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ABSTRACT

Fast and comprehensive acquisition of head-related impulse re-

sponses (HRIRs) continues in the interest of rich application sce-

narios. Various HRIR resolutions have been presented based on

discrete stop-and-go measurement, or comprehensive measurement

equipment, or continuous-azimuth acquisition with moving appara-

tus. Some researchers have further mapped the recorded HRIR table

to spatial Fourier format. In the interest of both fast acquisition and

high accuracy, in this paper, we propose direct retrieval of the spatial

Fourier format from time-domain recordings of the measurement

signal. Specifically, we revert to the moving apparatus for HRIR

measurement and express a generative model of the recorded signal

based on a hypothetical spatial Fourier basis. In this approach, the

spatial-Fourier model is meant to entirely capture the spatial vari-

ation of the HRIR. By least-squares inference we can then fit that

model to the entire recording. Due to our time-domain treatment

the model and the processing are entirely clean from block artifacts,

while the huge dimension of the problem requires attention in the

implementation. It turns out that the proposed algorithm signifi-

cantly outperforms the previous NLMS-based continuous-azimuth

acquisition of HRIR with moving apparatus.

Index Terms— HRIR Acquisition, Continuous Measurement,

Least Squares, Spatial Fourier Analysis

1. INTRODUCTION

Nowadays binaural rendering has many applications including hear-

ing aids [1], voice communication, music performance, games [2],

sonic detection and orientation [3], and virtual acoustic environ-

ments [4–11]. For binaural rendering head-related transfer functions

(HRTFs) or their time domain representation, the head-related im-

pulse responses (HRIRs), are needed as they describe the acoustic

transfer system for a spatialized sound arriving at the ear. With the

knowledge of the HRIR the sound from a virtual localized sound

source can be simulated at the ear.

The demand for appropriate HRTFs can be covered either by

simulated or measured HRTFs. In the case of simulated HRTFs a

standard model of a head shape can be assumed or it can be individ-

ualized by taking data from an individual head, e.g., by measuring

the ear shape [12, 13]. In the case of measured HRTFs there are

many standard databases of non-individualized HRTFs but in princi-

ple the measurement can also be done for individuals or an individual

can be best fitted to a database [14]. Many databases of HRTFs ex-

ist, but most of them exhibit a coarse discrete spatial resolution, not

fulfilling the demand of high-resolution rendering approaches [15].

This work is supported by Nr. EFRE-0800372 NRW grant, LS-1-1-044d.

Conventionally the table of HRTFs is measured by a stop-and-go

procedure [16–20]. An interpolation can be done using spatial, i.e.,

mainly angular basis functions that are fitted to the measurement

points [21, 22].

There are also approaches that calculate the HRTFs from contin-

uous measurements with unconstrained [23–26] or constrained [27–

29] head movements, where some are able to deliver high-resolution

at least in the azimuth direction. A further benefit of these quasi-

continuous approaches is that a whole measurement can be done in

a small amount of time, e.g., in only one minute, whereas the stop-

and-go approach needs more time.

In this paper we introduce an improvement of these continuous

algorithms in order to get a better precision of the measured HRIRs

under given circumstances. Therefore we introduce a signal model

of the measuring process that includes the spatial variation of the

transfer function during measurement inherently. Within this model

we calculate the optimal HRIR in the sense of a least-square error

w.r.t. the observed measurements. The result is a continuous rep-

resentation of the HRIR in spatial basis functions, coming directly

from the evaluation of the measured signals and not indirectly from

interpolation of spatially sparse measurements as it is usually done.

As the computational dimension of this problem is high we show

different approaches to overcome the computational cost. The pro-

posed algorithm is compared with a state-of-the-art quasi-continuous

azimuth measuring approach [27].

The remainder of the paper is organized as follows. Sec. 2 briefly

revisits the state-of-the-art continuous-azimuth HRIR measurement.

Sec. 3 then describes the improved reconstruction algorithm and

Sec. 4 shows options to lower the computational costs of the new

algorithm. Sec. 5 experimentally confirms the improvement of the

new concept before conclusions are drawn in Sec. 6.

2. RELATION TO PRIOR ART

In the following we concentrate on the HRIR of one ear, the other

follows equivalently. A continuous-azimuth measurement of the

HRIR as described in [27] and visualized in Fig. 1 relies on a mea-

surement of the noisy ear-signals y(k) during a full 360◦ revolution

of the subject of interest with a known acoustic excitation signal

x(k) at discrete time k. The HRIR of the length N in vector format

h(φk) = (h0(φk), h1(φk), . . . , hN−1(φk))
T

(1)

depends on the relative angle φk between head and sound source at

time k. With some observation noise n(k) we get

y(k) = h
T (φk)x(k) + n(k) (2)
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Fig. 1. Dynamic measurement of an HRIR.

with

x(k) = (x(k), x(k − 1), . . . x(k −N + 1))T . (3)

The task now is to reconstruct h(φk) from the measurement y(k)
and the excitation signal x(k) under the knowledge of φk.

