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ABSTRACT
An uncertainty principle (UP), which offers information to = l/t|f(t)\2dt 2)
about a function and its Fourier transform (FT) in the time- E Jr

frequency plane, is particularly powerful in the field ofrsdd)
processing. In this paper, based on the fundamental rela-
tionship between the quaternion linear canonical transfor
(QLCT) and quaternion Fourier transform (QFT), we proposeéHerein, £ = [, |f(1s)|2 dt = [ |F(w)|2 dw denotes the en-
two different UPs related to the two-sided QLCT. Differentergy of f(¢). F'(w) denotes the Fourier transform (FT) of the
from existing results in the spatial and frequency domainssignal f(t). t, andw, stand for the mean time and mean fre-
new derived consequences can be regarded as a general faoency, respectively. With loss of generality,dgt= wo = 0

of the UP of the QLCT, which present lower bounds for thesince UPs do not depend on the location of means. The UP in
product of spreads of a quaternion-valued function in twoEq.(1) describes that the product of spreads of a given kigna
different QLCT domains. f(t) in the time and frequency domains is limited by a lower
bound. In terms of the importance of the UP in mathematics,
physics, optics and signal processing, there are manyt&ffor
to extend it into various types of functions and integrahga
forms in one dimensional form [2-7].

1. INTRODUCTION The linear canonical transform (LCT) [8] is a three free
parameter class of linear integral transformation, which i
cludes many important integral transforms as its specidsa
bound on the spreads of two specific transform domains, {&UCh as the FT, the fractional Fourier transform (FRFT), the
of importance in various scientific fields such as mathematic™reésnel transform (FST), the Lorentz transform (LT), arfe ot

s, signal processing and information theory [1]. In quantunfT transforms. Itis an effective tool for chirp signals ased
mechanics, one UP demonstrates that the impossibility- of sfVidely in various fields of optics and signal processing [8, 9
multaneous precise measurements of a particle’s momentuf§'® UP in Eq.(1) has been generalized for a complex signal
and its position. In signal processing, it states that aadign / (t) With unit energy in two different LCT domains [7]
cannot be simultaneously sharply located in both time and

frequency domains. On the mathematical side, the classical /u2 |Fa, (t))* dt - / v? \FAQ(u)|2 dw
Heisenberg UP in the time-frequency plane is given by [2] R R

wo = [ wlP)du 3)

Index Terms— Uncertainty principle, Quaternion linear
canonical transform, Quaternion Fourier transform

An uncertainty principle (UP), which provides a lower

4)
/(tfto)Q |f(t)\2dt-/(w — w0)? | F(w)|? duw - 4
R R (1) whereFy, denotes the LCT of the signdl(¢) with the pa-

1 2\ b
27 (/}R £ ()] dt) rameter matrix4, = {Z’ ZZ] € R2%2 ; = 1,2 limited to
) i i
det(A;) = 1.
where Recently, it has become popular to extend integral trans-
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transform (FRQFT) [11], the quaternion wavelet transfor-and the inverse of € H \ {0} is

m (QWT) [12], the quaternion linear canonical transform q

(QLCT) [13, 14] and others [15]. Many properties of the ¢ '=—5 (10)
classical FT have been extended for quaternion types includ lal

ing shift, modulation, differentiation, energy conseiwat A quaternion-valued functiofi : R> — H can be expressed
convolution and correlation, UP and so on. The conventionals

UP in Eq.(1) has been generalized for the right-sided QFT _ ; ; .

firstly by Bahri [10] in the name of component-wise UP, see F09 = Jo09 + ()i + 2001 + fs()k, (12)
Lemma 1. The work of Bahri motivates a large amount of fo(X), f1(X), f2(x), f3(x) € R

attempts on generalizing various UPs from complex FT into o )

the QFT setting [16-18]. Since the LCT has also been inve-2- The quaternion linear canonical transform

tigated with the context of quaternion algebra, and played a a b )
vital role in the representation of hyper-complex signafj[1 Definition 1 Let A; = L; d: € R**? be a matrix pa-
itis natural to ask what the UPs in the_Q!_CT setting obey? T¢ameter satisfyinglet(4;) = 1, for i = 1,2. The two-sided
the best of our knqwledge, mpst of existing works are focus_,e@LCT off € L' (RZ H) is defined by [13, 14]

on lower bounds in the spatial and LCT frequency domains

[13, 19-21]. However, the UP in Eq.(4) with respect to ar- H _ [ j

bitrary two different QLCT domains have not derived yet. Laatfiw = /Rz By (@1, ) FOO R, (2, ua)dx

It is therefore interesting and worthwhile to investigdtese (12)

kinds of UPs and obtain more valuable results associatéd WiR/vhere the kernel functions of the QLCT above are given by
the QLCT.

