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ABSTRACT

A novel approach to non-uniform spatial resolution encoding and
dimensionality reduction of Higher Order Ambisonics spatial audio
content is proposed. Space warping is applied to modify the spa-
tial arrangement of the audio scene such that the coefficient energy
is packed in few low order coefficients. The underlying idea is to
squeeze or stretch parts of the spherical coordinates. In contrast to
conventional Mixed Order Ambisonics, our approach is based on a
transformation. Unlike methods for dimensionality reduction such
as PCA, the resulting signal remains a valid HOA signal and spa-
tial relations are maintained. We present a mathematical framework
for space warping, demonstrate the potential of the method using an
example, and discuss prerequisites and applications.

Index Terms— Higher Order Ambisonics, spherical harmon-
ics, space warping, non-uniform spatial resolution, dimensionality
reduction

1. INTRODUCTION

The Higher Order Ambisonics (HOA) approach of representing
sound fields using a truncated spherical harmonics (SH) decomposi-
tion [1, 2] provides a powerful mathematical framework which facil-
itates recording [3, 4], representation [5], analysis [6, 7, 8, 9], mod-
ification [10, 11, 12], and reproduction with loudspeakers [13, 14]
or headphones [15, 16] for various applications such as multimedia,
telepresence [17], and virtual reality [18, 19]. Due to the rotational
invariance of SH signals [20], the spatial resolution is independent
of the direction of the incident sound waves which is a strength and
a weakness at the same time. The human auditory system has better
resolution in the horizontal plane than from elevated directions [21],
and often sound waves mainly impinge from predominant direc-
tions. Direction dependent resolution can be achieved with Mixed
Order Ambisonics (MOA) schemes [1, 22, 23, 24] by selecting a
certain subset of SH coefficients.

The proposed method to obtain a reduced number of SH coef-
ficients and enabling direction dependent spatial resolution differs
from existing MOA approaches. It is based on the modification of
the spatial arrangement of the audio scene by means of space warp-
ing [10, 11]. Its goal is to shift the energy towards lower order co-
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efficients. Unlike conventional transform coding methods such as
PCA [25], the transformed signal is still a valid SH signal but can be
further truncated without significant loss of information. Thus, it can
be processed with existing compression techniques for HOA. Spa-
tial modification approaches are frequently based on the decomposi-
tion of the audio scene through statistical analysis, e.g., DirAC [26],
eigenvalue decomposition-based COMPASS [12], independent com-
ponent analysis [27], or compressed sensing [28]. Contrary to this,
space warping is not necessarily signal adaptive. It consists of a lin-
ear operation that can be directly applied on the HOA signal vector.
The underlying idea is to squeeze or stretch parts of the spherical co-
ordinate system’s axes. Space warping was independently proposed
in [10] and [11]. Our new approach shows parallels to the warped
discrete cosine transform which was introduced for the compression
of images [29].

Sec. 2 summarizes the mathematical foundations of spherical
harmonics based sound field representation. In Sec. 3, space warp-
ing is recapitulated and an equalization function is derived. Sec. 4
presents the proposed method for dimensionality reduction. Sec. 5
demonstrates the functionality of the proposed system using an ex-
ample. Secs. 6 and 7 provide a discussion and conclusion, respec-
tively.

2. SPHERICAL HARMONICS BASED DESCRIPTION OF
SOUND FIELDS

Using the inclination angle θ, the azimuth angle φ, the Euclidian
distance from the origin r, and the wavenumber k = ω

c
with angu-

lar frequency ω and the speed of sound c, the pressure of a sound
field p(k, θ, φ, r) in the vicinity of the coordinate system’s origin
can be approximated with the series expansion [30]

p(k, θ, φ, r) ≈
N∑
n=0

n∑
m=−n

4πinjn(kr)anm(k)Y mn (θ, φ). (1)

The choice of truncation order N and wavenumber k (i.e., the fre-
quency) determine the region where the approximation is accurate.
Here, jn(·) is the spherical Bessel function of the first kind, i is the
imaginary unit, and Y mn (θ, φ) are the complex-valued spherical har-
monics functions1

Y mn (θ, φ) =

√
2n+ 1

4π

(n−m)!

