., (ar◦br◦sr)ijk = airbjrskr. Note that G(r) = arbT

r

is a rank-1 matrix. This fact will be exploited in Section 3. A
key feature of the CPD that will also be used in Section 3 is
that it is unique under mild conditions, i.e., A, B and S are
unique (up to intrinsic column scaling and permutation am-
biguities); see [1, 10, 11, 12, 13, 14, 15, 16, 17, 18] and ref-
erences therein. In this paper we will consider the following
three matrix representations of (1):

X(1) = (B� S) AT ∈ CJK×I , (2)

X(2) = (A� S) BT ∈ CIK×J , (3)

X(3) = (A� B) ST ∈ CIJ×K , (4)

where ’�’ denotes the Khatri-Rao (columnwise Kronecker)
product and ’(·)T ’ denotes the transpose. The rows of X(1)

correspond to the mode-1 fibers {x• jk} of X , defined as
(x• jk)ijk = xijk. Likewise, X(2) and X(3) are obtained by
stacking the mode-2 fibers {xi • k} and mode-3 fibers {xij •}
of X , defined as (xi • k)ijk = xijk and (xij •)ijk = xijk,
respectively.
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2. MONOMIAL FACTORIZATION

Consider bilinear factorizations of the form

X = AST ∈ CI×K , (5)

in which S ∈ CK×R has full column rank and the columns of
A ∈ CI×R satisfy N monomial relations of the form

ap1,n,r · · · apL,n,r − as1,n,r · · · asL,n,r = 0, (6)

where am,r denotes the mth entry of the rth column of A and
L denotes the degree of the monomials in (6). The subscripts
pl,n and sl,n in (6) will in Sections 2.1 and 2.2 be used in
the derivation of the connections between monomial factor-
izations of the form (5) and tensor decompositions.

2.1. Block term decomposition approach
Define the vectors b(n)

r = [ap1,n,r . . . apL,n,r]T ∈ CL and
c(n)
r = [as1,n,r . . . asL,n,r]T ∈ CL. Then relation (6) can be

related to the matrix AL(b(n)
r , c(n)

r ) ∈ CL×L:

AL(b(n)
r , c(n)

r ) =



b
(n)
1,r 0 · · · 0 (−1)L · c(n)

1,r

c
(n)
2,r b

(n)
2,r

. . . 0

0 c
(n)
3,r

. . .
. . .

...
...

. . .
. . .

. . . 0

0 · · · 0 c
(n)
L,r b

(n)
L,r


.(7)

It can be verified that if
∏L

l=1 apl,n,r 6= 0 or
∏L

l=1 asl,n,r 6= 0,
then AL(b(n)

r , c(n)
r ) is a rank-(L− 1) matrix when the mono-

mial relation (6) is satisfied. Using the mapping (7) and the
fact that (5) is bilinear, we obtain

Y(n) := [vec(AL(u(n)
1 , v(n)

1 )) . . . vec(AL(u(n)
K , v(n)

K ))]

= M(n)ST ∈ CL2×K , n ∈ {1, . . . , N}, (8)

where vec(·) denotes the column vector obtained by stacking
the columns of its input matrix, u(n)

k = [xp1,n,k . . . xpL,n,k]T ∈
CL, v(n)

k = [xs1,n,k . . . xsL,n,k]T ∈ CL and M(n) =

[vec(AL(b(n)
1 , c(n)

1 )) . . . vec(AL(b(n)
R , c(n)

R ))] ∈ CL2×R. The
key observation is that each equation in (8) corresponds
to a Block Term Decomposition (BTD) [19], in which the
columns of M(n) correspond to vectorized rank-(L − 1) ma-
trices m(n)

r = AL(b(n)
r , c(n)

r ). Overall, the collection of all
N equations in (8) yields a coupled BTD [20, 21]. Con-
sequently, uniqueness conditions and algorithms developed
for coupled BTD can also be used to solve the monomial
factorization problem (5).

