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ABSTRACT

We present a novel localization method based on directional beams,
as available in novel massive MIMO transmission techniques instead
of radius information, and derive a least squares (LS) estimation
method. The new method is a direct LS method that can be solved by
a linear set of equations rather than an iterative method required for
radius information. In a further step, we also show how to transform
radius information into virtual beams to apply the proposed method.
Finally, we evaluate the accuracy of the new methods by simulations.

Index Terms— Localisation, Least Squares, Massive MIMO

1. INTRODUCTION

For many years the localisation of a transmitter by means of infor-
mation obtained by several receivers remains an interesting research
problem with many applications in satellite localisation, indoor and
outdoor detection of objects for various reasons. Classically, a de-
vice either receives from several fix stations with a-priori known po-
sitions (Tm, ym); m = 1,2, ..., M (or transmits to them) as depicted
in Figure 1. As the receiver strength decreases monotonically with
distance, such observation can be mapped into an estimate of dis-
tance. In free space propagation the receiver strength information is
simply given by the relation F(d) ~ 1/d as a function of distance
d, but depending on the transmission environment more involved re-
lations can be incorporated [1]. To simplify matters, we will assume
that distance estimates 7., are given to us. The setup is then fully
described by a set of M triples {(Zm, Ym,Tm)}m=1,2,...,m. The
problem can be formulated as finding an optimal position estimate
(&, §) with the minimal distance to the given values r1, 72, ..., 7as in
a Least Squares (LS) sense:

M

2

(wrs.yns) = argmin > (Vi@ =207 + @ = yo)? — 1)
i m=1

M
However, due to the nonlinear nature of the problem, such expression
is not very suitable for finding the desired point in a LS sense, in
particular on low cost fixed-point devices.

1.1. Relation to Prior Work

There exists a multitude on survey papers as well as books, we just
mention a few recent ones: [2-6]. Recently IEEE Proceedings had
two issues devoted to localisation techniques [7, 8], containing sev-
eral overview papers for various directions [9—11]. Essentially, there
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Fig. 1. Localisation scenario with M = 3 base stations to localise
object at (zo, yo) by means of radius information.

are so-called range based methods and range-free methods. Range
based methods are Time-of-Arrival (ToA) [11,12] also often referred
to as Time-of-Flight (ToF) or trilateration, Time-Difference-of-
Arrival (TDoA) also called multi-lateration [13], Angle-of-Arrival
(AoA) and the related triangulation methods [14], Received Signal
Strength Indicator (RSSI) [1, 10] also in combination with finger-
prints [15]. Often localisation methods are used in the context of
target tracking. Our proposed method relates best to triangulation
methods as only angular information is being used. However, due
to our LS approach including an arbitrary number of reference
points (bases stations), we are able to formulate the solution without
trigonometric functions and make it more appropriate for modern
signal processing applications.

1.2. Our Contribution

In this contribution we will follow a new path that is offered by fu-
ture massive MIMO systems [16] as they will allow for very narrow
beams, making an angle of arrival estimation much more precise and
thus offer new parameters for designing position estimators. Differ-
ent to the classic approach based on receiver strength, we will show
that the new concept based on arrival angles allows for an explicit
LS solution. Moreover, the method can also be based on receiver
strength information as we will show in the second part of this paper
and thus does not need a massive number of antennas to be applied.
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1.3. Paper Structure

This paper provides in Section 1 a short introduction into the local-
isation problem and related work. In Section 2 we propose a novel
scheme in the context of massive MIMO transmission systems. In
Section 3 we reformulate the original nonlinear LS problem into a
form that can be solved by LS methods and thus allows to estimate
position information from receiver strength information. We demon-
strate the behavior of our methods on some experimental examples in
Section 4 and eventually we conclude the contribution in Section 5.

2. LOCALIZATION SETUP IN MASSIVE MIMO SYSTEMS

Consider M base stations equipped with massive linear antenna
arrays at positions (Tm,ym);m = 1,2,...,M. Based on their
estimation algorithm, the base stations derive an angle o, in
which direction they estimate the desired object to be (due to the
strongest receiver strength), the available information is thus the
triple (T, Ym, @m). The orientation angles o, under which the
base stations estimate the desired object to be are with respect to the
coordinate system and not relating to the orientation of the linear
array. They relate directly to the slope an, = tan(am,) of the lines,
in which direction the base station believes the desired object is
located. Each base station with its estimate is thus fully described
by the triple (Zm,Ym,am) Which now replaces the original triple
from the classic approach, each triple defines a line

(Y = ym) = am(z — zm) 2

on which the object to be located presumably lies. We consider this
mapping unique as the orientation of the array allows only a range of
180 degrees. Let the desired object be at true position (zo, yo) as de-
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Fig. 2. Localization scenario with M = 3 base stations to localize
object at (o, yo) by means of direction information.