(n+m)!
Pmn (cos θ)eimφ (2)

with the associated Legendre functions Pmn (·) and factorial (·)!. The
actual frequency domain (or strictly speaking: wave domain) coeffi-
cients anm(k) with order n = 0, . . . , N and degreem = −n, . . . , n

1All considerations presented here are also valid for the real-valued N3D
normalized SH definition commonly used in the Ambisonics community.
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do not depend on r but only on the wavenumber k. They can also
be expressed in time domain, i.e., anm(t) = 1

2π

∫∞
−∞ anm(k =

ω
c

)eiωt dω, and are commonly known as Higher Order Ambisonics
signals. In the following, a simplified notation is being used neglect-
ing temporal and frequency dependencies, i.e., t and k are omitted.

The coefficients anm stand in a direct relation to the directional
amplitude density a(θ, φ) of the continuum of plane waves imping-
ing into the coordinate system’s origin [30],

a(θ, φ) ≈
N∑
n=0

n∑
m=−n

anmY
m
n (θ, φ). (3)

The inverse relation is given by

anm =

∫
S2
a(θ, φ) [Y mn (θ, φ)]∗ dA, (4)

where S2 denotes the surface of the unit sphere with the correspond-
ing surface element dA = sin θ dθdφ. Eqs. (3) and (4) are some-
times referred to as the inverse spherical Fourier transform and the
spherical Fourier transform, respectively.

3. SPACE WARPING

3.1. Mathematical Description

We aim at obtaining a transformed signal ãnm which is a spatially
modified version of anm. The warping operation is defined using the
spatial domain signal a(θ, φ) given in Eq. (3). In the scope of this
paper and without loss of generality, we focus on rotation symmetric
space warping operations. Due to the rotational invariance of anm
(cf. [20]) we can then consider warping solely along the inclination
angle θ.

The transformed signal ãnm is obtained via

ãnm =

∫
S2
g(θ)a(f(θ), φ) [Y mn (θ, φ)]∗ dA (5)

with an arbitrary, strictly monotonous increasing space warping
function θ̃ = f(θ) with θ, θ̃ ∈ [0, π], and a corresponding equaliza-
tion function g(θ). The basic approach is borrowed from Pomberger
and Zotter [10].

In contrast to [10], we derive a generalized equalization func-
tion which is valid for arbitrary warping functions f(θ). In order to
preserve the energy of the warped signal, the equalization function
is constrained accordingly, i.e.,∫

S2
|a(θ, φ)|2 dA

!
=

∫
S2
|g(θ)a(f(θ), φ)|2 dA. (6)

Using the substitution method [31, Ch. 8.1.2], the right-hand side
can be expressed as∫

S2

g2(f−1(θ̃))

f ′(f−1(θ̃))

sin f−1(θ̃)

sin θ̃
|a(θ̃, φ)|2 dÃ

with surface element dÃ = sin θ̃ dθ̃dφ. Here, f−1(θ̃) is the inverse
function of f(θ), and f ′(θ) = df(θ)

dθ
is its derivative. Since the orig-

inal directional power shall be retained, the integrand is compared to
the integrand of the left-hand side of Eq. (6) resulting in

g(θ) =

√
f ′(θ)

sin f(θ)

sin θ
. (7)

3.2. Space Warping for Order Limited Signals with Integral Ap-
proximation

Using a set of Q quasi-uniformly distributed sampling points on the
sphere2 Ξ = {θ1,θ2, . . . ,θQ} where θq = (θq, φq), Eq. (5) can be
approximated by

ãnm ≈
4π

Q

Q∑
q=1

g(θq)a(f(θq), φq) [Y mn (θq, φq)]
∗ . (8)

In the sequel, only coefficients ãnm up to a truncation order Ñ are
considered. These coefficients can be written in vector notation by
introducing the index χ = 1, 2, . . . , (Ñ + 1)2 which is used to ar-
range the coefficients in a sequential order via χ = n2 +n+m+ 1.
Applying the short notation ãχ := ãnm, we introduce

ãnm =
(
ã1, ã2 . . . , ã(Ñ+1)2

)T

(9)

where (·)T denotes the vector transpose. Similarly, the original sig-
nal coefficients anm are stacked in a vector anm of length (N+1)2.
We can then express Eq. (8) as

ãnm =
4π

Q
Y H

Ξ,Ñ diag{g}YΞ̃,Nanm︸ ︷︷ ︸
=a

(10)

= Wanm, (11)

where (·)H is the conjugate transpose of a matrix, diag(·) denotes a
diagonal matrix with the vector elements on its diagonal, and a con-
tains the values of Eq. (3) evaluated at the warped sampling points
Ξ̃ = {θ̃1, θ̃2, . . . , θ̃Q} with θ̃q = (f(θq), φq). The equalization
weights are aggregated into vector g = (g(θ1), . . . , g(θQ))T. Ma-
trix YΞ,Ñ with dimension Q× (Ñ + 1)2 is defined as

YΞ,Ñ =


Y 0

0 (θ1) Y −1
1 (θ1) Y 0

1 (θ1) · · · Y NN (θ1)
Y 0

0 (θ2) Y −1
1 (θ2) Y 0

1 (θ2) · · · Y NN (θ2)
...

