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ABSTRACT

We construct an overcomplete and multiscale dictionary of ban-
dlimited Slepian functions on the sphere. Slepian functions are
the bandlimited eigenfunctions obtained by solving spatial-spectral
concentration problem on the sphere. To this end, we develop
the hierarchical equal area iso-latitude iso-longitude pixelization
(HEALLPix) scheme for hierarchical partitioning of the sphere into
equal area sub-regions called pixels and present its quaternary tree
structure. We then solve the concentration problem of finding ban-
dlimited functions with maximal energy concentration in the given
spatial region for each pixel and use these spatially concentrated
bandlimited functions as dictionary elements. We analyze the span
of the dictionary elements and their mutual coherence and show
that the dictionary spans the space of bandlimited functions which
are optimally (energy) concentrated within a pixel on the sphere
with most of its elements exhibiting negligibly small mutual coher-
ence. Hence, the proposed dictionary is a significant tool for use in
multi-resolution analysis and sparse reconstruction of signals on the
sphere.

Index Terms— 2-sphere, spherical partitioning, spherical har-
monics, spatial-spectral concentration, bandlimited signal.

1. INTRODUCTION

Spherical signals, which are finite energy functions defined on the
sphere, arise in many areas of science and engineering including,
but not limited to, computer graphics [1], wireless communica-
tion [2], acoustics [3, 4], medical imaging [5], cosmology [6], and
geodesy [7]. Spherical signal processing techniques seek not only
to find representations for such signals but transformations between
their representations in order to store, process and reconstruct them
as efficiently as possible. Signal analysis can be carried out either
globally (over the whole sphere) or locally (on some region on the
sphere) or over varying spatial and spectral extents. The latter is
called multi-resolution analysis and has been extensively used to
study time domain signals using tools such as the wavelet trans-
form [8-10]. For signals on the sphere, the framework of wavelet
analysis has started to approach maturity only recently [11-14]. Ini-
tial attempts to extend wavelet analysis to signals on sphere varied
in their implementation of dilations on the sphere.

Apart from the wavelets, another way of carrying out multi-
resolution analysis on the sphere is to partition the sphere into sub-
regions of varying spatial extent and find basis functions for each one
of them. Representing the signal in these sub-regions of varying spa-
tial extent is similar in spirit to filtering the signal with wavelet basis
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of varying dilation. In the context of such multi-resolution analysis
for bandlimited signals, we address the following research questions
in this work:

1. How to partition the full spatial extent of the sphere into dif-
ferent sub-regions?

2. What basis set should be associated with each sub-region for
the representation of signals?

The answer to question 1 lies in the selection of an appropriate par-
titioning scheme, preferably having the provision to hierarchically
divide the whole sphere into different sub-regions. In Section 3, we
propose one such partitioning scheme and describe its quaternary
tree structure. In addressing question 2, we revert to Slepian spatial-
spectral concentration problem on the sphere [15-17] which results
in a set of “eigenfunctions”, which not only serve as a complete ba-
sis for bandlimited signals on the sphere but also enable efficient and
accurate representation of signals within different sub-regions on the
sphere. Having obtained these basis functions for hierarchically par-
titioned sub-regions on the sphere, we store them in a bigger set,
called a dictionary. This “overcomplete” dictionary of Slepian func-
tions serves as a powerful tool for representation and reconstruction
of bandlimited signals at different “scales” on the sphere. We an-
alyze key properties of this dictionary in Section4 before making
concluding remarks in Section 5.

2. MATHEMATICAL PRELIMINARIES

In this section, we review the necessary mathematical background
for spatial and spectral representations of spherical signals and
briefly present the spatial-spectral concentration problem on the
sphere.

2.1. Signals on 2-Sphere

We consider complex-valued signals f(6, ¢) on the unit sphere or
2-sphere (or sphere for short), denoted by S?. Here @ € [0, 7] is the
co-latitude angle measured from the positive z-axis and ¢ € [0, 2m)
is the longitude angle measured from the positive z-axis in the x-y
plane. The inner product between two such signals f, g is defined as

() 2 [ 7000900, 9)sin0d0s, m

where (-) represents the complex conjugate operation, sin 8dfd¢ is
the differential area element and integration is carried out over the

™ 27
whole sphere, i.e., / = / / . Equipped with the inner prod-
s2 0=0J¢=0

uct defined in (1), the set of signals on the sphere form a Hilbert
space L*(S?). For a signal f, its energy and norm are given by