The rest of this paper is organized as follows. Section 2 i 1 ei(;’Tﬁw?—"’il‘l +agui-F) b #0
provides a brief introduction to some general definitions of K4, (z1,u1) = V2”bli crdy 2 ’
quaternion algebra and the QLCT. New UPs in two differen- Ve, by =0
t QLCT dom_ains are given in Section 3. Finally, Section 4,4
concludes this paper. , o

i a2 2 maug 2,2 _w
K, (: ) = ¢%@Aﬁfrb2ﬁ@%ﬁl by # 0
2. PRELIMINARIES R IS T _
d26 2 T2, bg =0
2.1. Quaternion algebra Here X = z1e; + x0e2 andu = uje; + useq. e; ande, are

the unit 2D vectors and orthogonal to each other. It is noted
‘that forb, = 0,7 = 1,2 the QLCT of a signal is essentially

a chirp multiplication and it is of no particular interestr fo
our objective in this work. Hence, without loss of geneyalit
H={qg=qo+qi+qi+aeKklqp, a, g qgcR} (5) weseb; # 0inthe following section unless stated otherwise.
Under some suitable conditions, the QLCT above is invetibl

wherei? = j? = k? = —1 are imaginary units and obey and the inversion is given iefinition 2.
Hamilton’s multiplication rules

The quaternion algebra [10] was first invented by W. R
Hamilton in 1843 and is denoted & in his honor. Every
element ofH can be written in the following form

Definition 2 Supposef € L' (R?,H), then the inversion of
ij =-ji =k, jk ==k =i, ki =—ik =] (6)  the QLCT off is given by [13, 14]

For a quaternion number = qo + ¢1i + qo] + g3k € H, f(x)= {ﬁgl,Az}_l{f}(X)

qo is called as the scalar part gfand denoted by5c(q). ] . (13)

q1i + g2j + g3k is named as the vector (or pure) pargaind = / K (o, un) L%, 4, {f} (@)K 3 (22, uz)du

conventionally notated bg. The conjugatg of a quaternion R

¢1s given by Remark 1 WhenA; = A; = —01 (1J , Eq(12) and E-
=40 — @1l — 2] — gsK (M) q.(13)reduce to the QFT and inverse QFT fiffx).

which is an anti-involution, i.e., Many other important properties of the QLCT have been

P = pq (8) derived [13, 14] and an application of the QLCT to study the
. . ) generalized swept-frequency filters was presented in [R2].
According to Eq.(7), the norm or modulusgt His defined o phasize, in this paper, we mainly investigate UP on the
by two-sided QLCT. Without explanatiorz denotes the two-
gl = 3T = /@B + @ + B+ ©) th(ierzd QFT operator andf} ,, is the two-sided QLCT oper-
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Lemma 1 The conventional UP in E€L) has been general- Note the fact that
ized for the right-sided QFT firstly by Bahri [10] in the name
of component-wise UP, which takes the form |F{g} ()| = ‘ —nrulﬁA A (u)e—j;’;—gu%

/mk 'f(x)'de'/Qui 7 4} (@) du = [£3, 4, {7} ()]
: (14)

(20)

2 We get
4( |f(x)| dx) Jk=1,2

[t iF oy P du= [ i |eh o, () @ du
wherex,u € R?, x = z1e1 + z0€2,u = uje; + uges. Fr R? JR?
is the right-sided QFT operator.
(21)
The result inLemma 1 provides a lower bound on the
product of effective widths of a quaternion-valued sigmal i From the definition of the QFT, we obtain
the spatial and frequency domains, which is also valid fer th

left-sided QFT and two-sided QFT. g (%7 %)
5 6

3. MAIN RESULTS T F {g} (w)e e "2 du

__ 1 /
v/ (2m)2 Jr2
In this section, some novel results of UPs are provided. :L/ ei%meq;—iufﬁnﬁ WA (u)e—j%ug eji—guzdu
271— 1 2
Theorem 1 Letf € L' (R? H)NL? (R?, H) be a quaternion- _ Vhabee i1
valued signal with unit energy, then we derive 576

