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ABSTRACT

We investigate a nonparametric hypothesis testing problem,
in which we assume a testing data stream is generated by one
of a set of distributions (hypotheses), and the goal is to test
which one of the multiple distributions generates the testing
data stream, i.e., which hypothesis occurs. We assume that
some distributions in the set are unknown with only training
sequences generated by the corresponding distributions are
given. We construct the generalized likelihood (GL) test, and
characterize the error exponent of the maximum error prob-
ability. We show that the error exponent is captured by the
Chernoff distance between each pair of distributions as well
as the KL divergence between the approximated distributions
(via training sequences) and the true distributions. We also
show that the ratio between the lengths of training and testing
sequences plays an important role in determining the error
decay behavior.

Index Terms— Multiple hypothesis testing, generalized
likelihood test, error exponent, KL divergence

1. INTRODUCTION

In this paper, we consider a nonparametric hypothesis testing
problem. We assume that there are a set of M distinct discrete
distributions p1, ..., pas, and a training data stream that con-
sists of data samples drawn from each distribution is available
if the corresponding distribution is unknown. Furthermore, a
testing data stream is observed, which consists of n samples
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drawn from one of the M distributions. The goal is to deter-
mine which distribution generates the testing data stream.

For parametric scenarios, where all distributions p1, ..., pas
are known in advance, this problem has been well studied,
e.g., [1,2]. For nonparametric scenarios, where the distribu-
tions are unknown, but instead, a training data stream gener-
ated from each distribution is given, previous studies [3-5]
focused only on the Neyman-Pearson formulation, i.e., given
the requirement on the error probability for some hypotheses,
the error probability for the remaining hypotheses needs to
be minimized. The focus of this paper is to solve the problem
in the nonparametric case based on a different performance
criterion: the maximum of all types of error probabilities,
as a multiple hypothesis testing problem. Our focus is on
the characterization of the error exponent for such an error
performance metric as the sample size enlarges. Our study
suggests that such a different performance criterion offers
very different understanding and insights about this problem.

Our contributions are summarized as follows. 1) We con-
struct a generalized likelihood (GL) test for the nonparametric
hypothesis testing problem, and characterize the error expo-
nent for this problem. 2) We show that the error exponen-
t is captured by the Chernoff distance between each pair of
distributions as well as the KL divergence between the ap-
proximated distributions (via training sequences) and the true
distributions. 3) We show that the ratio 3 between the length-
s of training and testing sequences plays an important role
in determining the error decay behavior: If 5 — oo, the error
exponent of the considered nonparametric model converges to
that of the parametric problem; if 0 < 3 < oo, the GL test is
exponentially consistent (i.e., the error exponent is positive);
and finally, if 5 — 0, the test is not exponentially consistent.

Our problem is related to but different from the following
models recently studied. One type of anomalous sample de-
tection problems was studied in [6—8], in which given a train-
ing set of samples generated by one (or more) typical distribu-
tions, a new sample needs to be tested whether it is generated
from the typical distributions or from an anomalous distribu-
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tion. Our study focuses on characterizing the error exponent,
whereas the previous studies do not analyze the error expo-
nent. Our problem is also related but different from a class
of outlying sequence detection problems studied in [9-12].
Our model has training sequences associated with hypothe-
ses, whereas the previous results did not consider such infor-
mation.

2. PROBLEM FORMULATION

Suppose there are in total M distinct discrete distribution-
S p1,...,pp With the support set ). We assume a gener-
al hypothesis testing model, in which the distributions p;’s
for 1 < ¢ < M; are known, and the distributions p;’s for
M; < i < M are unknown, where 0 < M; < M. Clearly,
if My = M, the problem is fully parametric with all distribu-
tions known. If M; = 0, the problem is fully nonparametric
with all distributions are unknown. Thus, the model we study
here unifies the parametric, semiparametric and nonparamet-
ric models; but we refer to such a model as a nonparametric
model for simplicity, to which we make our main technical
contributions. For each unknown distribution p; with ¢ > M7,
a training sequence ¢; is available, which consists of n i.i.d.
samples generated by p;. Furthermore, a testing sequence vy is
observed, which consists of 7 i.i.d. samples generated by one
of the M distributions, say, ps. Our problem is to determine
which distribution generates the testing sequence. Equiva-
lently, this problem can be viewed as the following multiple
hypothesis testing problem

H;:ps=pi,fori=1,.... M,

where the goal is to determine which hypothesis occurs.