(f,f)and || f|| £ (f, f)*/? respectively.
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The Hilbert space L?(S?) is separable and its complete set of or-
thonormal basis functions, referred to as spherical harmonics, are de-
fined as Y;™ (0, ¢) & N P;"(cos 0)e'™?, for integer degree £ > 0
and order' |m| < ¢. Here P;"(cos®) is the associated Legendre

polynomial of degree ¢ and order m and N;" = % Eﬁ;ﬁ;:
[18]. We can express any signal f € L*(S?) as
e 4 [eS)
=3 D (NEY0,0) = > _(NIY(0,4), )
=0 m=—1¢ Lm

[ee]

where EEZ Z and

N =, Y™ /eo e of )Y, Y, (6, §) sin(0)dode (3)

is the spherical harmonic coefficient of degree ¢ and order m of the
signal f and constitutes its spectral domain representation. A sig-
nal is considered bandlimited to degree L if (f);* = 0 for {,m >
L. Set of all such bandlimited signals on the sphere form an L?-
dimensional subspace of L*(S?) which is denoted by # .. For any
signal f € Hr, the sum over degree in (2) is truncated at L — 1
and its coefficients are stored in an L? x 1 column vector as f =

(D, (O (N, (NI, .. ]F, where (-)T represents the transpose
operation.

2.2. Spatial-Spectral Concentration on the Sphere

The problem of spatial concentration of bandlimited signals (or
equivalently spectral concentration of space-limited signals) was
first studied in 1960s by Slepian and his co-authors [19,20] for time
domain signals, which has been extended and thoroughly investi-
gated for multidimensional signals in the Cartesian plane [21, 22]
and signals on the sphere [7,16,23]. To maximize the spatial energy
concentration of a bandlimited signal g € Hp, in a region R, we
maximize the following ratio [16]

L—1 L—1
/ 19(0.9)* sin0dodg 3 (9)7" 3 Kemopa (9);
C,ym, P.q
] = L1 )
/ l9(0, )| sin 6 do de Zz: lgi |2

4
where we have used the representation of the signal in (2) in conjunc-

tion with the orthonormality of spherical harmonics on the sphere in
obtaining the second equality, [ denotes integration over the spatial

region, I, on the sphere and

Kompg = / Y70, )Y:1(0, 6) sin 0d0do. )
R

Upon introducing the L? x L? matrix K with elements Ky, pq, 0 <
L,p < L—1,|m|] < |q| < p, (4) can be equivalently expressed
as

,_ 8 Kg
T T oH
g8
where ()H represents Hermitian (conjugate) transpose and the same
indexing as used for g is adopted for K. Column vectors g which
render ) in (6) stationary are the solutions of the eigenvalue problem
given by

) (©)

Kg = \g. @)

!| - | denotes the absolute value

The matrix K is Hermitian and positive definite and therefore, the
eigenvectors are orthogonal (taken as orthonormal in this work) and
the eigenvalues, indexed as 1 > A1 > A2 > ... > A2 > 0,
are real. The eigenvalue A\, serves as a measure of concentration
of the associated eigenfunction g, in the spatial region R. We also
note that the eigenfunctions form an alternative basis for the Hilbert
space Hr, of bandlimited functions and are therefore referred to as
Slepian basis.

Assuming that most of the eigenvalues in (7) are either nearly
1 (maximal concentration) or nearly 0 (minimal concentration) as
investigated in detail in [16], the total number of significant eigen-
values (Ao =& 1) is well approximated by the spherical Shannon
number given by

B2

Nig = Z Aa = trace(K) = P ®)

where |R| =

is a good measu}?e of the number of well (energy) concentrated eigen-
functions in the region R which in turn, essentially form a (reduced)
basis set for the accurate representation of bandlimited signals con-
centrated in the region R.

sin 0 dfd¢ is the area of the region R. Hence, N|g,

3. CONSTRUCTION OF OVERCOMPLETE DICTIONARY

In this section, we propose to hierarchically partition the sphere into
sub-regions, build the structure of an overcomplete multiscale dic-
tionary of Slepian functions and present closed form expressions for
the computation of dictionary elements over the sub-regions.