2.2. Null space approach
As an alternative to the previously discussed coupled BTD
approach to monomial factorizations, a null space approach
will briefly be discussed. In short, the monomial factoriza-
tion problem (6) can, under certain conditions (not discussed

here), be reduced to a CPD problem that in the exact (noise-
less) case can be solved by means of an eigenvalue decom-
position (EVD). Let e(I)

i ∈ CI denote a unit vector with unit
entry at the ith position and zeros elsewhere. Furthermore,
let W = [w1, . . . ,wR] = S−T . Since b(n)

l,r = e(I)T
pl,n Xwr and

c
(n)
l,r = e(I)T

sl,n Xwr, we conclude from (6) that

ap1,n
· · · apL,n

− as1,n · · · asL,n
=

(e(I)T
p1,n

Xwr) · · · (e(I)T
pL,n

Xwr)− (e(I)T
s1,n Xwr) · · · (e(I)T

sL,n
Xwr) =

p(n)T
L ·

(
wr ⊗ · · · ⊗ wr

)
= 0, r ∈ {1, . . . , R}, (9)

where ’⊗’ denotes the Kronecker product and p(n)
L :=

XT e(I)
p1,n ⊗· · ·⊗XT e(I)

pL,n −XT e(I)
s1,n ⊗· · ·⊗XT e(I)

sL,n ∈ CRL

.
Stacking yields

P(N,L) · (wr ⊗ · · · ⊗ wr) = 0, r ∈ {1, . . . , R}, (10)

where P(N,L) = [p(1)
L , . . . ,p(N)

L ]T ∈ CN×RL

. From (10)
we know that there exist at least R linearly independent vec-
tors {wr ⊗ · · · ⊗ wr}, each with property wr ⊗ · · · ⊗ wr ∈
ker(P(N,L)) ∩ π(L)

S , where π(L)
S denotes the subspace of vec-

torized RL symmetric tensors. Thus, if the dimension of
ker(P(N,L)) ∩ π(L)

S is minimal (i.e., R) and the columns of
R ∈ CN×R form a basis for ker(P(N,L)) ∩ π(L)

S , then there
exists a nonsingular change-of-basis matrix F ∈ CR×R such
that R = (W� · · · �W)FT , (11)

where W appears L times in (11). Clearly, (11) corresponds
to an (L + 1)-th order tensor R =

∑R
r=1 wr ◦ · · ·wr ◦ fr,

whose CPD is unique and can be computed via an EVD [18].

3. CPD OF TENSOR THAT HAS MISSING FIBERS

Consider the incomplete version of the tensor (1):

Y = D ∗ X = D ∗

(
R∑

r=1

ar ◦ br ◦ sr

)
∈ CI×J×K , (12)

where ’∗’ denotes the Hadamard (element-wise) product,
yijk = (D ∗ X )ijk = dijkxijk and entry dijk of D ∈
{0, 1}I×J×K is equal to one if xijk is observed and zero oth-
erwise. In this section we will demonstrate how the monomial
factorization framework can be used to obtain uniqueness
conditions in cases whereD is structured. More precisely, we
consider the case where the tensor X has missing fibers. Let
D(1) ∈ {0, 1}J×K denote the mode-1 fiber observation ma-
trix in which d(1)

jk = 1 if fiber x• jk is observed. Likewise, let
D(2) ∈ {0, 1}I×K and D(3) ∈ {0, 1}I×J denote the mode-2
and mode-3 fiber observation matrices in which d(2)

ik = 1 if
fiber xi • k is observed and d(3)

ij = 1 if fiber xij • is observed.
The missing fiber versions of (2)–(4) are given by

Y(1) = Diag(vec(D(1)T ))X(1) ∈ CJK×I , (13)

Y(2) = Diag(vec(D(2)T ))X(2) ∈ CIK×J , (14)

Y(3) = Diag(vec(D(3)T ))X(3) ∈ CIJ×K , (15)
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where Diag(vec(D(n)T )) denotes a diagonal matrix that holds
the vector vec(D(n)T ) on its diagonal. In [8] we considered
the problem of finding the CPD from a subset of observable
mode-3 fibers in Y(3) as briefly reviewed in Section 3.1. Us-
ing the monomial factorization approach, we will in Section
3.2 explain that joint exploitation of observable fibers in sev-
eral modes can lead to improved uniqueness conditions.

