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ABSTRACT

In this paper we study downsampling for bandlimited signals.
Downsampling in the discrete-time domain corresponds to a re-
moval of samples. For any downsampled signal that was created
from a bandlimited signal with finite energy, we can always com-
pute a bandlimited continuous-time signal such that the samples
of this signal, taken at Nyquist rate, are equal to the downsampled
discrete-time signal. However, as we show, this is no longer true for
the space of bounded bandlimited signals that vanish at infinity. We
explicitly construct a signal in this space, which after downsampling
does not have a bounded bandlimited interpolation. This shows that
downsampling in this signal space is an operation that can lead out
of the set of discrete-time signals for which we have a one-to-one
correspondence with continuous-time signals.

Index Terms— bandlimited signal, downsampling, bandlimited
interpolation, boundedness

1. INTRODUCTION

Downsampling or decimation is a fundamental operation in sig-
nal processing that is used in numerous applications, for example
in filter banks [1, 2], image processing [3-5], and communica-
tion systems [6, 7]. Downsampling is the process of reducing the
sampling rate of a discrete-time signal by removing samples. In
this work we consider only one-dimensional downsampling. If we
downsample a signal {zj}rez by a factor of two, we only keep
the samples {xof }rez, and the downsampled signal is given by
{2$°"} ez = {22k }rez. In practice, often the discrete-time signal
{z }rez is obtained by sampling a bandlimited continuous-time
signal f. If f is has finite energy and no frequencies larger than
2w, then we can reconstruct the continuous-time signal f from the
samples { f(k/2)} ez by means of the Shannon sampling series. In
this paper we analyze whether this is still true for the downsampled
signal {3 Vrez = {f (k) }rez. ie., if we can find a signal £, with
bandwidth 7 that interpolates the downsampled signal {z$™*"}1.cz,
i.e., satisfies fr (k) = 24", k € Z. In the literature such a signal is
known as the bandlimited interpolation [8—11].

The correspondence between discrete-time and continuous-
time signals is a useful property in signal processing. For any
discrete-time signal we would like to have a bounded bandlimited
continuous-time signal, the samples of which taken at Nyquist rate
are equal to the discrete-time signal. In other words, we want to be
able to identify any discrete-time signal with a bounded bandlimited
continuous-time signal.
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Whether or not this is possible, clearly depends on the properties
of the discrete-time signal. For example, if the discrete-time signal
was obtained by sampling a bandlimited signal with finite energy,
then we can use the Shannon sampling series to uniquely recover the
bandlimited continuous-time signal. More precisely, a finite energy
signal f with bandwidth 7 can be reconstructed from the samples
{f(k)}rez by means of the Shannon sampling series

0= 3 swBE D),

k=—o00

1

Further, for any sequence {xx }rez with finite energy, there exists
exactly one signal f with finite energy and bandwidth 7 such that
f(k) = zy for all k € Z. Again, this signal can be obtained by
using the Shannon sampling series.

In general, the analysis of downsampling as a signal process-
ing operation is not given much attention because it is assumed that
this procedure does not lead to any fundamental problems. In many
signal processing books [8, p. 52 and p. 162] and [9, p. 144], the
bandlimited interpolation, i.e., the continuous-time signal that corre-
sponds to the downsampled sequence, is formally obtained by using
a convolution theorem and distribution theory. First, the discrete-
time sequence of a continuous-time signal f is created by multiply-
ing f with a Dirac comb

fun(t) = f(O)-LL(E) = f(8) - Y St —k) = > f(R)S(t — k).

k=—o00 k=—oc0

Then, the bandlimited interpolation is obtained by convolving fir
with the impulse response of the ideal low-pass filter

() = (fur *sinc)(t) = > f(k)wl &

k=—o00

It is assumed that all above operations are well-defined, at least
if they are treated in a distributional setting [8,12,13]. The use of dis-
tributions has a long history in engineering [14—19], however, some-
times distributions are used only formally without a proper mathe-
matical justification. For example, for signal spaces other than the
space of bandlimited signals with finite energy, it is a priori not clear
whether the above manipulations and expressions are well-defined,
even when they are treated in the sense of distributions [20]. In [20]
it has been shown, in the context of sampling based system represen-
tations, that the sequence of partial sums diverges for certain signals
and systems, even when it is treated in a distributional sense. The
result was generalized in [21] by proving that for certain spaces of
continuous signals with finite energy it is impossible to define a dis-
tributional convolution sum system representation. This shows that
the above calculations based on distributions that led to (2), are not
true in the full generality that is claimed in some books [8, 13].
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2. NOTATION