In [27] an algorithm was presented that identifies the time vary-

ing system from x(k) to y(k) with an adaptive filter and stores the

actual state of the adaptive filter as estimate of the HRIR at the corre-

sponding angle φk. This algorithm is able to retrieve an estimation of

h for each φk from the continuous-azimuth measurement. However

there is a trade-off in this algorithm since the normalized least mean-

square (NLMS) algorithm used for system identification in [27] can

either rapidly track the variation due to the spatial characteristics of

the HRIR (large adaptation constant µ0) or reject observation noise

in the measurement by averaging (small µ0).

In this paper we introduce a model of the HRIR that represents

the spatial characteristics of the HRIR inherently, specifically a spa-

tial basis representation of the HRIR, and an algorithm for averaging

with respect to this model to overcome the observation noise.

3. CONCEPT OF HRIR RECONSTRUCTION

3.1. HRIR Representation in Spatial Basis Functions

We express the HRIR coefficients hn(φ) in the horizontal plane as a

weighted superposition of angular basis functions cq(φ) by

hn(φ) =

Q
∑

q=−Q

a∗

q,ncq(φ), (4)

where ap,n are the coefficients of this representation, .∗ denotes the

complex conjugate and n is ranging from 0 to N − 1. Q is referred

to as the spatial order and P = 2Q + 1 is the number of spatial

coefficients. In this work we use the complex Fourier basis given by

cq(φ) = exp(jqφ), (5)

where j is the imaginary unit. The corresponding representation of

the HRIR is

hn(φ) =

Q
∑

q=−Q

a∗

q,n exp(jqφ). (6)

A benefit of this choice of spatial basis that we will later make use

of is that

c∗m(φ)cn(φ) = exp(j(n−m)φ) (7)

only depends on the difference between n and m and, on the other

hand, we have an orthogonal basis, so that

2π
∫

0

c∗m(φ)cn(φ)dφ = 2πδm,n, (8)

where δm,n is the Kronecker delta. The vector representation (1) of

the HRIR can then be written as

h(φ) =

Q
∑

q=−Q

a
∗

qcq(φ), (9)
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Fig. 2. Example structure of Rzz with Q = 2, P = 2Q + 1 = 5,

N = 6, with exact block-Toeplitz structure of Rzz , nearly block-

diagonal Rzz, and nearly Toeplitz structure of the block Rm,n
zz .

where aq = (aq,0, aq,1, . . . , aq,N−1)
T . With (9) we can describe

the measurement (2) as

y(k) =

(

Q
∑

q=−Q

a
H
q cq(φk)x(k)

)

+ n(k), (10)

where aH
q is the Hermitian transpose of aq and with stacked vectors

of size N · P × 1 we further get

y(k) = a
H
z(k) + n(k) (11)

with

a =









a−Q

a−Q+1

...

aQ









and z(k) =









c−Q(φk)x(k)
c−Q+1(φk)x(k)

...

cQ(φk)x(k)









. (12)

3.2. Least-Squares Solution

We achieve the optimal a by minimizing the least-squares error

J(a) =

L−1
∑

k=0

∣

∣

∣

(

y(k)− a
H
z(k)

)∣

∣

∣

2

(13)

with respect to a. Here L is the number of measurement samples

of the recorded signal y(k). In all further considerations this is the

duration of a full 360◦ revolution in φ. As the solution we get

a = R
−1
zz rzy (14)

with

Rzz =

L−1
∑

k=0

z(k)zH(k) , rzy =

L−1
∑

k=0

z(k)y(k). (15)

4. EFFICIENT IMPLEMENTATION

With realistic sizes of N and Q, e.g., N = 256 and Q = 39, the

calculation of the matrix Rzz of size N · P ×N · P becomes very

large (i.e., more than 400 million elements) and therefore requires

too much memory and computation time. We thus have to exploit

the structure of Rzz in order to make the implementation of the al-

gorithm more practical. Specifically Rzz has a block structure with

P×P blocks Rm,n
zz where each block is of size N×N as visualized

in Fig. 2. The block in row m and column n is given by

R
m,n
zz =

L−1
∑

k=0

c∗m(φk)x(k)cn(φk)x
H(k). (16)
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4.1. Block-Toeplitz and Sub-Toeplitz Structure