...
...

...
Y 0

0 (θQ) Y −1
1 (θQ) Y 0

1 (θQ) · · · Y NN (θQ)

 ,

and YΞ̃,N with dimension Q× (N + 1)2 is defined accordingly. By
combining the matrix factors of Eq. (10), the space warping opera-
tion can be expressed as a single matrix W . Matrix W is referred
to as the space warping matrix.

4. SPACE WARPING BASED DIMENSIONALITY
REDUCTION

The effect of the space warping operation is comparable to an acous-
tic zoom where certain regions of the S2 signal are enlarged at the
expense of other regions which shrink in size. As a result, the energy
of signal components in the enlarged regions moves towards lower
SH coefficients while higher order components are needed to repre-
sent the fine spatial structure in the squeezed regions. Given a finite
Ñ , the warped signal ãnm may be seen as a non-uniform angular
resolution representation of anm which compared to the previously
proposed methods, cf. [1, 22, 23, 24], is a fundamentally different
approach to Mixed Order Ambisonics.

Given that directions with dominant signal components in a
HOA signal can be identified—either by online adaptation or with

2These points may be designed using spherical design methods such as
the ones presented in [32], [33], or [34].
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a priori assumptions on the signal—space warping can be used to
concentrate energy in few low order coefficients. This can be seen as
a dimensionality reduction approach as typically used in transform
coding, cf. [25]. The choice of Ñ < N is a trade-off between
distorting the signal and achieving appropriate dimensionality re-
duction. The tremendous advantage of the proposed method is that
the transform domain signal is still a valid HOA signal which can be
further treated with existing methods and tools.

Classical transform coding mechanisms are often based on or-
thonormal transformations. This means that they are energy pre-
serving, and their inverses are given by their matrix Hermitians [25].
Space warping is not order-preserving. In general, the operation ex-
cites SH modes higher than the input truncation order N . Due to the
limitation to a finite output order Ñ , we sacrifice semi-orthogonality.
As a result, space warping is a leaky transform. The better the warp-
ing function is adapted to the signal, i.e., few energy impinges from
regions to be squeezed, the fewer higher modes are excited.

The “unwarping” of ãnm for the case Ñ < N , i.e., the re-
verse operation to Eq. (10), can be realized with the Moore–Penrose
pseudoinverse,

Winv = WH(WWH)−1. (12)

Thus, the reconstructed signal

ânm = Winvãnm (13)

is an approximation of anm. Here, (·)−1 denotes the matrix inverse.

5. SIMULATIONS & RESULTS

An exemplary warping function (cf. [10])

f(θ) = cos−1

(
α+ cos θ

1 + α cos θ

)
(14)

with warping factor α ∈ (−1, 1) is illustrated in Fig. 1. In this case,
Eq. (7) is simplified to

g(θ) =

√
1− α2

1 + α cos θ
, (15)
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Fig. 1: Exemplary space warping function from Eq. (14) with vari-
ants of the warping factor α.

which is exactly the derivative of f(θ), i.e., g(θ) = f ′(θ) (again,
cf. [10]). The effect of this operation is that for α > 0 the region
around θ = 0 is enlarged while the region around θ = π is squeezed,
and vice versa for α < 0.

A simulation with a dominant plane wave impinging from
(θ, φ) = (0, 0) and two attenuated waves from other directions, is
used to show the effectiveness of the proposed method. The three
waves are sinusoidal with arbitrary phases3. They are encoded in a
HOA representation anm with N = 15. The corresponding sound
field is illustrated in Fig. 2a. In region kr < N the order N = 15
truncated HOA representation of the generated sound field intro-
duces a small error [30]. This region is shown with a dashed circle.
The warping function from Eq. (14) is applied. Warping factor α
and output order Ñ are varied. A quasi-uniform sampling grid with
Q = 5200 sampling points was chosen.

