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ABSTRACT

Spectral clustering has been one of the most popular methods
for clustering multivariate data and has been widely used in
image processing and data mining. Despite its considerable
empirical success, the theoretical properties of spectral clus-
tering are not yet fully developed. In this paper, we derive
upper bounds for the clustering error of spectral clustering
for data samples generated from spherical Gaussian mixture
models. In our analysis, first, the graph Laplacian calculated
from samples is approximated by a reference graph Lapla-
cian which has good spectral properties. Second, we use the
Davis-Kahan perturbation theorem to provide an upper bound
for the sum of squared distances between each projected data
point and its cluster center. Finally, we leverage theoretical
results of Meild’s to prove an upper bound for the clustering
error from the upper bound for the sum of squared distances.

Index Terms— Spectral clustering, Gaussian Mixture
Models, Optimal clusterings, Error bounds

1. INTRODUCTION

Clustering is a fundamental and ubiquitous problem in var-
ious applications. Spectral clustering has become one of
the most widely-used clustering algorithms. It has been
shown to outperform various classic clustering algorithms
such as k-means [1] on a number of challenging clustering
problems. Suppose we have a data matrix of N samples
V = [vy,va,...,VN] € RF*N and a pre-specified number
of clusters K < N, the spectral clustering algorithm first con-
structs a projected data matrix V = [vy,...,vy] € REXN,
where the rows of V correspond to eigenvectors of the K
smallest eigenvalues of the graph Laplacian matrix. Then
the projected data points are clustered into %k clusters via
k-means (or other proper clustering algorithms). For a data
matrix with N samples, a K-clustering (or simply a clus-
tering) is defined as a set of pairwise disjoint index sets
€ = {61,%,...,Cx} whose union is {1,2,...,N}. The
sum-of-squares distortion measure with respect to the data
matrix V and a K -clustering %’ is defined as
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K
DV, %)= Y [[¥n—&l3, (1)

k=1ne%y

where ¢ = Wlﬂ > new, Vn is the cluster center. The -

means algorithm over V tries to find an optimal clustering
@°P' that satisfies

D(V, ") =min D(V, %), @

where the minimization is taken over all K-clusterings. For
brevity, we say such ©°P* is an optimal clustering of spectral
clustering (over V). Although spectral clustering has enjoyed
success in wide-ranging practical areas, there has been little
work on the theoretical analysis of it [2-9].

A K-component Gaussian mixture model (GMM) is
a generative model that assumes there are K multivari-
ate Gaussian distributions and a probability vector w :=
[wy,wa, ..., wk], such that data samples are independently
sampled and the probability that each sample comes from the
k-th component is wy,. wy, is said to be the mixing weight for
the k-th component, and we use uy, 2y to denote the com-
ponent mean vector and the component covariance matrix
respectively. When X, = 071, where I is the identity matrix,
we say the GMM is spherical. Suppose that vi,va,...,Vy
are samples independently generated from a K-component
GMM, the correct target clustering € = {€1, %>, ..., Cx}
satisfies the condition that n € %}, if and only if v,, comes
from the k-th component.

1.1. Main Contributions

We prove if the samples are independently generated from
a K -component spherical GMM with an appropriate separa-
bility assumption, then the clustering error of spectral clus-
tering (with an unnormalized graph Laplacian) can be upper
bounded (by bounding the distance between any optimal clus-
tering and the correct target clustering) with high probability
when the number of samples is sufficiently large. We men-
tion in Section 5 that such theoretical results can be extended
to spectral clustering with normalized graph Laplacians.

1.2. Notations

We use a;; or [A];; to denote the (7,j)-th entry of A.
[N] represents {1,2,---,N} for any positive integer N.
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V]2, [V]|r represent the spectral norm and the Frobenius
norm of V respectively. Diag(w) represents the diago-
nal matrix whose diagonal entries are given by w. The
eigendecomposition of a positive semi-definite (PSD) matrix
L € RV*N js given by L = UXUT with U € RV*¥V
being an orthogonal matrix and ¥ € RV*¥ being a diago-
nal matrix of eigenvalues. A, (L) represents the n-th largest
eigenvalue of L and the diagonal entries of X are ordered
such that [X],,, = A,(L). For any n € [N], we say that
u,, := U(: ,n) is the n-th eigenvector of L.