3.1. Exploiting fibers in a single mode

Assume that we observe F3 mode-3 fibers, i.e., Y(3) 6= 0 and
D(3) contains F3 nonzero entries. As in ordinary CPD, we
can exploit the rank-1 property of G(r) in (1). More precisely,
j1-th column of G(r) is proportional to its j2-th column, i.e.,
arbj1,r ∝ arbj2,r. This property can be expressed in terms of
the monomial relation∣∣∣∣∣ g(r)

i1j1
g

(r)
i1j2

g
(r)
i2j1

g
(r)
i2j2

∣∣∣∣∣ = g
(r)
i1j1

g
(r)
i2j2
− g(r)

i2j1
g

(r)
i1j2

= 0, (16)

where ’|·|’ denotes the determinant. We will now make use of
the monomial factorization framework. The combination of
(9) with [ap1,n

, ap2,n
, as1,n , as2,n ] = [g

(r)
i1j1

, g
(r)
i2j2

, g
(r)
i2j1

, g
(r)
i1j2

]
and (16) yields∣∣∣∣∣ (e(I)

i1
⊗ e(J)

j1
)T Y(3)wr (e(I)

i1
⊗ e(J)

j2
)T Y(3)wr

(e(I)
i2
⊗ e(J)

j1
)T Y(3)wr (e(I)

i2
⊗ e(J)

j2
)T Y(3)wr

∣∣∣∣∣
= p(n) (wr ⊗ wr) = 0, (17)

where p(n) = (e(I)
i1
⊗ e(J)

j1
)T Y(3) ⊗ (e(I)

i2
⊗ e(J)

j2
)T Y(3) −

(e(I)
i2
⊗ e(J)

j1
)T Y(3) ⊗ (e(I)

i1
⊗ e(J)

j2
)T Y(3), and the superscript

’n’ in the row-vector p(n) ∈ C1×R2

takes all four subscripts
i1, i2, j1 and j2 into account. Define

ΦΦΦ =
{

(i1, i2, j1, j2)
∣∣ d(3)

i1j1
= d

(3)
i2j1

= d
(3)
i1j2

= d
(3)
i2j2

= 1,

1 ≤ i1 < i2 ≤ I, 1 ≤ j1 < j2 ≤ J
}
. (18)

In words, ΦΦΦ contains all quadruples (i1, i2, j1, j2) from which
a monomial relation of the form (16) can be constructed,
given only Y(3). Stacking yields (cf. Eq. (10)):

P(N3,2) (wr ⊗ wr) = 0, (19)

where P(N3,2) = [p(1)T , . . . ,p(N3)T ]T ∈ CN3×R2

and N3

denotes the number of elements in (18). Hence, if the dimen-
sion of ker(P(N3,2))∩π(2)

S is minimal (i.e.,R), then W = S−T

is unique (up to intrinsic ambiguities). This also means that
S and Z = Y(3)W = Diag(vec(D(3)T ))(A � B) are unique.
The remaining matrices A and B can now be obtained from
Diag(vec(D(3)T ))(A � B) via rank-1 matrix completion. In
more detail, observe that the r-th column of Z can be reshaped
into an incomplete (I × J) rank-1 matrix

Z(r) = D(3) ∗ (arbT
r ), r ∈ {1, . . . , R}. (20)

The incomplete matrix Z(r) can be interpreted as a bipartite
graph, denoted byG(r). The two groups of vertices associated

with G(r) are the row indices 1, . . . , I and the column indices
1, . . . , J . Let E(r) = {(i, j) | z(r)

i,j 6= 0} denote the edge set
associated with the bipartite graph G(r). If G(r) is connected
and has the property{
∀i ∈ {1, . . . , I}, ∃ j′ ∈ {1, . . . , J} : (i, j

′
) ∈ E(r),

∀j ∈ {1, . . . , J}, ∃ i′ ∈ {1, . . . , I} : (i
′
, j) ∈ E(r),

(21)

then the vectors ar and br can be obtained from (20) via a
rank-1 factorization of the incomplete matrix Z(r); see [8] for
further details. To summarize, if

S has full column rank,
ker(P(N3,2)) ∩ π(2)

S is an R-dimensional subspace,
G(r) is connected and with property (21),∀r ∈ {1, . . . , R},

(22)

then the rank of X is R and the CPD of X is unique.
Note that the sufficient CPD uniqueness condition (22) is

far from necessary and it can easily be improved upon by the
use of tensorization methods [18]. In [8] it was explained that
as few as F3 = I + J + R fibers can be sufficient for CPD
uniqueness.