The performance is assessed with two measures. The first one is
the energy ratio

ξ =
‖ãnm‖2

‖anm‖2
(16)

3Here, the wave number k is irrelevant since the following results are
given relative to k.
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(a) Original signal anm with N = 15
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SDR = 6.5 dB

(b) From order Ñ = 9 reconstructed sig-
nal ânm with proposed method
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(c) Signal anm directly truncated to order
Ñ = 9

Fig. 2: xz-planes of sound field snap-shots corresponding to different HOA signals. All HOA signals represent three plane waves impinging
from the indicated directions with amplitudes as labeled.
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Fig. 3: Simulation results of proposed method for an input signal of order N = 15 consisting of three plane waves as indicated in Fig. 2.

which is a measure of how much energy is maintained after warping
and order reduction. The second one is the signal-to-distortion ratio

SDR = 10 log10

( ∫
S2 |a(θ, φ)|2 dA∫

S2 |â(θ, φ)− a(θ, φ)|2 dA

)
dB (17)

after reconstruction. Using Parseval’s relation [30], the SDR can be
expressed as

SDR = 10 log10

(
‖anm‖2

‖ânm − anm‖2

)
dB. (18)

The simulation results are illustrated in Fig. 3. The warping fac-
tor α = 0 is equivalent to a direct order truncation of anm. When
reducing anm to order Ñ = 9, i.e., retaining (Ñ + 1)2 = 100 of
the (N + 1)2 = 256 coefficients, only 37.9 % of the original energy
is maintained. The distortion is only 2.1 dB higher than the signal
energy. The effect is a significant decrease of the sweet spot size
as evident from Fig. 2c. With the proposed method and a warping
factor α = 0.55, the energy is shifted towards lower coefficients so
that 73.9 % of the original energy is maintained. The SDR of the
reconstructed signal ânm increases to 6.5 dB. After reconstruction,
the sweet spot size is well preserved, see Fig. 2b. The dominant sig-
nal component impinging from θ = 0 is well reconstructed at the
expense of signal components from θ ≈ π, which are significantly
distorted.

At a certain point, the SDR starts to saturate. An increase of α
does not result in an increase of the SDR anymore. The component
at θ = 0 gets less disorted and the other components more. The sat-
uration depends on the directional energy distribution of the original
signal anm.

The caseN = Ñ = 15 in Fig. 3a (grey line) shows that a certain
energy leakage is inevitable with the proposed method. This is due
to the non-orthogonality of the space warping transform as explained
in Sec. 4. However,in this case, the SDR is high enough to exceed
the limits in plot Fig. 3b.

6. DISCUSSION

The performance of the proposed method highly depends on the sig-
nals’ characteristics. This cannot be shown further due to the lim-
ited space of this paper. When sound impinges from a limited pre-
dominant angular region and squeezed regions are sparse in energy

or perceptually less important, the proposed method seems promis-
ing. This applies to many practical scenarios since high energy direct
sound often impinges from θ ≈ π/2, or even from few frontal di-
rections only. Other warping characteristics and the abolition of the
rotational symmetry constraint might be necessary, cf. [35].

Applications for the proposed method are twofold. Firstly,
non-uniform resolution encoding might be necessary in cases where
non-uniformly distributed content is acquired, e.g., [24]. Secondly,
it may be applied in transform coding-based compression of HOA.
In the latter case, space warping may be used as a preprocessing
step. Unlike the statistically optimal Karhunen-Loève transform
(also known as principal component analysis, PCA) [25], side-
information only consists of the parametric warping characteristics
and the resulting signal maintains spatial relations. Thus, further
compression that exploits both temporal and spatial redundancy is
possible. Future research is needed for formal perceptual valida-
tion, investigations on the impact of quantization, and information
theoretic considerations from a signal compression perspective.

7. CONCLUSION

A novel approach to non-uniform spatial resolution encoding and
dimensionality reduction of HOA based on space warping was pro-
posed. Contrary to conventional Mixed Order Ambisonics, our ap-
proach is based on a transformation. Unlike other methods for di-
mensionality reduction, the resulting signal remains a valid HOA
signal and spatial relations are maintained. We presented a mathe-
matical framework for space warping and derived a novel equaliza-
tion function. Using an exemplary warping function, we performed
simulations. Based on this simple example it is obivous that the sig-
nal to distortion ratio of HOA reconstruction can be substantially
optimized by choosing a signal-dependent warping function.
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