3.1. Hierarchical Equal Area iso-Latitude iso-Longitude Pix-
elization

Hierarchical Equal Area iso-Latitude iso-Longitude Pixelization
(HEALLPix) is a hierarchical partitioning scheme of the sphere
into disjoint, equal area sub-regions called pixels>. Number of
pixels on the sphere is determined by the resolution parameter
£=0,1,2,.... At £ = 0, there is no partioning of the sphere. At
£ =1, an iso-latitude ring at § = /2 divides the whole sphere into
two hemispheres and each hemisphere is further divided into two
halves by iso-longitude rings at ¢ = 0, , for a total of four pixels.
An increase in the resolution parameter by 1 partitions each pixel
into four sub-pixels using systematic placement of iso-latitude and
iso-longitude rings described below. Hence, for a given resolution
level, £, the sphere is divided into 4° or 2%¢ disjoint pixels.
Placement of iso-Latitude Rings: An iso-latitude ring is placed at
0 = 6} such that the spherical annulus formed by the iso-latitude
rings at @ = Oy_1,0k4+1 is equally divided in area. Since the
area of a spherical annulus (bounded by 0 = 6;,62) is given by
Ao, 0, =2 f;f sin 0 df = 27 (cos 61 — cos 62), the condition for
placement of the iso-latitude ring at f = 6} becomes

Ao, 1.0, Ze—1 + 2k

—1, - +1

; o= Ag, k1 = 2 = 9

where 2z = cos#y. Starting with zo = 1,21 = 0,220 = —1 at

£ = 1, we find that at a given resolution level £, there are 2¢ 1
iso-latitude rings placed at positions given by

k "
zk:(l—F), 1<k<2°—1, £>1, (9

where z0 = 1, z5e-1 = 0, 29c = —1.

2This scheme is different from the HEALPix scheme which is widely used
for sampling the CMB data in cosmology and is 12 times more dense [24].
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Fig. 1: Hierarchical Equal Area iso-Latitude iso-Longitude Pixeliza-
tion of the sphere at different resolutions.

Placement of iso-Longitude Rings: Each equal area annulus is fur-
ther divided into equal area pixels along ¢ by the iso-longitude rings.
An increase in the resolution parameter by 1 divides each pixel along
longitude into two halves. Hence, for a given resolution parameter,
£, 2% iso-longitude rings are placed at the positions given by

(k—1D)m
Or = Toem1
Using (9) and (10), it is trivial to show that the area of each pixel

is equal to /4"~ Pixelization of the sphere under this scheme is
shown in Fig. 1 for different values of £.

1<k<2% g£>1. (10)

3.2. Overcomplete Multiscale Dictionary of Slepian Functions

Since HEALLPix divides each pixel into four sub-pixels, it has a
quaternary tree structure as shown in Fig.2. Each node in the tree
represents a pixel on the sphere. Root node of the tree, at level h =
0, represents the whole sphere, S?. Nodes at the tree level h = 1
represent pixels on the sphere at resolution £ = 1. Hence, the tree
level is given by h = £. Maximum value of A is called the height of
the tree and is given by H = £max. Nodes are labeled as P(h,ip)
where i, is the index of the node at tree level h. Pixels at tree level h
are indexed 1 to 4" from left to right in the tree. Hence, 1 < ¢j, < 4n
and Uj”;m _3 P(h+1,5) = P(h,in), where P(h, i) is the parent
node of all the child nodes P(h + 1, j) at tree level h + 1. Thus,
total number of nodes in the quaternary tree, np, is given by

Z4h ey

Area of the pixel for a node in the tree at level h is given by |Ry| =
4=(h=Dp — 9=2(h=D)r For each node in the tree at level h, we
solve the eigenvalue problem in (7) for the pixel represented by the
node at a given bandlimit L and obtain N|g, | number of eigenfunc-
tions well-concentrated in the pixel area, where

2

4k
We choose the tree height as H = |log, L] which ensures that we
have at-least one well-concentrated eigenfunction for the pixels asso-

ciated with the nodes at tree level 1. Given the height, we compute
N)r,,| number of bandlimited eigenfunctions (in the spectral domain

Y

Nig,| = (12)

Tree Level —

N
h=0 (P(O1))

h=1 \P{11)\ wp(u)w wmz}w ( /14;\
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Fig. 2: Quaternary tree representation for HEALLPix scheme.

as eigenvectors using (7)) for the pixels represented by each node of
the tree at level 0 < h < H and store them in an L? X np matrix
D, called a dictionary, as

D= [dgm)? . ’d?lvN\R0\>7 . ad(IiH,nv .. ’d(IiH,NmH\)}

(
where np = Ztho 4"N\g,| = (H + 1)L? is the size of the dic-
tionary and represents the total number of Slepian functions in ©.
Dictionary element d (i, 18 the at? (spectral) eigenfunction (i.e.,
ga in (7)) for the node located at tree level h and index i;. Since
d(%’a) fora = 1,...,Ng,;and 1 < i < 4" represent basis
functions for all pixels at HEALLPix resolution £ = h, it is clear
from (13) that the dictionary ® is inherently overcomplete and mul-

tiscale in nature.