3.2. Exploiting fibers in several modes

Using the monomial factorization framework in Section 2, we
will now demonstrate that by jointly taking the observable
fibers in Y(2) and Y(3) into account, improved uniqueness
conditions can be obtained. Let X (2) =

∑R
r=1 ar ◦ sr ◦ br =∑R

r=1 H(r) ◦ br ∈ CI×K×J denote the tensorized version of
(3), in which H(r) = arsTr ∈ CI×K . Observe that the j-th
column of G(r) in (1) is proportional to the k-th column of
H(r), i.e., arbj,r ∝ arsk,r. This property can be expressed in
terms of the monomial relation:1∣∣∣∣∣ g(r)

i1k
h

(r)
i1j

g
(r)
i2k

h
(r)
i2j

∣∣∣∣∣ = g
(r)
i1k
h

(r)
i2j
− g(r)

i2k
h

(r)
i1j

= 0, (23)

where 1 ≤ i1 < i2 ≤ I , 1 ≤ j ≤ J and 1 ≤ k ≤ K.
Let us assume that the CPD factor matrices B and S have full
column rank (J,K ≥ R). W.l.o.g. we can now assume that
B and S are nonsingular, i.e., J = K = R. (Note that if the
matrices B and S do not have full column rank, then higher-
order minors can be considered [15].) Similar to (9) and (16),
we are now looking for nonsingular matrices W = S−T and
V = B−T so that{

Y(3)wr = Diag(vec(D(3)T ))(ar ⊗ br),

Y(2)vr = Diag(vec(D(2)T ))(ar ⊗ sr).
(24)

1We note in passing that this approach is similar to double coupled CPD
[22]. However, there are also notable differences. First, in the proposed
monomial factorization approach, we can exploit both the rank-1 structures
within Y(n) (e.g. via (16)) and the rank-1 structures between Y(m) and Y(n)

(e.g. via (23)) whereas in double coupled CPD only the latter is exploited.
Second, the monomial factorization formulation is different, e.g., it reduces
the problem to a CPD problem. Third, we also consider the incomplete case
where data is missing.

7492



The combination of (23) and (24) yields∣∣∣∣∣ (e(I)
i1
⊗ e(J)

j )T Y(3)wr (e(I)
i1
⊗ e(K)

k )T Y(2)vr
(e(I)

i2
⊗ e(J)

j )T Y(3)wr (e(I)
i2
⊗ e(K)

k )T Y(2)vr

∣∣∣∣∣
= q(n) (wr ⊗ vr) = 0, (25)

where q(n) = (e(I)
i1
⊗ e(J)

j )T Y(3) ⊗ (e(I)
i2
⊗ e(K)

k )T Y(2) −
(e(I)

i2
⊗ e(J)

j )T Y(3) ⊗ (e(I)
i1
⊗ e(K)

k )T Y(2), and the superscript
’n’ in the row-vector q(n) ∈ C1×R2

takes all the subscripts
i1, i2, j and k into account. Define

ΞΞΞ
(2,3)
(1) =

{
(i1, i2, j, k)

∣∣ d(2)
i1k

= d
(2)
i2k

= d
(3)
i1j

= d
(3)
i2j

= 1,

1 ≤ i1 < i2 ≤ I, 1 ≤ j ≤ J, 1 ≤ k ≤ K
}
. (26)

In words, ΞΞΞ
(2,3)
(1) contains all quadruples (i1, i2, j, k) from

which a monomial relation of the form (23) can be con-
structed, given only Y(2) and Y(3). Stacking yields (cf. (10)):

Q(N2,3,2,3) (wr ⊗ vr) = 0, (27)

where Q(N2,3,2,3) = [q(1)T , . . . ,q(Np)T ]T ∈ C(N2,3,2,3)×R2

in which N2,3 denotes the number of elements in (26). Based
on (27) a uniqueness condition2 that takes into account that
fibers in two modes are observed can immediately be derived.
However, a more relaxed uniqueness condition can be ob-
tained by combining (19) and (27). This approach jointly ex-
ploits the rank-1 structure within Y(3) and the rank-1 structure
between Y(2) and Y(3). (The inclusion of the rank-1 structure
within Y(2) can be done in a similar manner.) Observe that{

(IR ⊗ P(N,2))ΠΠΠT (wr ⊗ wr ⊗ vr) = 0,

(IR ⊗Q(N2,3,2,3)) (wr ⊗ wr ⊗ vr) = 0,
(28)

where ΠΠΠ ∈ CR3×R3

is the permutation matrix with property
ΠΠΠ (wr ⊗ vr ⊗ wr) = wr ⊗wr ⊗ vr. From (28) it is clear that
(19) and (27) can be combined as follows

