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ABSTRACT
In this paper, we study the beam-based training design for the single-
user (SU) hybrid massive antenna system based on outage probabil-
ity performance. First, an interleaved training design is proposed
where the feedback is concatenated with the training procedure to
monitor the training status and to have the training length adaptive
to the channel realization. Then, the average training length and out-
age probability are derived for the proposed interleaved training and
SU transmission. Analytical results and simulations show that the
proposed interleaved scheme achieves the same outage performance
as the traditional full-training scheme but with significant saving in
the training overhead.

Index Terms— Massive antenna, beam-training, outage proba-
bility, training overhead.

1. INTRODUCTION

For massive antenna systems [1–4], the full-digital implementation
with one full radio-frequency (RF) chain for each antenna tends to
be impractical due to its high hardware cost and power consump-
tions [5, 6]. Recently, enabled by the cost-effective phase shifters, a
hybrid analog-digital structure has been applied for massive antenna
systems which can effectively reduce the hardware complexity and
cost [7, 8]. One crucial practical issue for hybrid massive antenna
downlink is the acquisition of channel state information (CSI) at the
base station (BS). One popular method for the downlink training is
to combine the codebook based beam training with the traditional
channel estimation [8, 9] in which a finite codebook is used for the
analog precoders, called beams. Then the channel estimation prob-
lem is transformed to the estimation of the beam-domain effective
channels. This can reduce the dimension of the channel estimation
problem if the number of desired beams is limited.

Several typical beam-based training schemes have been pro-
posed for single-user (SU) hybrid massive antenna downlink. One
straightforward method is to exhaustively train all beams in the
codebook, then to find the best beam or beam combination for trans-
mission. Another typical method uses hierarchical search [8, 9],
where beams are iteratively trained with shrinking beamwidth until
the optimal beam with acceptable beamwidth is found. While hier-
archical search has lower training overhead than exhaustive search,
its beam alignment quality is very sensitive to the pre-beamforming
signal-to-noise-ratio (SNR) [10, 11]. Meanwhile, its advantage of
lower training overhead diminishes as the number of channel paths
increases [8]. In [12], the tradeoff of transmission beamwidth and
training overhead was studied.

The basic idea of existing schemes is to obtain the complete ef-
fective CSI for the beam codebook. Then based on the obtained ef-
fective CSI values, data transmission designs are proposed. In such

schemes, the training design and data transmission design are de-
coupled. For satisfactory performance, the size of the training beam
codebook increases linearly with the BS antenna number, leading
to heavy training overhead for massive antenna systems. The de-
coupled nature of existing schemes also imposes limitation on the
tradeoff of training overhead and performance. Further, only the
throughput or diversity gain has been considered in existing work.
In [13, 14], an interleaved training scheme was proposed for the
downlink of SU full-digital massive antenna systems and indepen-
dent and identically distributed (i.i.d.) channels, where the BS trains
its channels sequentially and receives CSI or indicator feedback im-
mediately after each training. With each feedback, the BS decides to
train another channel or terminate training based on whether an out-
age occurs. The scheme was shown to achieve significant reduction
in training overhead with the same outage performance as traditional
schemes.

In this paper, we study the beam-based training design jointly
with the data transmission design for SU hybrid massive antenna
systems. We adopt the ideas in [13, 14] to propose interleaved train-
ing designs for such systems that are dynamic and adaptive, in the
sense that the length of the training interval depends on the channel
realization and the termination of the training interval depends on
the previous training results, to achieve a better tradeoff between the
outage performance and the training overhead. Our work is different
in the two aspects compared with [13, 14]. First, we consider hy-
brid massive antenna systems with beam-based training. Second, a
more general channel model is used that incorporates channel corre-
lation and limited scattering. Given these differences in system and
channel models, the proposed interleaved training scheme and per-
formance analysis are largely different. In summary, for SU hybrid
massive antenna systems with limited scattering channels, a beam-
based interleaved training scheme is proposed. Then the average
training length and the outage probability of the proposed scheme
are studied. Analytical results and simulations show that the pro-
posed scheme achieves the same outage probability as the traditional
non-interleaved full-training scheme but with significant saving in
the training overhead. Moreover, useful insights are obtained on the
effect of important system parameters on the average training length
and the outage performance.