We let o(y) denote a test rule, which maps the testing se-
quence y to one of the M hypotheses. Then, we take the fol-
lowing maximum of M error probabilities as the performance
metric:

(0) = max P(o# HilH;) (1)
We further define the error exponent of P, (o) as

. 1
e(o) = nh_)n;() - log P. (o). 2)
A test o is consistent if P, (o) converges to zero as n goes
to infinity:
lim P.(o) =0, 3)

n—oo

and a test o is exponentially consistent if P,(c) converges to
zero exponentially fast with respect to n, i.e., e(o) > 0.

3. MAIN RESULTS

In this section, we construct the test rule and analyze the per-
formance of the test. We also discuss computational issues
of the error exponent. All proofs are omitted due to the page
limitations, and can be referred to [13].
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3.1. Theoretical Analysis

The problem of the parametric multiple hypothesis testing
problem has been well studied in the literature. It has been
shown (see [1,2]) that the following maximum likelihood test
achieves the optimal exponent of the maximum error proba-
bility:

o(y) = arg max P(y|H;). )

We here focus on the nonparametric case. We construct
a generalized maximum likelihood test by replacing each un-
known distribution p; (for ¢ > M) in (4), corresponding to
hypothesis H;, with the empirical distribution of the training
sequence t;. The resulting test is given by:

P(y‘pi)a lfl ]wl } (5)

o(y) = arg m?"{ P(yly(t:)), ifi> M,

where

P(ylpi) = exp{—nH(y(y)) —nD(y(y)lp:)}, (©)

for 1 < i < My, v(y) denotes the empirical distribution of y

given by

» nhumber of samples y in y

v(y)

I

length of y
H(-) denotes the entropy given by

=Y »ly

yey

) log p(y @)

and D(+||-) denotes the KL divergence given by

D(pllg) =>_ ply) ?; ®)

yey

Applying (6), test (5) is equivalent to

Wl DOWp), i<
ot ~memin{ GOSN, KiSA | ©
)

Since the term H ((y)) does not depend on the distribu-
tion p;, it is dropped from the maximum likelihood test. The
following theorem characterizes that the performance of test
(9) is determined by Chernoff information defined as

C(p,q) = max —log ( Zp ) (10)

A€[0,1]

Theorem 1. Apply test (9) to the nonparametric multiple hy-
pothesis testing problem. The error exponent of the maximum
error probability is given by

min e; ;,
1,J1i7#]

where e; ; is given as follows.



Fori <

< My and §j < My, e;.5 = C(pi, pj)s
My and j > M,

D(qllp;) + BD(g;llp;) (11

Fori <

€;; = min
’ 4,4, €A

s.t. Dlqllg;) = D(qllps),
where A ={q: 3 cyaly) =1,0< q(y) <1}
e Fori > My and j < M,
ei; = min  C(qs,p;) + BD(qs||pi); (12)
G EA

Fori > M and j > M,

D(qllp;) + BD(qillpi) + BD(q5llps)
(13)