picted in Figure 2 with M = 3 base stations. We desire to minimize
the Euclidean distance between a point (z, y) and the corresponding
set of lines defined by {(zm, Ym, @m)}m=1,2,... m:

M

Z,9) = arg min dist((x, y), line(zm, Ym, am )
(#,9) gw); (@, ), line(Zm, Yo, am))

with dist() denoting the Euclidean distance between a point and a
line. Our desire is to develop a LS algorithm that delivers such an
estimate (&, §) with the expectation that it minimizes the Euclidean

distance between such estimate and the true position (xo,yo). The
deviation between these two points is due to the estimation errors
in the arrival angles «.,, and equivalently in the slopes am;m =
1,2,.., M.

Let us denote the point that is closest to (&, g}) along the line to
the m-th base station located at (Zm, ym) by (25, y5”). In Fig-
ure 2 this is exemplary shown for (z; o, y?’). Once this point is
defined, the original problem ;3) takes on the LS-form

(z,9) = arg mln Z T — xm +(y - y<*)) )

Given an estimate (£, §j) we can measure its accuracy by computing

MZ JZ—CL‘O

denoting the root mean square (RMS) value of such estimate. The

following Lemma 2.1 provides us with the necessary information

how to compute these required points (x,(n>, yﬁn)).

(J —yo)?, (&)

() ()

Lemma 2.1 Given point (&, ), point (a:m s Ymn ) along a line

(Y — Yym) = am(x — zm) closest to (,7) is given by

20— 1 R N Gm B

nL - 1 + azﬂ (1: + amy) 1 + agn (ym amxm), (6)
y = (ot amd) + e (Ym — Gmam). (])

m 1+ a2, 14 a2,

Proof: The line is defined by point (Zm,ym) and slope am =
tan (o, ) as given in (2). The closest point along such line to (Z, §)
is given by min, , (y — 9)* + (z — )%

[S]

min(y ) + (2 — ) = min(ym +an (@ — ) —§)° + (- )
x,Y z,Y

Differentiation with respect to x and setting to zero for x = x},
leads to

0 = amYm—J+am(x—on))+z—2 ®)
(14 ap)z + am(Ym — § — amzm) — &,
(%) _ jfam(ym 7Q7amxm) 9
Ton 1+ a2, ) )
) _ & — am(Ym — J — amm)
Y = ym+am( ) — 2 )(10)

with the y coordinate obtained from plugging in x into (2). A simple
reformulation leads to the result of Lemma 2.1.

Let us reformulate (6) and (7) by using the following short nota-
2

tion: Ao,m = %a?”’ Alym = #Z’%L,Az,m = %Z’%L, L, =
ym — AmIm:

<*) - AO,mi' + Al,mg - Al,mLm, (1 1)

yf-:;) = Al,’mi + A2,7ng + AO,nLLm~ (]2)

Now, minimizing the Euclidean distance in (4) simplifies to

M

(#,9) = argmin (z—al)) + -y, (13
Y m=1
M
= argmin Ao @ — At my + At Lm)?
g@!y)mZ:l( 2, 1,my + A, )

+(=A1m + Aomy — Ao,mLm)?, (14)
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whose solution we present in the following lemma.

Lemma 2.2 The minimum sum squared distance is found for point
(§:<B), g)(B)) that satisfies the following set of linear equations:

ZTIZ:1 Az,m - Zf\y/f:l Arm &
- Zrl\r/w,lzl Arm Z%:l Ao,m Q(B)
(15)

- Z%:l ArmLm
Z,]rle AO,mLm

The so obtained estimation (25, §(®)) is independent on the

knowledge of (xo,yo) and only obtained by using known informa-
tion {(Zm, Ym, am) }m=1,2,...,M-

3. AN ALTERNATIVE LS APPROACH WITH VIRTUAL
BASE STATIONS BASED ON RECEIVE STRENGTH

As mentioned in the introduction, the direct approach to solve the
localisation problem when receiver strength information is given,
results in a nonlinear LS problem. Illustrated in Figure 3 we propose
thus a different method. Given the location of M base stations, we
consider all M) = (1\2/1 = % pairs of them. For each pair
(base station location (x;,y;) and (zx, yx) with distance d; ) the
receiver strength defines the radius of circles. We compute the line
that is perpendicular to the connecting line between base station %
and k at position (xi*k),yz(*k) ). This point is chosen to divide the
connection between base station ¢ and k according to the radius
information (r;, %) provided. Note that we need to distinguish
two cases. The first case is given if the sum of the two radii is
smaller than the distance between the corresponding circles, i.e.,
da,3 > T2 4 73 as shown in Figure 3 between the two base stations
2 and 3. The second case is its opposite d1,2 < r1 + r2 as shown
between the base stations 1 and 2.