By co we denote the set of all sequences that vanish at infinity, and
by C6°[0, 1] the space of all functions that have continuous deriva-
tives of all orders and are zero outside [0, 1]. For @ C R, let L?(<2),
1 < p < oo, be the space of all measurable, pth-power Lebesgue
integrable functions on 2, with the usual norm || - ||, and L*°(2)
the space of all functions for which the essential supremum norm
|| - [|oo is finite. The Bernstein space BE, ¢ > 0,1 < p < oo,
consists of all functions of exponential type at most o, whose re-
striction to the real line is in LP(R) [22, p. 49]. The norm for B%
is given by the LP-norm on the real line. A function in B2 is called
bandlimited to 0. BgY, denotes the space of all functions in Bg°
that vanish at infinity. By PW%, 1 < p < oo, we denote the
Paley—Wiener space of functions f with a representation f(z) =
1/@2m) [T g(w)e™ dw, z € C, for some g € LP[—0,0]. If
f € PWE then g(w) = f(w). The norm for PW? is given by
I fllpwe = (1/(27) ffﬁ\f(wﬂp dw)/?. PW?2 is the frequently
used space of bandlimited functions with bandwidth ¢ and finite en-
ergy.

Distributions are continuous linear functionals on a space of test
functions. D is the space of all test functions ¢ : R — C that
have continuous derivatives of all orders and are zero outside some
finite interval. D’ denotes the dual space of D, i.e., the space of
all distributions that can be defined on D. For locally integrable
functions g we can define the linear functional

b / T g)e() dt 3)

on the space D. It can be proven that this functional is continuous
and thus defines a distribution [23]. Distributions of the type (3) are
called regular distributions. A sequence of distributions { fx }xen in
D' is said to converge in D’ if for every ¢ € D the sequence of num-
bers { fx ¢} ken converges. Thus, a sequence of regular distributions,
which is induced by a sequence of functions { gy }ren according to
(3), converges in D’ if for every ¢ € D the sequence of numbers
{70, gr(t)o(t) dt}ren converges.

3. PRELIMINARY CONSIDERATIONS

Let f € PW3, be a bandlimited signal with bandwidth 27 and
finite energy. Then f is completely determined by its samples
{f(£)}rez. Removing every second sample, i.e., keeping only the
samples {z3*"" }rez = {f(k)}rez corresponds to a downsampling
factor of two. The continuous-time signal f that corresponds to the
downsampled discrete-time signal {z$°""} ¢z is given by
= sin(w(t — k))
0=, JW=r—T, teR “)

k=—o00

The series in (4) converges in the L?-norm, as well as uniformly on
the real axis, and we have f, € PW2 C PW3.. Hence, for the
signal space PW3,. downsampling and bandlimited interpolation of
the downsampled signal are well-defined.

However, downsampling is often used also for other, larger sig-
nal spaces, like BS; ¢ or B35, both of which are important for exam-
ple in communications. In the present paper we study downsampling
for these larger spaces. A signal f € B37 o is uniquely determined
by its samples f(g), k € Z, and for all T > 0 we have

-y f(’g)“(z”“‘)”‘—o

lim max
N-o0 [-T,T)
k=—N

| | |
—20 —10 0 10 20

Fig. 1. Plot of the signal g5 (¢) for 6 = 1/2.

i.e., the Shannon sampling series converges locally uniformly to the
signal f [24]. Further we have {f(£)}xez € co. Clearly, the down-
sampled discrete-time signal also satisfies {f(k)}rez € co. How-
ever, the question is whether a continuous-time signal f that in-
terpolates { f(k)}rez can be constructed, and if yes if it is still a
well-behaved signal.

It is well-known that there exist sequences that do not possess a
bounded bandlimited interpolation. For example, for the sequence

0, k<0,
BB P C L A

log(1+k)° =
there exists no signal f € By with fr(k) = zx forall k € Z [25].
This already shows that the distributional approach in [8, 9], which
we discussed in Section 1, is flawed.

Note that the situation that is analyzed in the present paper is
more complicated. Here, the sequence is not freely chosen but ob-
tained by downsampling a bounded bandlimited signal. In fact, the
signal that we will construct later is a bandpass signal with arbitrarily
small effective bandwidth.