€i,j = min
0,4i,q€EA

st. D(qllg;) = D(qllg:)-

Theorem 1 implies that the error exponent of test (9) is
determined by the nearest two alternative distributions, and
e;,; in (9) measures the distance between a pair of distribu-
tions. It is the error exponent for the case where the ground
truth is H; but §(y) = ¢. If both p; and p; are known, e; ;
equals the Chernoff information between p; and p;. Thus, if
My = M, i.e., all distributions are known, the error exponent
reduces to that of the parametric hypothesis testing problem
given in [2]. If p; is known, but p; is unknown, (11) consists
of two terms: the second term captures the approximation er-
ror of the training sequence to p; (where g; can be viewed as
the approximation of p;), and the first term represents the de-
tection error (where ¢ can be viewed as the approximation of
the testing distribution). Hence, if ¢; = p; (i.e., p; is perfect-
ly learned from the training sequence), e; ; becomes C(p;, p;)
(the parametric case). This also implies that e; ; in such a case
is no larger than C(p;, p;). If p; is unknown but p; is known,
(12) also consists of two terms: the second term captures the
approximation error of the training sequence to p; , and the
first term represents the detection error. If neither p; nor p; is
known, (13) consists of three terms: the last two terms corre-
spond respectively to the approximation errors of p; and p;,
and the first term represents the detection error. In this case,
e;,; reduces to C(p;, p;) if ¢; = p; and ¢; = p; (i.e., the ap-
proximations of the distributions are perfect). Thus, the error
exponent in this case is no larger than C(p;, p;).

The following corollary explains under what conditions
the error exponent of test (9) approaches that for parametric
hypothesis testing, which serves as an upper bound.

Corollary 1. If 3 > 0, test (9) is exponentially consis-
tent. Especially, if B — oo, the error exponent goes to
ming; ;.53 C(pi, pj), which is optimal, i.e., the error ex-
ponent of the nonparametric case approaches that of the
parametric case if the length of the training sequences is
much larger than that of the testing sequence.
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To further explain the above result, if 0 < 8 < oo, for a
larger 3, the error between (¢;) and p; is smaller, and hence
the exponent of the maximum error probability takes a larger
value. The error exponent is strictly larger than 0. In the ex-
treme case with 3 = oo, the error exponent equals that of the
fully parametric model, and hence achieves the optimal value.
Thus, if the length of training sequences increases much faster
than that of the testing sequence, the error between 7(¢;) and
p; can be ignored. In such a case, those unknown distributions
can be accurately estimated, and hence do not affect the error
exponent of the maximum error probability.

Corollary 2. If 3 = 0 and M, < M (at least one distribution
is unknown), the error exponent of the maximum error proba-
bility for test (9) equals zero, i.e., the test is not exponentially
consistent.

The above result implies that if the length of training se-
quences is small compared with that of the testing sequence,
then the unknown distributions cannot be well estimated,
which consequently causes the inconsistency of the test.

3.2. Computation of Error Exponent

It is clear in our analysis that the error exponent in various
cases is expressed as the minimum value of an optimization
problem, which is nonconvex and difficult to solve. We next
discuss how to obtain solutions to these optimization prob-
lems.

First, problem (12) is a min-max problem, which can be
written as

min max F(gj, A
enxefon]

log(Zpg e IA)

yey

+B8> aily logp

yey

qi(y) (14)
(y)

It is easy to prove that the objective function is convex
over ¢; and concave over A, and for every saddle point (¢;, A),
we have

inf sup F(gj, ) < F(q}-,j\) <
q; EA X€[0,1]

sup inf F(gj, \).
A€[0,1] g;€A

s)

Thus, with the following lemma, all saddle points of prob-
lem (14) share the same function value for F'(-,-).