(x,¥4)

Fig. 3. Localization scenario with M/ = 3 base stations to local-
ize object at (&, §) by means of radius information, translated into
direction information.

Given all distances di ;, = /(z; — 7x)2 + (y; — y)2 fori =
1,2,...,M,i # k, the distance p; , along the connecting line from

starting point (z;,y;) to (l'g*k) , yf*,g ) is given by

di =TT .
PZ(,J;? =k kT ;H—T sifrg +r; < dig

DPik = _ |d72 —r2+r?\ . (16)
PE,;C) = 7”’“2@2 sifdig <1+ 1y

The line from base station ¢ to base station k can be described by

T T Tk — Ti
R R e R
Y Yi Yk — Yi

Setting v = pi,x/di i, we find the desired point (mg*k), yf*,g) This
leads us to our next statement.

Lemma 3.3 The perpendicular line between two base stations at
(zi,y:) and (z1, yx) is defined by

Ty — Tk * *
= (:c—mzk) = (y—y;k)) (18)
Yi — Yk

with the point

(%)
Ii Z; i T — X4

,1; _ + ZJ . (19)
Yik Yi i,k Yk — Yi

We thus have a new set of M ) lines defined by {(xi*k), yg,*k), ag*lg}

—ﬁ which can be used as before for the location
i

*

with ag*k) =
estimate.

4. EXPERIMENTAL RESULTS

Figure 4 displays our experimental setup. We start with M/ = 3 base
stations that are positioned closely together on the right of the figure.
We then increase their number up to 12 by adding more neighbors
along a circle until they are finally equidistantly distributed along
a circle. By this we cover two extreme scenarios, all base stations
are clumped together and all base stations are nicely spaced apart.
The desired objects/users to be localized are positioned parallel to
the x-axis, starting from the very left (far from the three initial base
stations) to the very right (close to the three initial base stations).
We expect that for few base stations the estimation algorithms be-
come better with closer position to the base stations, and that with
increasing number of base stations the estimates should improve.
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Fig. 4. Experimental setup starting with three base stations (circles)
on the right and gradually increasing their number. The receiver
location is along the x axis (crosses).

To generate random scenarios we added zero-mean Gaussian
noise to the true user position (only in the x coordinate) with stan-
dard deviation o, = {0.001,0.01,0.1}. Figure 5 shows the result
of D% from Eq. (5) of 1000 MC runs with M = 3,4, ..., 12 base
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stations. Here the subscript BF refers to the beam-forming algo-
rithm. As expected the accuracy increases with the number of base
stations but surprisingly for a few base stations there is a “sweet
spot” for which the precision is higher. Only for equally spaced base
stations the precision is independent of the position. This becomes
even clearer when inspecting Figure 6 in which the precision is dis-
played for M = 3 and M = 12 base stations when varying the noise
variance.
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Fig. 5. MSE D% . for beam-forming in massive MIMO with o, =
0.01, 3 to 12 base stations.
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Fig. 6. MSE D% > for beam-forming in massive MIMO with o,, =
{0.001,0.01,0.1}, 3 and 12 base stations.

We repeat now the experiment using RSSI information con-
verted into directional information instead of directional information
as explained in the previous section. Figure 7 displays the corre-
sponding MSE metric D% 5 for this experiment, the subscript VB
denoting the virtual beam-forming approach. It is very illustrative
to discuss the results. In general the precision improves with the
number of base stations but the precision depends very much on the
position even for many equidistantly distributed base stations.

We finally compare the two methods under various base station
numbers and positions. Figure 8 shows a comparison of the two
methods when all M = 12 base stations are employed and only
three. As expected with growing error estimation variance, the cor-
responding error in location estimation also grows. While the ob-

squared error
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S

-20

squared error[dB]

user position

number of base stations

Fig. 7. MSE D% 5 using virtual beams derived from radius informa-
tion for ,, = 0.01.

tained curves for beam-forming are superior, the RSSI curves can
achieve the same quality depending on the user position. Note that
M®™ > M but the radius based method never exceeds the quality
of the beam based method.
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Fig. 8. Comparison of beam based and radius based method (con-
verted into virtual beams).

5. CONCLUSIONS

We proposed a novel LS based method for localisation under the
assumption that precise direction information from electromagnetic
beams is available, which is expected in modern massive MIMO
transmission systems. Furthermore, we introduce a conversion
method from radius to beam information that allows to applying the
new method also to classic setups in which only receiver strength
information is available. The advantage of our method is that the
beam-based formulation allows a closed form LS solution, suitable
for low cost fixed-point processors, while the radius based form does
not.
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