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ABSTRACT

Sensing matrix can be designed with low coherence with the
measurement matrix to improve the sparse signal recovery
performance of greedy algorithms. However, most of the
sensing matrix design algorithms are computationally expen-
sive due to large number of iterations. This paper proposes
an iteration-free sensing matrix design algorithm for multiple
measurement vectors (MMV) compressive sensing. Specifi-
cally, sensing matrix is designed in the sense of the local cu-
mulative cross-coherence (LCCC) of the sensing matrix with
respect to the measurement matrix when the number of M-
MYV is sufficient and the sparse signals are of full rank. Ex-
periment results verify the effectiveness of the proposed algo-
rithm in terms of improving the sparse signal recovery perfor-
mance of greedy algorithms.

Index Terms— Sparse signal recovery, multiple measure-
ment vectors, sensing matrix design, simultaneous orthogonal
matching pursuit

1. INTRODUCTION

With multiple measurement vectors (MMV) along time in-
stance, the measurement equation of compressive sensing (C-
S) can be formulated as

l=1,2,---,L

Yy, = Px; + ny, (D

where & € RM*N (M < N) is the measurement matrix,
and ¢; € RV*! gy, € RM*! and n; € RM*! are the vectors
of signal, measurement and noise, respectively. Note that (1)
can be compactly represented in the form of matrix

Y=®X+N ()
where X = [x1,@2, - ,xy] is the jointly sparse sig-
nal, Y = [yy,¥yy, - ,y;] is the measurement, N =
[n1,m2, -+ ,np] is the measurement noise. In the case of
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MMV-CS, the vectors {a; } ., share the same sparse pattern
which means that the matrix X only has a few of rows with
non-zero entries.

Usually, the recovery of the sparse signal from its multiple
linear measurements can be realized by solving the following
optimization problem

min ||Y — ®X||7 + AR(X) 3)
XERNXL
where || - || p indicates the Frobenius norm, R(+) is an operator
that gives the number of non-zero rows of the input signal
X. The first term in (3) is the data fidelity term and second
one forces the recovered signal to be sparse. The A > O is a
regularization parameter which is the trade-off between data
fitting and the sparsity of signal.

Various methodologies have been proposed to address the
sparse recovery problem, such as simultaneous orthogonal
matching pursuit (SOMP) [1-3], Reduce MMV and boost
(ReMbo) [4], mixed norm approach [5], rank aware order
recursive matching pursuit (RA-ORMP) [6]. Among these
methods, the SOMP algorithm has received attention due to
its simplicity, low computational complexity and excellent re-
covery performance. The essential of greedy algorithms is to
estimate the support which contains the indexes of the non-
zero rows in the sparse signal. It has been proved that the
error of the estimated sparse signal achieves the Cramer-Rao
bound as long as the support is recovered correctly [1].

The SOMP algorithm recovers the support according to
the absolute inner product of the residual signal and each col-
umn of @ [1,3]. The methods of designing measurement ma-
trix with low coherence between different columns are de-
veloped in [1,7-9]. Subsequently, the sensing matrix ¥ &
RM>*N is proposed for support recovery in greedy algorithm-
s and hard thresholding algorithm [10], where W, instead of
®, is exploited for sparse recovery. It is proved that low co-
herence between W and ® can improve the support recovery
accuracy. Based on this conclusion, both ¥ and ® are con-
structed in [10, 11]. However, the performance in terms of
sparsity level is not generally satisfactory, and there is a great
gap from the upper bound provided in [12].
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In this paper, an iteration-free sensing matrix design algo-
rithm for MMV-CS is proposed to improve the sparsity level.
In comparison with other sensing matrix design criteria, the
coherency between W and @ , as well as that between ¥ and
Y are considered. This is because the measurement matrix Y
is with the support information, since they are linear combi-
nations of the measurement columns indexed by the support.
Therefore, the proposed method is able to improve the ac-
curacy of the support recovery, which in turn enhances the
performance of sparse signal recovery. The proposed method
can be described by a quadratic optimization problem, and
the closed form solution to this problem is provided. Further-
more, numerical simulations have been conducted to illustrate
the performance of the method.