’ 2 / Kgi(xl’ul)ﬁﬁw% {3 (“)K:xg(wyw)du-ej%g”g_j%
[t @lfa [ #le o nele e
. 2 =+/bsbge 25 1711
(azb1 — a1bs) e
=TT L 4 ) () ()
15 e
(15) =+/bsbge 5 71T .l:ﬁ:lAl i, {f} (%) - e

and
Here, the additive property of the QLCT is used in the last

/ |£A1 LA} (u)]2 du - / |LA3 LAY (v)f v equality. Furthermore,

o (asbs — asbs)’ no [y i {} (X))2 (22)
> 1 g by be T U5Y6 | aztA A7 Ay
(16)

Set
Proof 1 Firstly, without loss of generality, we lef’ =

Joo | f ()7 dx = 1 andb3 + b3 + b3 + b3 + b2 + b2 # 0. Set Ay — A-1A, = {ds —b5:| {Zl bl} _ [az 23] (23)
1

—Cs as d1 C3
_ids 2 _3d6 2
Flgh(u) = e 25 LY 4, {F} (w)e 76 an A= A Ay = ds  —bg| |az ba| _ las by (24)
—cg ag | |ca da cq dy
and
' then we havés = asb; — a1bs andbg = asbo — azb4. In
g(x) = \/_ l7““1}'{9} u)e’?"2du (18)  addition, we have
According toLemma 1, we derive /}Rﬁ |9(X)\2dx
T 2 T T 2 1
[ atlaeaax: [ 17 (g} P - [.(3) \g (——)‘ L s
R2 R2 R2 b5 b5 bg b5b6

(19)

> ([ lborax) k=12 - [(2) 1 oo
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That is to say, Then, we obtain

2 2 H 2
ul’ |£8 u)| du- /) v LG v)| dv
[ Aot ax. [ it ia) witau P2y @ - [ v |5 ) )
* " , = (Auf + Auj) - (Av] + Av3)
= /]RZ’ ( ) ’£A3 A f} (X)‘ dx (26) =AuiAvi + AuiAv3 + AuiAvi + AudAvi
/ u? | B, i@ ‘ du > 1 > Au?Av? + 2\/AU%AU§ - Au3Av} + AusAvs
2 2 — 4
< (asby — abs)? 9 (asbi — abs)®  (aubs — asbs)”
After a simple calculation, we derive = 4 + 4 ' 4
(asby — asby)?
2 2
[t elax [ ot (H@la T
(a3 — anby)? _ Uashy — arbs] + Jabs — asbil)®
e 4
(27)  The first inequality is obtained hy? 4 b> > 2ab. The second
inequality is derived usindheorem 1. This completes the
In a similar way, it is easy to derive proof.
- 5 5 Remark 3 The QFT directional UP is only one special case
5 1L d LB d
/Rz 75 [CAu i, 4} () dx / 2|L5;a, {73 ()] du of Theorem 2 whenAd; = A, = [Pl (1)} andAsz = Ay =
o (aabs — asby)” 10
=71 {0 1} (see [23]Theorem 13).
(28)
1 0 N
By takingx = v, the theorem is complete. Corollary1 WhenAs = A, = {0 J , a directional UP of
the QLCT in spatial and frequency is given as following
. 0 1 5
Remark 2 Particularly, whenA; = A, = {_1 0] and / %% |f(x)|? dx - / lu|? |£A11A2 {f} (w)|” du
10 (32)
Az = Ay = 0 1l Eq(15)and Eq(16)reduce to Eq14), \bll + |ba])?
- 4
when4, = |** b Jk=1,2andA4; = A, = 10 )
e dg 0 1

Eq.(15)and Eq(16)reduce to the corresponding result of the 4. CONCLUSIONS

QLCT in spatial and frequency domain [19]. In this paper, based on the relationship between the QFT

and QLCT, two novel UPs of the two-sided QLCT are pre-
Theorem 2 Letf € L' (R?,H)NL? (R?, H) be aquaternion- sented. One is a general form of the component-wise UP,
valued signal, then we derive a directional UP related to theand the other is an extended form of the directional UP. Both
QLCT, of new derived results describe lower bounds of spreads of

a quaternion-valued signal in arbitrary two different QLCT

/ af? |25, 4, {f} (u ’ du - / vI? | £, 4, (S (V)|2 dv domains, which include those of UPs in the spatial and fre-
quency domain as its special case. They offer a method to

(Jasby — a1bs| + |asby — a2b4|) estimate the effective bandwidth in the QLCT settings. Be-

z 4 sides, the discrete UPs relate closely to the problem ofsign

(29)  recovery; novel derived UPs in the QLCT domains can fur-

ther contribute to solving the problem of quaternion-vdlue

Proof 2 For the sake of convenience, here we notate signal recovery in the practical applications.

Auiz/ wIE L dek=1,2  (30) References
]RQ
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