2. RELATED WORK
2.1. Spectral Clustering

Given a data matrix V. = [vy,va,...,Vy] € REFXN  we
obtain a similarity matrix A € RY*¥ by setting

ai; = exp (—¢llvi — v;[3) fori,j € [N], 3)

where ¢ > 0 is a scaling parameter. Define D to be the di-
agonal matrix in RV *" such that d,,,, = 22:1 apm forn €
[N]. The (unnormalized) graph Laplacian L is constructed as
L := D — A. According to [10], L is PSD. Let the eigen-
decomposition (cf. Section 1.2) of L be L = UXU”. We
have that Ay (L) = 0 and uy = > Where e is the vector of
all ones. The spectral clustering with K clusters first derives
the projected data matrix V := U(: ,(N — K +1): N)T e
RE*N  Then the k-means algorithm is performed on V to
obtain an (approximately) optimal clustering.

2.2. Lower Bound on Distortion and the ME Distance

Suppose we have a dataset V = [¥1,...,vy] € RE*N and
a K-clustering € := {61, %5, ..., €k }. Let H € RV*K be
the binary matrix satisfying h,, = 1 if and only if n € %.

Let ng = |64/, and H := HDiag(\/%, \/%,,%K) We

have HTH = I and the distortion can be written as [11]

D(V,¢) = ||V - VHH"||. 4)

Let Z be the centralized data matrix of V and define S :=
ZTZ. For any two K -clusterings, we define the so-called mis-
classification error (ME) distance to compare their structures.

Definition 1 Let Pk be the set of all permutations of [K].
The misclassification error distance of any two K -clusterings
¢ = {6}, Cs,..., Chtand €% = {6}, 65,...,Co}is
(", %2) == 1 - & maxeep,e iy 60 NC)|

From [12], we know that the ME distance defined above is
indeed a distance. Define 7(4) := 26(1 — §/(K — 1)). We
have the following lemma [13] which enables us to obtain an
upper bound for the ME distance between a clustering and any
optimal clustering provided the distortion of this clustering is
appropriately upper bounded.

Lemmal ¢ := {%\,...,%x} is a K-clustering of V €

G . X
REXN and prax = maxy ‘J’\’;‘, Pmin := ming % Define

_ DY) Ak (S) - _
0= )\K_1(s)7/\K(S)' Then lfé S 2(K 1) Cll’ldT((S) S Pmins
dume(€, €°P") < pumaxT(6), (5)

where €°P* is an optimal K-clustering for V.

3. THE MAIN THEOREM

LetY = ¢ X 2, where X follows the Gaussian distribution
N(u,0?), we have E[Y] =

Var[Y] =

B e
T3aTT OXP ( 202“), and

2 2

_ 2., 2 -£ ollui —u3
sij = (20(07 +07) +1) 7 exp <_2¢(a2 +a2]) +1)°
i J

_F 2 i — 12
tij = (4¢(07 +07) +1) Z exp <_¢u u; 3 ) 2

2
1g(o? +o2) +1) 0

fori,j € [K]. Let T = max; ; t;; and S, = max;; s,;. For
p € [0, £51], we define the function {(p) := P

1+4/1—2p/(K—1)"

Let wyin = ming wg, Wmax = Mmaxpwg and ¢ =
Wk Skk + Zk,?ﬁk Wy Sk, . Our main theorem is as follows:

Theorem 2 Suppose the columns of V. € RF*N are inde-
pendently generated from a K-component spherical GMM
and N > K. Assume that there is a ¢ € (0,1), such that
ming cx — \/ﬁSO > 2\/T/\/E Further assume

4K —-1)T)/¢
(mink s —V2KS, — Qﬁ/\/g)

D) < C(wmin)~ (6)

Let € := {1, %5, ..., Cx} be the correct target K -clustering
corresponding to the spherical GMM. Assume that € > 0 is

sufficiently small.' Then with probability at least 1 — & —

Keexp (—cNeQ), dMEi(€, €°PY) is upper bounded by

. A 1T _—
(mink cx —V2KS, — 2T /\/€ — e)
(7

where ¢ > 0 is a constant depending on {wy,} [k, and €°P*
is an optimal K -clustering of spectral clustering over V.

Remark 1 Considering the special case that o3 = ... =
0% = o and |u; —ujlla = dforalll < i # j < K.
Choosing ¢ > 0 to be small such that ¢d*> < 1 and Fpo? <

le < min { ®min ming ¢ — V2K S, — Qﬁ/\/f} and ¢ is chosen
4(K=1)T/¢ 2 < C(wmin — €).

h th
such that (mink ck—\/QKSo—Q\/T/\/E—E)
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1. We show (cf. Section 4.5 to follow) that for this case, the
separability assumption (6) can be expressed as

1/4 _ 1/4
d > i(;m (f) [1+<2<5mm1)) ] ®)

Remark 2 The k-means algorithm often gets stuck at local
optima and is not able to find a globally optimal solution. For
this issue, note that our theoretical results can be easily ex-
tended to provide upper bounds for the ME distance between
any approximately optimal clustering and the correct target
clustering. See Section 5.1 in [14] for a detailed discussion.