Due to (7) each block Rm,n
zz with the same difference between row

m and column n is identical and therefore Rzz has a block-Toeplitz

structure. Thus we can reconstruct the whole matrix Rzz from its

first block-row or block-column. This saves us factor P in time for

acquiring Rzz. This simplification preserves exact results compared

to calculating Rzz in a straight-forward manner. Nevertheless the

calculation effort is still quite high. Thus we rely on the indepen-

dence of x(k) and φk, respectively x(k) and cm(φk), to express

Rm,n
zz for many observations, i.e., for large L, as

R
m,n
zz ≈ E{c∗mxcnx

H} = E{c∗m(φ)cn(φ)}E{xx
H}, (17)

where E is the expectation operator, such that Rm,n
zz becomes nearly

Toeplitz structure itself. An approximation of Rm,n
zz can hence be

obtained from its first row or column and an approximation of the

whole Rzz can be obtained from merely the first row or column of

Rzz. This saves an overall acquisition time factor of P ·N .

4.2. Taylor Approximation for Matrix Inversion

The former simplifications save time in acquiring Rzz, but this very

large matrix still has to be stored and inverted. Since we do a full

equidistant 360◦ revolution for φ the expectation E{c∗m(φ)cn(φ)} is

due to (8) non-zero only for m = n. Therefore for large L the matrix

Rzz is nearly block-diagonal. Inspired by [30] we separate Rzz into

a matrix D containing the diagonal blocks and ∆ containing the

minor off-diagonal blocks with Rzz = D+∆ and express R−1
zz as

R
−1
zz = ((I +∆D

−1)D)−1 = D
−1(I +∆D

−1)−1, (18)

where I is the identity matrix. By Taylor expansion of (I +
∆D−1)−1 at ∆D−1 = 0 we then get a good approximation

R
−1
zz ≈ D

−1

(

I +

Nb
∑

b=1

(−1)b(∆D
−1)b

)

(19)

by truncating the expansion at order Nb. Then a can be calculated

in a block-wise manner since each block of the inverse is given by

(R−1
zz )

m,n = S
m,n
0 + S

m,n
1 + . . .+ S

m,n
R + . . . (20)

S
m,n
0 = (D0,0)−1δm,n (21)

S
m,n
1 = −(D0,0)−1

∆
m,n(D0,0)−1

(22)

S
m,n
R = (−1)R

P
∑

l1...lR−1=1

(

R−1
∏

r=0

(D0,0)−1
∆

lr ,lr+1

)

(D0,0)−1

(23)

where ∆
m,n and (D0,0)−1 = (Dn,n)−1 can always be recon-

structed from the first row of Rzz according to its structure.

4.3. Steepest Descent Solution

Instead of calculating (14) we can also find a solution to vector a in

rzy = Rzza (24)

with an iterative algorithm, the steepest descent (SD) algorithm [31].

We get a by

ρd = rzy −Rzzad (25)

βd =
(

ρ
H
d−1ρd−1

)

/
(

ρ
H
d−1Rzzρd−1

)

(26)

ad = ad−1 + βdρd−1 (27)

where we call d the iteration index and we choose a0 as zero-vector.
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Fig. 3. ESR over spatial order Q for different experimental setups.

5. EXPERIMENTAL EVALUATION

As a measure for the accuracy of the HRIR reconstruction we de-

fine the error-to-signal ratio (ESR) between a reconstruction ŷ(k) of

the measured signal based on the estimated coefficients a and the

original measured y(k). For real measurements we rely on the noisy

y(k) as reference, but in simulations we also have a noise-free refer-

ence yref(k), with y(k) = yref(k) + n(k). Therefore we have two

ESR-definitions:

ESRnoisy =

L−1
∑

k=0

(y(k)− ŷ(k))2
/

L−1
∑

k=0

y(k)2 (28)

ESRclean =
L−1
∑

k=0

(yref(k)− ŷ(k))2
/

L−1
∑

k=0

yref(k)
2 . (29)

For the noisy ESR, the SNR of y(k) is a lower bound even if the

linear system (HRIR) is perfectly represented by a.

As a first step, in Fig. 3 we evaluate the proposed algorithm for

various Q on real data to find an appropriate spatial order. The

recording was done with a KMS3 dummy head of Head Acoustics

GmbH with DPA d:screet SMK-SC 4060 microphone placed in the

ears. The revolution time T360 was 60 s at fs = 44100Hz. In all

evaluations we use N = 256. We applied the exact algorithm, us-

ing the block Toeplitz (BT) structure and the exact inverse and, on

the other hand, the algorithm using also the sub-Toeplitz (ST) struc-

ture and an approximation of the inverse with Nb = 2. Both deliver

nearly the same results. Further we see that a larger number of spa-

tial coefficients gives better results up to a limit around Q = 39.