3.3. Computation of Slepian Functions

Every node at tree level h represents a pixel at HEALLPix resolution
£ = h. As described in Section 3.1 and depicted in Fig. 1, each pixel
is characterized by two co-latitude angles, 01, 02, and two longitude
angles, @1, ¢2. To compute the Slepian functions for a pixel, we
solve for the elements of matrix K in (5) using the formulation given
in [15] as

Kem,pg = Z Fm m/ F;q/Q(m/—Fq/)S(q—m), (14)
m/=—{ qg'=—p
where Ff, =i /2ELAL, AL and
%(Qim(eg —01)) 4 e*™m0 _ 2mOz | =1
Q(m) = m21_1 (eimal (—cos 0y + imsin b))+
™92 (cos By — im sin 02)), |m| # 1,
P2 — ¢1, m=0
S =7 .
(m) {;L(ezmd)l _ ezm¢2), m 75 0,
Here A’ ), = dby . (7/2), where d’, ,, are the Wigner-d func-

tions [18]. Fig.3 shows Slepian functions, obtained using (2), for
different nodes in a tree constructed for bandlimit L = 32 (H = 5).

4. ANALYSIS

In this section, we analyze the dictionary for two important proper-
ties, namely Range and Mutual Coherence.

4.1. Range of ©

We compare the range space of ®,—1,1 which is the vector space
spanned by the dictionary elements for the node P(1, 1), to the vec-
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Fig. 3: Slepian functions for different nodes in a tree constructed for bandlimit L = 32 (H =
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5). For each node we plot the magnitude of the

most (optimally) concentrated and least (optimally) concentrated Slepian functions. Boundary of the pixels is shown in black.
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3
I
Fig. 4: Angle between the range space of ©,—1,1 and G for dif-
ferent values of 5 and bandlimit L = 16 (H = 4). Thick red lines

mark the integer multiples of Shannon Number, N|g,| = 64.

tor spaces of bandlimited functions which are optimally concentrated
within the pixel represented by the node P(1, 1), i.e., the range space
of the matrix G = [g1,82,...,83], 8 = 1,2,..., Njg,|. by in-
vestigating the angle between them. We define the maximum princi-
ple angle between two subspaces (of different dimensions in general)
as the angle between them. The results are shown in Fig. 4 for ban-
dlimit L = 16 and tree height H = 4. It can be seen that elements of
the dictionary comfortably span the space of bandlimited functions
optimally concentrated within pixel represented by the node P(1, 1),
since the angle Z(Dy=1,1,G) is essentially 0 for not only just the
optimally concentrated eigenfunctions, i.e., 8 < N, |Rr,| but also for
Nig,| < B8 < 3Ngy-

4.2. Mutual Coherence between Dictionary Elements

Mutual coherence between elements of the dictionary is defined as
H 1h .. . .

= |(d(lh ) d(ih,@" a ;é B The dictionary is required to

be mutually incoherent, i.e., exhibit small mutual coherence as this

is of significant importance for sparse reconstruction of signals [25,

26]. Fig.5 shows that the mutual coherence between most of the

1200 3
; 0.6
1000 2
i 05
—. 800
g 04
600 : 05
400 0.2
200 0.1
0

200 400 600 800 100 1200
h
dg; o)

Fig. 5: Mutual coherence between elements of the dictionary con-
structed for bandlimit L = 16 (H = 4).

dictionary elements is very small.

5. CONCLUSION

We have constructed an overcomplete multiscale dictionary of
Slepian functions, which are solutions to the Slepian spatial-spectral
concentration problem for bandlimited functions on the sphere,
using hierarchical equal area iso-latitude iso-longitude pixeliza-
tion (HEALLPix) of the sphere into sub-regions called pixels.
HEALLPix has an inherent quaternary tree structure whose size
and height are given in terms of the bandlimit of the signal. We
have conducted numerical simulations on the span of the dictionary
elements and their mutual coherence and have shown that the dic-
tionary comfortably spans the space of bandlimited functions which
are optimally (energy) concentrated within a pixel on the sphere
with most of its elements exhibiting negligibly small mutual coher-
ence. We consider the use of the proposed dictionary for sparse
reconstruction, multi-resolution analysis, optimal filtering, feature
extraction and denoising of spherical signals as potential research
directions for future work.
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