Lemma 1. (Corollary 37.3.2 in [14]) Let C' and D be non-
empty closed convex sets in R™ and R", respectively, and let
K be a continuous finite concave-convex function on C' x D.
If either C or D is bounded, we have

inf sup K (u,v) = sup inf K (u,v). (16)
veD ueC ueC veD



In addition, following [14], the optimal point of the min-
max problem is one of the saddle points of the objective func-
tion. Thus, with the discussion above, the problem is solved
at a satisfactory level as long as we find one saddle point. A
sub-gradient method [15] can be utilized to find such a point.
First initialize qj(-o) and A\(9) randomly, and then perform sub-
gradient decent steps alternatively over ¢; and X as

q§k+1) _ ’PA[qj(»k) — sVF, (q§k)7 /\(k))} 17

/\(k+1) — P[O,l] [/\(k) + SVF)\(QJ(-k+1)7 /\(k>)]7 (18)

where s is the step size, Pa and Py 1) denote the projections
onto the simplex sets A and [0, 1], respectively; VF,,; and
VI denote the sub-gradients of ' with respect to ¢; and A,
respectively. Then by choosing an appropriate step size s, the
above algorithm can be shown to converge.

The problem in (11) is also a nonconvex problem since
the constraint is nonconvex. Hence, it is difficult to make the
projection onto the constraint set. In this case, we incorporate
the constraint set into the objective function as

min  G(q,q;) =D(qllp;) + BD(g;]p;)
q,q; €A
+1(D(qllg;) — D(qllp:)), (19)

where
x>0

tpa?, x <0 (20)

for some p > 0. To minimize the difference between (11)
and (19), we need to set a large value for . It can be shown
that (11) is a Kurdyka-Lojasiewicz (KL) function [16] and
Lipschitz continuous near the critical point. Then, we apply
the following gradient projection method [16, 17]

q§.k+1> — P, [q](k) — VG, (™), qj(’ﬂ)] 1)
g™ =Palg® — VG, (aM, g, @2

where s is the step size, Pa denotes the projection onto the
simplex set A, and VG, and VG, denote the sub-gradients
of G with respect to ¢ and ¢;, respectively. By choosing a q§0)

to be close to p; (e.g., let qj(-o) takes the empirical distribution

of t;, and ¢ be in the middle of qj(-o) and p;), the iteration
can be shown to converge to a local minimizer of (19).
Problem (13) can be computed similarly as (11).

4. NUMERICAL RESULTS

In this section, we provide numerical results to validate the
theoretical analysis. More experiment results can be found in
the extended version [13].

We first study how the Chernoff information affects the er-
ror decay performance. In this experiment, we set M = 2 and
study the following three cases. We set p; = [0.9,0.05, 0.05]
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Fig. 1. Impact of the Fig. 2: Impact of the ratio
Chernoff information on B = = of the training and
error decay performance testing sequences on error

decay performance

and p; = [0.05,0.05,0.9] for Case 1, in which C(py, p2) =
0.746. We set p; = [0.8,0.1,0.1] and po = [0.1,0.1,0.8]
for Case 2, in which C'(p1,p2) = 0.4069. We set p; =
[0.6,0.2,0.2] and p2 = [0.2,0.2,0.6] for Case 3, in which
C(p1,p2) = 0.1134. We also set i = n. All distributions
are assumed to be unknown in the test. Fig. 1 plots the per-
formance for all cases, and it can be seen that larger Chernoff
distances result in larger error exponents, which corroborates
our result.

We next study how the ratio 8 = % affects the error
decay performance. We set p; = [0.1,0.1,0.8] and p, =
[0.8,0.1,0.1]. Fig. 2 plots the error decay performance for
the cases with 5 = 0.1,0.5, 1,2, 3, 5, respectively. All distri-
butions are assumed unknown in the test. It can be seen that
a larger 3 yields a larger error exponent for test (9), which
corroborates Corollary 1.

5. CONCLUSION

In this paper, we have studied the nonparametric hypothesis
testing problem. Our focus has been on the characterization
of the error exponent for the maximum error probability. We
have showed that the GL test is exponentially consistent as
long as the number of training samples in each sequence s-
cales no slower than the number of testing samples. As fu-
ture work, it will be interesting to study the regime where the
number of hypotheses also goes to infinity, and explore how
the number of samples should scale accordingly in order to
guarantee the exponential consistency of the GL test.
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