This corresponds to the maximum spatial frequency found in [32].

For further evaluations, in order to have a known noise-free

ground-truth yref(k), we do simulations using a synthetic random

HRIR with a spatial band-limit according to the former observations

Q = 39. From this synthetic HRIR we generate yref(k) according

to (10) and y(k) by adding noise with known SNR.

The results for SNR = 30dB and SNR = inf are additionally

shown in Fig. 3. With a sufficient large Q the clean ESR becomes

better than the simulated measuring SNR. If Q is larger or equal to

the simulated order of Q = 39 we get ESRclean between −60dB
and −50dB, or in the case of infinite SNR and exact BT algorithm

ESRclean is limited only by machine precision. The more efficient

Taylor inverse introduces an limitation at about -55dB for a second

order approximation.
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As reference for further evaluations we take a state-of-the-art

NLMS algorithm for continuous-azimuth acquisition on the horizon-

tal plane as described in [27] where we store the HRIR for every pro-

cessing sample, i.e., every 10−4 degree. The reference algorithm is

tested for µ0 = 1.0, 0.3 and 0.1 and the best result µ0 = 1.0 is taken

for the comparison. For the proposed algorithm we choose Q = 39.

We test the BT and BT+ST implementation with Taylor approxima-

tion for different truncation orders Nb and the SD approximation for

different iteration numbers d. Nb = 0 is equivalent to use only the

diagonal blocks of Rzz while Nb = ∞ performs an exact inverse of

Rzz. We choose SNR = 30 dB in Fig. 4 as a realistic scenario for

HRIR measurement. In this case the approximation from utilizing a

sub-Toeplitz assumption is not a limiting factor and we get almost

same results for the exact BT algorithm and the BT+ST approxi-

mation. Nearly full performance is already reached for Nb = 2, or

d = 2, respectively. Therefore we choose the BT+ST approximation

with Taylor approximation at Nb = 2 as an appropriate algorithm for

further considerations. It gives a good trade-off between computa-

tional effort and performance. The proposed algorithm outperforms

the NLMS reference algorithm already with Nb = 1. The benefit of

the proposed algorithm is that the model itself contains the spatial

characteristics of the HRIR inherently, so that the whole amount of

samples can be used to overcome the observation noise by averag-

ing. For the NLMS algorithm instead there is a trade-off between

rejecting the additive noise by averaging (small µ0) and the ability

to track the spatial characteristics of the HRIR (large µ0).

In Fig. 5 (real data) and Fig. 6 (simulated data) we evaluate the

performance of the proposed algorithm as a function of the acquisi-

tion time T360 at a sampling rate of 44.1 kHz. The proposed algo-

rithm and the NLMS reference algorithm both benefit from longer

acquisition time while the proposed algorithm with exact inverse

outperforms the reference in all cases. The approximation of the in-

verse suffers heavily from short acquisition times, i.e., small L. For

very short times it falls behind the NLMS algorithm but for anything

beyond 10s it improves over it and reaches the level of the proposed

algorithm with exact inverse for T360 ≥ 20s. As suspected in the

theory, the approximation of the inverse only holds for large L.

Since the ESRnoisy is limited by the input SNR we cannot di-

rectly see the true performance of the algorithm under consideration

with respect to the sought HRIR. Therefore we did the same eval-

uation with simulated ESRclean in Fig. 6. We see that the NLMS

reference is again limited to the input SNR but the proposed algo-
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rithm can benefit from larger measurement time and clearly outper-

forms the reference. The SD approximation gives results very close

to the Taylor approximation and is therefore not shown here. We see

that both, the approximation in the inverse and the ST approximation

only hold for long acquisition times. For any T360 > 20s these ap-

proximations are however appropriate and therefore the ESR yields

nearly the level of the exact algorithm. For the sake of completeness

we depict also the ESRnoisy in Fig. 6 and see a similar saturation as

in Fig. 5, which confirms that the results are consistent.

6. CONCLUSIONS

We introduced a new algorithm for determining HRIRs from

continuous-azimuth measurements. The proposed algorithm was

compared to a state-of-the-art NLMS algorithm and we showed

that our algorithm is superior in all tested configurations with an

appropriate implementation. The remarkable benefit over the refer-

ence algorithm is founded upon the inherent spatial HRIR model,

so that the whole amount of measurement samples can be used to

reject the noise floor by averaging. Although the algorithm is com-

putationally expensive compared to the state-of-the-art algorithm

we showed variations of the proposed algorithm that reduce the

computational costs, either without losing precision, or with only

negligible performance loss.
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