2. COHERENCE MEASUREMENT OF
MEASUREMENT MATRIX AND SENSING MATRIX

A generalized parameter to address the coherence of measure-
ment matrices is the cumulative coherence [3]. The kth cumu-
lative coherence is defined as

pe(k, ®) = max Z

(@f@,j’. )
T ij=1,2,--- N,i¢gT jeT

It is proved in [1] that p.(k, ®) + pc(k — 1,®) < 1 can
guarantee the success of both OMP and basis pursuit (BP)
algorithms. Due to the significance of the correlation prop-
erty, many works have been done to design the measurement
matrix with small cumulative coherence. In [13], a measure-
ment matrix with low coherence is constructed by shrinkage
method. In [14], a gradient based optimization method is pro-
posed to determine the measurement matrix. Other projec-
tion matrix or measurement matrix design methods have been
suggested in [15,16]. However, the measurement matrix is re-
dundant which makes it impossible to design a measurement
matrix with zero coherence coefficient or with all columns
orthogonal.

In [10], the concept of sensing matrix ¥ & is
proposed for support recovery in OMP and hard threshold-
ing algorithms. The purpose of designing sensing matrix in
CS is to reduce the coherence of sensing and measurement
matrices, which can improve the recovery performance. The
process of sparse recovery by using sensing matrix can be ex-
pressed as

R]\lxN

X=R(Y,¥, &, ..). 5)

A parameter termed as the cumulative cross-coherence (CCC)
is proposed to measure the coherence between ® and W [10],
defined as

io(k, ¥, ®) — max  max ‘@Tiqx-‘. 6)
fhe( ) R (i zé:] Ry

In [10], a sufficient condition for the support recovery with
the OMP algorithm is proposed. It has been proved that the
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smaller CCC between W and ® results in higher accuracy of
support recovery. Based on this property, the sensing matrices
are constructed in [10, 11].

By exploiting the received data to determine the support, a
re-weighted algorithm for data-dependent sensing matrix de-
sign is proposed in [17], in which the local cumulative cross-
coherence (LCCC) is defined

1o (k, ¥, ®r) =
fie( r) |J|=k,JCT i¢J

max  max Z "Iﬂ;(I)J‘ @)
jeJ
where I is the support of sparse signal.

It can be seen from (7) that fi.(k, ¥, ®r) represents the
worst case coherence between the columns of the sensing ma-
trix and measurement columns indexed by the support I'. In
other words, fi.(k, ¥, ®r) describes the local coherence be-
tween the sensing matrix and the measurement matrix, while
fc(k, ¥, ®) describes the global coherence of the sensing
matrix with the measurement matrix.

3. ADAPTIVE SENSING MATRIX DESIGN

3.1. Sensing Matrix Design with Sufficient MMV

For sufficient multiple measurement vectors, i.e., L > M, the
recovered signal can be expressed as

X, =0Ty o7 (@X + N)=vloX + VLN

—pT

N N
j=1 J=1

N
> ®,X(j,L)| +¥iN

j=1

®)

N
1#j,J=1

N
e X, L)+¥T > ®;X(j.L)
i#£j,5=1
+oIN.

It follows from (8) that in order to exactly recover the jointly
sparse signal X, the terms @2 & ; X (4,1),--- , WL ® ; X (i, L)
fori =1,2,---, N should be kept distortionless for \IITI'I>Z =
1, while other terms should be minimized. Given the mea-
surements Y, the sensing matrix can be designed as follows

min
‘I’_,‘,E]RMXl

st. ULe, =1

2
\IISYH
2

(€))

The optimization problem in (9) is a quadratic programming
problem with a linear constraint. Its closed form solution is

R 'a,

Sy e g (10
'R D,

K



where R = %YYT. To ensure that Y is with full row rank,
the sample size needs to be no less than measurement size,
ie., L > M.

Proposition 1 For the SOMP algorithm, the sensing matrix
W designed by (10) provides a decreased LCCC and the
bound is
0 < f1c(K, ¥, Pr) < [i.(K, P, P). (11)
Proof: For brevity, only the proof of Proposition 1 in the
noisy case is provided, since the proof in the noiseless case
can be derived with the similar procedure. For a given vector,
the minimization of (9) is equivalent to the form of the /-
norm minimization, therefore, the objective function can be
rewritten as

el = w2 (2ex" )]
2 2

oo o]
2 2

< e, X+ ], 1
2 F 2

=0, |wler| +on (12)
2

<oy ‘Ilj;i’FH + on
1

=0y Z‘\Iﬂ:@ﬂ‘ + o,

jer
where i € T, | X"||r = o5 and |[N|r = 0,. In the

second inequation of (12), ||¥ ||, = 1 is applied. There-
fore, the minimization of (9) is equivalent to the minimiza-
tion of f(i) = > . |@L® ;|. Refer to the definition of
fic(K, ¥, ®r) in (7), it can be rewritten as follows

o (K, ¥, ®r) =
fic(K, ¥, @r) = max

3 ‘\I:?;qxj‘ — max f(i). (13)
— iele

As f (i) forany ¢ € I'° is minimized by the optimization prob-
lem (9), it suggests that fi. (K, ¥, ®r) gets decreased.