4. DOWNSAMPLING FOR BANDLIMITED SIGNALS
In the following two theorems the signal
teR, )

with
1 [ sin(wt
oL [
o wlog(F)
will play a central role. 6 € (0, 1) is a parameter that specifies the

bandwidth of the signal. The signal g, /5 is visualized in Fig. 1. We
postpone all proofs until Section 5.

teR,

Theorem 1. Let § € (0,1), and let s € BT, g0 e the signal
defined in (5). There exists no fr € By with fr(k) = ~s(k) for all
k € Z. That is, there exists no bounded bandlimited interpolation
for the downsampled sequence {~ys(k)}kez.

As the next theorem shows, for the downsampled sequence
{75 (k) }kez, the Shannon sampling series diverges for all t € R\ Z.
Moreover, the divergence even holds in a distributional setting.
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(SN f1/2)(t)

Fig. 2. Plot of the sums (Sn+ys)(t) for6 = 1/2and N = 5, 40, 320.

Theorem 2. Let § € (0,1), and let vs € B} 5.0 be the signal
defined in (5). Then, for allt € R\ Z, we have

I\;Enoo E %(k)sin(ﬂ'(t—k))’_oo

Bt m(t — k)

Further, there exists a 1 € C§°[0, 1] such that

s1n(7r(t —k))
/ w(t — k) 91

0 k=—N

lim
N —o0

(t) dt| =

. . . . 7
i.e., the series diverges in D'.

This shows that the distributional approach, discussed in the in-
troduction, does not work, because the expression (2) diverges even
in D’. In order to illustrate the divergence observed in Theorem 2,
the partial sums of the Shannon sampling series

N

Z s (k) sin(w(t — k))

(Sn7s)(t) = 2 ot —F)

are plotted in Fig. 2 for § = 1/2 and N = 5, 40, 320.

Remark 1. The signal ~s has a remarkably simple structure. It is
not constructed as an infinite series, but defined as a simple integral
expression.

Remark 2. ~; is a bandpass signal that is created by modulating the
lowpass signal gs. Since the spectrum of the lowpass signal g5 is
concentrated on [—d, d7], gs is completely determined by its sam-
ples {gs(k/9)}kez. Further, the effective bandwidth of the bandpass
signal ~ys is 2d7r.

5. PROOFS

We start with stating several properties of gs(t), which is illustrated
in Fig. 1. In particular, it is important that gs, 6 € (0,1), is a
bounded bandlimited signal that vanishes at infinity.

Lemma 1. Letd € (0,1
satisfies 95(0) = 0and g5 (t) = _96(

)- Then we have gs € Bg, . Further, gs
—t) forallt € R.

Due to space constraints we omit the proof of Lemma 1. For the
proofs of our main theorems we need several auxiliary results. We
start with a fact about the local behavior of the Shannon sampling
series for signals in B;° [24, Theorem 1].

Fact 1. For all T > 0 there exists a constant C1(T) such that for
all f € By and all N € N we have

max

Zf “1kw§a@mww

et k)

Second, we need two facts about y ., sin(kw)/k, which is the
Fourier series of the function

u(w) = i(r—w), 0<w<2m,
o, w=0orw = 2.

On all closed intervals, excluding the jump discontinuities, we have
uniform convergence [26, p. 4, Theorem 2.6].

Fact 2. Forall v > 0 we have

lim max
N—o0o we[y,2mr—7]

B i sin(kw)
k
k=1

Further, the partial sums are strictly positive on the interval
(0, 7) [26, p. 62, Theorem 9.4].

Fact3. Forall N > 1 and all w € (0, ) we have

Nsinkw
> i)

k=1

Now we are in the position to prove Theorem 1.

Sketch of the proof of Theorem 1. Let 6 € (0,1) be arbitrary but
fixed and 5 the signal defined in (5). Then we have s € BT s)x 0-

We further have vs(k) = "™ gs(k) = (—=1)*gs(k), k € Z. Thus,
fort € R\ Z, we obtain

N

Z (,1)kgé(k)M

k=—N m(t—k)

s1n7rt Z B 1
96 715— 725—1—]{: s

where we used that sin(w(t — k)) = (—1)" sin(nt). It follows that

(Sn7s)(t) =

(Snys) (8) sm(mﬁ

Mz

k=1

— ig“ ( )k+(t+tk)k)'

k=1

For ¢ € [1/4,3/4], using basic calculations, it can be shown that

N
sin(7t) 2gs5(k) 12 4 72
(Swya) (1) + = ; e | < T llgsllsz o ©
It follows that
2sin(%) on gs(k 12+7r
(Swrs)(t) <~ S 9B 2P )

k=1

forall t € [1/4,3/4], where in the last equality we used the fact that
sin(rt) > sin(w/4) forall t € [1/4,3/4].
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Let 0 < v < & be arbitrary. Then, according to Fact 3, we
have

i g&(k) _ l /571'
k mJo wlog(Z

k=1
om
1 .
/), wlog(X)