4. PROOF OF THE MAIN THEOREM

Before proving the theorem, we prove the following lemmas.

4.1. Bounding the Distance between the Empirical and
Reference Graph Laplacians

First, we construct a reference graph Laplacian matrix L and
derive an upper bound for the spectral norm of L — L. Let the
reference similarity matrix A € RV*" satisfy that

Qnyne = Sij ifng € %7”2 S (gﬁ 9

for ny,ny € [N], n1 # ng. We set Gy, = 1 forall n €
[N]. Constructing the diagonal matrix D € R™¥*¥ such that
dpn = Zzzl Gnm and set L = D — A. Let ny = |%%| for
k € [K] and set E = L — L, we have the following lemma
which bounds the distance between L and L.

Lemma 3 For any £ € (0, 1), with probability at least 1 — &,

ONT

_— 10

e (10)
Proof Splitting E as E = Ep + Ep, where Ep and E( are
the diagonal and off-diagonal parts of E respectively. Note
that Efe;;] = 0 for ¢, j € [N]. We have

[Ell2 <

E[IEl3] <2 [E[|Ep|3] +E [|Eoll3]] (1)
< 2E [|Eplf3] + 2E [|EolF] (12)
-9 m?X]E[ 2 +2§E 2] (13)
i#£]
=2 Trlxelz[ab]s[(] Var[e,,| + 2 Z Varle;;] (14)
i#£j
=2 Var[en,] +2  Var[a;; 15
T{Iéz[ljsf(] arfenn,] + ; arfa;;] (15)

K
2N —1)°T+2) ny
k=1

(ng — D)tk + Z Mgt b
k' #k

< 4N2T. (16)
By Markov inequality, we have that for any £ € (0, 1),

1

P(|E[3 > <E[|E[3]) <&, (17)

which completes the proof. |

Remark 3 Note that it is important to split E into diagonal
and off-diagonal parts. Otherwise, we will derive an upper
bound for E [|E||2] from the upper bound of E [||E||r], which
is O(N 3/ 2), and is disastrously loose for further derivations.

4.2. Spectral Properties of L
Next, we describe the spectral properties of L.

”ksk""Zk’;ek T Skk!

Lemma 4 For any k € [K], let g,
We have that N gy, is an eigenvalue of L with multlpllcny (at
least) ny, — 1. Moreover, lf\/ﬁs < ming g, we have that
AN_ki1 < V2KNS, and for N — K < n < N, the eigen-
vector U, satisfies that U, (i) = Uy (j) if the i-th and the j-th
samples are generated from the same Gaussian component.

Proof We have thatif g1, ...
{x:(L~- NgiI)x = 0}
={x: Zmnzo,xnzoforngé‘fk}. (18)

nECk

, gk are all distinct, then

Therefore, N gy, is an eigenvalue of L with multiplicity 7, —1.
If the g;.’s are not all distinct. For any g € {gx}re[x]- Let
o = {k € [K] : gr = g}. Then the multiplicity of eigen-
value Ngis ), ;. (ny—1). On the other hand, if we consider
the eigenvector x in the form that x,, = «y, if n € 6. Then
the linear equation system Lx = Ax can be reformulated as

Fa = \a, (19)

where A is the corresponding eigenvalue, o = [, ag, . . .
and F € REXK gatisfies that

Jepr = —narspp ik # K,

7aK]

frk =Y npsip. (20)

k' £k

Similar to that for L, we have that F is PSD with the smallest
eigenvalue being 0. In addition, all the eigenvalues of F' are
also eigenvalues of L. Splitting F as F = Fp + Fo, simi-
lar to that in the proof of Lemma 3, we derive that ||F||3 <
2K N?S52. Therefore, if V2K S, < ming gi, we have that
AN_ K+1( )= ||F|l2 < V2KNS,andfor N—-K < n < N,
u,, satisfies that @, (i) = @,(j) if the i-th and the j-th sam-
ples come from the same Gaussian component. ]

Remark 4 A special case is that for any k # k', spp = s
(e.g., when o} = ... = 0% = 0” and ||u; — u;l|y = d for all
i # j). For this case, A\n—1(L) = ... = An_k+1(L) = Ns.