Next, we consider the lower bound of the LCCC. Accord-
ing to (12), one has

Os

xI:S@FH2+o—ngas Z‘qf?;@.j‘ o (14)
el

Based on the concept of subspace, it is easy to understand
that the vector ¥ ; lies in the null space of ®r such that
2jer |wL® ;| gets the lower bound. Therefore, the inner
product of ¥ ; and @ ; for j € I' is 0, which means the low-
er bound of LCCC is decreased to 0. Furthermore, the upper
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bound of fi.(K, ®, ¥r) can be derived as follows

(K, &, W) = ‘\PT<I> ‘
fie( K, @, ¥r) rreliaX; i
J

= max
iele

vie
> Jue,

JEJ|J|=K

= [i.(K, ®,P)

v
1

(15)

< max
icJe

where || - ||o0,00 i the maximum ¢;-norm of the row of a
matrix, J is an arbitrary subset of Q = {1,2,---, N} with
|J] = K. From (15) it can be seen that the upper bound of
fc(K,®,®r) is fi.(K, ®, ¥). Therefore, the bound of LC-
CC is provided as (11). |

Remarks: 1) The subspace method is presented in the
proof of Proposition 1. The ¥; lies in the null space, which is
orthogonal to the signal space that consists of the columns of
measurement matrix ® indexed by the support set I'. Accord-
ing to the definition of the LCCC, it is decreased by the ob-
tained sensing matrix. 2) In [17], it has been proved that the
smaller LCCC is, the better performance of sparse recovery
can be achieved. Therefore, Proposition 1 indicates that the
designed sensing matrix is able to improve the performance
of sparse recovery.
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Fig. 1: LCCC versus sparsity of signal with SNR = 20dB

and L = 500.

4. NUMERICAL SIMULATIONS

In order to validate the effectiveness of the proposed method,
numerical simulations have been conducted. The simulation
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Fig. 2: Percentage of successful recovery versus sparsity of
signal with SNR = 20dB and L = 500.

settings are provided as follows. The sparse signal is gen-
erated by Gaussian distribution with mean one and variance
0.1. The sparsity of the signal, i.e., K, varies from 5 to 100.
The sizes of the sensing matrix and measurement matrix are
both 128 x 256. The entries of the measurement matrix are
drawn from Gaussian distribution with zero mean and unit
variance. In order to evaluate the performances of the pro-
posed approach, 500 independent trials are carried out at each
specific case. The percentage of successful support recovery
and the root mean square error (RMSE) of recovered signal
are both calculated. For the purpose of comparison, the Alter-
nating Projection (AP) algorithm [10] and Re-weighted (RW)
algorithm [17] for sensing matrix design are performed. The
conventional approach ¥ = @ is also conducted.

When SNR = 20dB and L = 500, the LCCC versus s-
parsity of signal is shown in Fig.1. As K > 30, the proposed
method exhibits excellent performance in terms of minimiz-
ing LCCC, which ensures the support recovery for the SOMP
algorithm.

Under the same simulation conditions, the performance of
support recovery is evaluated and the corresponding result is
depicted in Fig.2. It can be seen that the proposed method can
correctly recovery the support with high probability particu-
larly when K reaches 70.

The RMSE:s for different sparsities of the signals are eval-
uated, and the simulation results are shown in Fig.3. It can be
seen that all the three methods achieve excellent RMSE when
the sparsity of the signal is less than 20. However, the AP and
RW algorithms cannot work successfully when K increases
to 40. This is because the SOMP algorithm cannot select the
correct indices of the measurement matrix due to the coher-
ence among the columns of the measurement matrix. The pro-
posed method exhibits superior performance when K < 70
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Fig. 3: RMSE versus sparsity of signal with SNR = 20dB
and L = 500.

since it is able to provide smaller LCCC between ¥ and ®
than the other two schemes.

5. CONCLUSIONS

In this paper, an iteration-free sensing matrix design algorith-
m for MMV-CS is proposed. In order to improve the perfor-
mance of sparse signal recovery, the coherency of ¥ and ®
as well as that of ¥ and Y are exploited. Comparing with
the existing methods of sensing matrix design, the proposed
algorithm is iteration-free and is able to further enhance the
recovery performance. Simulation results confirm the superi-
ority of the proposed approach.
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