Since, according to Fact 2, the series ) .-, sin(wk)/k dw con-
verges uniformly on [, é7] to (7 — w)/2, we obtain

N S
. gs(k) _ 1 / 1 1
72> - —
lim gil A ; log(Z) 2(71 w) dw

S L Y
2/, wlog(X) 2log(3)

I
N =
—
Y
S| o
0g | 0”
==
ol=[2[3

—l— ¢
\—/
|
N
—
o
0 |
PN
Sl
-

for all v with 0 < v < d=. Taking the limit v — O shows that

>~ gs (k)
. 5
Jm ) ®
k=1
Combining (7) and (8), we see that
lim (Snvs)(t) = —o0 O]
N —o0

forall t € [1/4,3/4].
Assume that there exists a signal fr € B3® with fr (k) = v5(k),
k € Z. Then, according to Fact 1, we have

N

;Mmmz@

Z Frlk “kf”’ < Cu(T)|fllsge

k=—N

max
te[-T,T]

forall N € Nand T > 0. This is a contradiction (9). Thus, there
exists no signal fr € By with f (k) = vs(k), k € Z. O

Sketch of the proof of Theorem 2. From the proof of Theorem 1 we
already know that for the signal 75 € B({5).0, 9 € (0, 1), we have

Jim (Sns)(1/2) = —oo. (10)

Lett; € R\ Z. We have

(SN’YE)(%) (SN’Yé Z |g5 %|
sin(%) 51n(7rt1 T, = k||t k|
oo N 1
- lgslisze 3 t1 — &
7 L 15— Kt — K|
< llgsllsge ,Ca(ta),

where Cs(¢1) is a positive constant that depends on ¢ but not on V.
It follows that

‘ (Sns)(t1)

sin(7t1)

— llgsllzz

>‘(SN’Y<S (%) ,002(751)»

)
sin(%)
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which, using (10), implies that limy oo |(Sn7ys)(t1)| = oo. This
proves the fist assertion.

Let ¢ be a function in C§°[0, 1] with ¢1(¢t) > O forall ¢ € R
and

2sin(T) < gs(k) 12+ 72
(Sws)(e) < — 2 al o) BT
forall t € [1/4,3/4]. It follows that

1%} 3/4
[ (Sws) (D)a (1) dt = /1 |, (S0 (0)

S_/3/428111g 95 &
1/4
8/4 12 4 72
+ / lasllszs, 1 (1)
1/4 4 57,0
2sin(}) (k) , 12 + 2
Dy al g5l o 61122 s,
k=1
and, using (8), that
lim (SN’Yg)(t)¢1 (t) dt = —OQ.
N—oco oo
This completes the proof of Theorem 2. O

6. RELATION TO PRIOR WORK

In classical signal processing books, the theoretical treatment of the
two operations, downsampling and bandlimited interpolation, is not
given special attention, despite their high importance in applications.
There are no studies of the analytical properties of downsampling
for bandlimited signals that vanish at infinity. The usual narrative is
that the bandlimited interpolation always exists [8, p. 52 and p. 162]
and [9, p. 144]. That this cannot be true for arbitrary signals, has
been demonstrated in [25], where a sequence in ¢y was constructed
that possesses no bounded bandlimited interpolation. In the present
paper we go much further and study the existence of the bandlim-
ited interpolation for sequences that are created by downsampling
a discrete-time signal that has been generated by sampling a ban-
dlimited signals. By proving that this bandlimited interpolation does
not exist in general, we show that downsampling needs to be treated
carefully when considering more general signal spaces than PW?2.
We explicitly construct a signal that exhibits this behavior. To the
best of our knowledge, there have been no rigorous studies of this
problem so far, and our result is the first in this direction.

One reason for this lack of attention could be the fact that for
PW?2 and sequences in £2, the analysis is trivial and no problems
occur. However, applications in signal processing, such as stochas-
tic processes and time-discrete systems, require the study of larger
classes of bandlimited and non-bandlimited signals. Already for the
space PWL there exist problems with the reconstruction of signals
from this space with the Shannon sampling series [27,28]. It is even
possible that the series diverges strongly [29, 30].

The results in this paper continue our research on the founda-
tions of signal processing, and in particular show that the rash appli-
cation of distributions, is problematic.
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