4.3. Bounding the Distortion for Projected Data Matrix
Let the eigendecomposition of L be L = UXUT. In addi-
tion,letB=U(: ,(N-K+1): N),B=U(: ,(N- K+
1): N)@Ge,BT=V),A=%(N-K+1): N,(N-K+
1): N)andA =X((N-K+1): N,(N-K+1): N). Let
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UNfK = U( ,1: (N - K)), ENfK = 2(1 (N -
K),1: (N — K)), Uy_xg = U(:,1: (N — K)) and
Yv-xg = X(1: (N — K),1: (N — K)). In the follow-
ing lemma, we provide an upper bound for the distortion
D(V,€) using the Davis-Kahan perturbation theorem [15].

Lemma5 Ifn := Nmin, gr — (V2KNS, + |E|2) > 0
then we have that

K- D|B[3

DV, %) < | 7 1)

Proof By (19), the subspaces spanned by the columns of H

and B are the same. Thus HH? = BBZ. In addition,
D(V,%) = |V - VHH"|; = |[B" -B"BB" |z (22)

= |B"Un—xUN_klt = IB"Un—kllz. 23)
Note the eigendecompositions of L and L can be written as

L=Uy_xZy UL +BAB?, (24)

L=Uy_xEny_xU%_, +BABT. (25)

By [Av—r+1(L) = Av-k41(L)] < | E|l2, we have

AN—k+1(L) < Av_k41(L) + |E|l2. (26)

Then if » > 0, we have that the eigenvalues of SNk
are contained in the interval [N miny gi, N maxy gi], and
the eigenvalues of A are excluded from [N minggr —
7, N maxy, gx + ). By the Davis-Kahan theorem,

IB Oyl < ”En“’ @

We further obtain that
D(V,%) = |[B"Un_«|? (28)
< (K~ )[BT Oy < KDL )

,,72

where |[BTUy_k|lr < VK — 1||BTUx_k||2 because that
BTUy_x € REX(N=K) ¢contains at most K — 1 non-zero
singular values (the last row of it contains all zeros). ]

4.4. Proof of the Main Theorem

Based on the above lemmas, we present our final proof.
Proof of Theorem 2 Let Bx_; = B(: ,1: (K —1)). We
have V = [Bi_1, \F] and note that the sum of the entries

of each column of By _ 1 is 0. The centralized matrix of Vis

Z :=[Bg_1,0]" e REXV, (30)

For S = ZTZ, we have Ax_1(S) = 1 and \,(S) = 0 for

D(V,€)-Ax(8) _ v N
n > K. Therefore, K@ A @) = D(V,¥). Let pin =

miny, %&. By the concentration inequality for sub-Gaussian

random variables [16], for any 0 < € < “"5‘“, there is a
positive constant ¢ depending on {wy, } e[k such that

P (’% - wk’ > e) < eexp(—cNé?) fork € [K]. (31)

Note that ¢(-) is monotonically increasing on [0, £1].

Then if there exists ¢ > 0 and £ € (0,1), such that

4(K-1)T/¢ o
(minkckfx/ﬁsof%/f/\/g,e)g < C(wmm E) and ¢ <

min{ ¥z miny ¢, — V2KS, — 2v/T/\/€}, we have that
with probability at least 1 — & — Keexp (—cN 62) ,

A _ 2
p(v,¢) < L= UIEL (32)
n
4K-1T
(K —1)T/¢ ®
(mmkck— KS, —2\F/f—e)
C(lelIl - ) < C(pmln) (34)
Or equivalently, 7 (D(V,%)) < Pmin. By Lemma 1, we
obtain the error bound given in (7). |

4.5. Discussion about the Special Case

Considering the special case described in Remark 1. Let S; =
sk for k € [K] and S, = s;; for i # j. We have that for this
special case, Ay _r41(L) = ... = Ay_1(L) = NS, and the
separability assumption (6) can be modified to be written as

4K -1)T/¢
(wain(Sa = 50) = 2VT/VE)
By Taylor approximation, we have that
Sy — S, ~ ¢d?, VT ~2vV2F¢o>. (36)
Note that ((wmin) > “35=. Simplifying (35), we obtain (8).

2 < C(wmin)' (35)

5. EXTENSIONS

We may consider spectral clustering with normalized graph
Laplacians. For example, the normalized graph Laplacian
L, is defined as

L: =D 'L=I-D"'A. (37)

It is easy to derive similar theoretical results for such a nor-
malized version of spectral clustering. In more detail, let
L.w ;= D 'L and E,, = L — L;v. We make use of the
inequality that ||Lyy — Lyw[2 < [[D™! — D73 L|l2 +
D72/l — L||2 to derive an upper bound for |E,y|2,
3VT/VE
ming cx—VT /VE’ -
ditions. We similarly analyze the spectral properties of L.
Then we utilize the Davis-Kahan perturbation theorem and
Lemma 1 to derive a theorem which is similar to Theorem 2.
Due to space limit, we omit the details.

which is approximately under certain con-
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