ΓΓΓ (wr ⊗ wr ⊗ vr) = 0, (29)

where ΓΓΓ =
[

(IR⊗P(N3,2))ΠΠΠT

IR⊗Q(N2,3,2,3)

]
∈ C(N3+N2,3)R×R3

. From (29)

it is in turn clear that if the subspace ker (ΓΓΓ)∩π(2)
S ×CR isR-

dimensional (which is minimal since ΓΓΓ (W�W� V) = 0),
then S = W−T and B = V−T can be obtained via a CPD.
More precisely, let the columns of the matrix R ∈ CR3×R

constitute a basis for ker (ΓΓΓ)∩π(2)
S ×CR. Then there exists a

nonsingular change-of-basis matrix F ∈ CR×R such that

R = (W�W� V)FT . (30)

Clearly, (30) corresponds to a (partially symmetric) tensor
R =

∑R
r=1 wr ◦wr ◦vr ◦fr, whose CPD is unique. Finally, A

2If only relation (27) is exploited, then in the subsequent uniqueness con-
dition (32), the assumption that ker(ΓΓΓ) ∩ π(2)

S × CR is R-dimensional has
to be replaced by the more restrictive assumption that ker(Q(N2,3,2,3)) is
R-dimensional.

follows from (12). Briefly, let di ∈ {0, 1}JK with (di)p = 1
if entry (x(1))pi in (2) is observed and zero otherwise. Then
the i-th column y(1)

i of Y(1) admits the factorization
y(1)
i = di ∗ ((B� S) AT e(I)

i ) = Diag(di)(B� S)AT e(I)
i ,
(31)

where Diag(di) denotes the diagonal matrix that holds di

on its diagonal. Hence, if the matrix Diag(di) (B� S)
has full column rank, which is necessary for CPD unique-
ness, then the i-th row of A is unique, i.e., e(I)T

i A =

(Diag(di) (B� S))†y(1)
i , where (·)† denotes the left-inverse.

To summarize, if
B and S have full column rank,
ker (ΓΓΓ) ∩ π(2)

S × CR is an R-dimensional subspace,
Diag(di) (B� S) has full column rank ∀i ∈ {1, . . . I},

(32)

then the rank of X is R and the CPD of X is unique.
Comparing the sufficient CPD uniqueness condition (22)

(and other related conditions that only rely on fibers in a sin-
gle mode) with the sufficient CPD uniqueness condition (32),
it is clear that the connectivity constraint on G(r) in the for-
mer condition has been dropped. In other words, by jointly
considering fibers in at least two modes, the structure of the
fiber observation matrix D(3) in (15) can be relaxed.

Another notable difference between a condition that only
relies on fibers in a single mode and a condition that exploits
fibers in several modes is that the latter can lead to a relaxed
bound on R. As an example, consider the case where I = 4,
J = K = R, F2 = 16 mode-2 fibers {xi • k}i,k∈{1,2,3,4} are
observed and F3 = 16 mode-3 fibers {xij •}i,j∈{1,2,3,4} are
observed. An immediate way to establish CPD uniqueness is
to use a single-mode fiber condition. For example, we know
from [8] that if R ≤ F3 − I − J = 8, then S is expected
to be unique (up to column scaling and permutation ambi-
guities). If G(r) is connected and with property (21) for all
r ∈ {1, . . . , R}, then CPD uniqueness can be ensured from
(20). The very basic two-mode fibers observation condition
(32) relaxes the bound to R ≤ 11.

To summarize, the joint exploitation of fibers in two
modes of a tensor for CPD recovery is a novel and nontrivial
extension of existing results based on fibers in a single mode
(e.g., [8]). The extension to joint exploitation of observable
fibers in all three modes is analogous. However, due to space
considerations, this extension will first be discussed in a full
length journal paper version.

4. CONCLUSION
We first presented a new tensor decomposition approach to
bilinear factorization enjoying monomial constraints. Based
on this approach we developed uniqueness conditions for the
CPD of a tensor in which only a subset of its fibers are ob-
served. In particular, we showed that by jointly exploiting
fibers in several modes, more relaxed conditions on the rank
and the missing data pattern of the tensor compared to [8] can
be obtained without sacrificing the uniqueness of its CPD.
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