2. SYSTEM MODEL AND PROBLEM STATEMENT

Consider the downlink of a hybrid massive antenna system, where
the BS employs Nt � 1 antennas with NRF ∈ [1, Nt) RF chains
and serves one single-antenna user. We consider the typical uniform
array at the BS and high dimensionality. Thus the beamspace rep-
resentation of the channel is used [15]. Denote the discrete Fourier
transform (DFT) matrix as D ∈ CNt×Nt where the i-th column
is di = [1, e−j2π(i−1)/Nt , ..., e−j2π(i−1)(Nt−1)/Nt ]T ,∀i. Assume
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there are L ∈ [1, Nt] distinguishable paths [15] in the user’s chan-
nel, and define the set of their direction indices as I = {I1, ..., IL}.
The channel vector can be written as

h = Dh̄ = [d1, ...,dNt ][h̄1, ..., h̄Nt ]
T , (1)

where h̄i ∼ CN (0, 1/L), i.e., circularly symmetric complex Gaus-
sian distribution with the mean being 0 and the variance being 1/L,
for i ∈ I and h̄i = 0 for i /∈ I, and the L-combination (I1, · · · , IL)
is assumed to follow discrete uniform distribution with each element
on [1, Nt].

While generally speaking, L can be arbitrary, we consider the
typical scenario that L is a constant with respect to Nt, i.e., L =
O(1). This corresponds to channels with limited scattering where
having more antennas does not result in more distinguishable paths.
One application is the outdoor environment with a few dominant
clusters, especially at mmWave band [15]. Similarly, NRF = O(1)
is considered from the perspective of low hardware cost.

2.1. Hybrid Precoding and Outage Probability

The hybrid structure at the BS allows for an analog RF precoding
FRF ∈ CNt×Ls followed with a baseband beamforming fBB ∈
CLs×1 where Ls is the number of beams used for the transmis-
sion and Ls ≤ NRF . All elements of FRF have the same con-
stant norm, i.e., ‖[FRF ]i,j‖

2 = 1/Nt, ∀i, j. The codebook-based
beamforming scheme is used, where columns of FRF are chosen
from a codebook of vectors FRF [8], [9]. Naturally, with the chan-
nel model in (1), the DFT codebook is used [16], where FRF =
{d∗1/

√
Nt, · · · ,d∗Nt/

√
Nt} with d∗i being the complex conjugate

of di. Each element in the codebook is also called a beam and there
are Nt beams in total. With given FRF , the effective channel ma-
trix for the baseband is hTFRF . More specifically, hTd∗i /

√
Nt =√

Nth̄i is the effective channel on Beam i. If h̄i 6= 0, Beam i is a
non-zero beam for the user.

After the BS chooses Ls beams for analog precoding, the
transceiver equation can be written as

y =
√
PhTFRF fBBs+ n =

√
P h̄TDFRF fBBs+ n, (2)

where P is the short-term total transmit power, s denotes the
data stream with unit power, and n is the additive noise follow-
ing CN (0, 1). For a given transmission rate Rth, an outage event
occurs if ‖h̄TDFRF fBB‖2 ≤ α = (2Rth−1)/P where α is called
the target normalized received SNR. Thus, for random h, the outage
probability is

out(FRF , fBB) , Pr(‖h̄TDFRF fBB‖2 ≤ α). (3)

If the effective channel vector is perfectly known at the BS, the
baseband design for minimizing the outage probability is fBB =
(h̄TDFRF )H/‖h̄TDFRF ‖. In this case, the outage probability
becomes Pr(‖h̄TDtFRF ‖2 ≤ α).

If more than Ls non-zero beams are available, beam selection is
needed. Define the set of available non-zero beam indices as A =
{a1, ..., aj}. The optimal beam-selection is to find the strongest Ls
ones within the set. By ordering the magnitudes of the effective
channels as ‖h̄s1‖ ≥ ‖h̄s2‖ ≥ ... ≥ ‖h̄sLs ‖ ≥ · · · ≥ ‖h̄sj‖. The
set of indices of the selected beams is S = {s1, ..., sLs}. Thus the
beamforming matrices are:

FRF=

[
d∗s1√
Nt
, ...,

d∗sLs√
Nt

]
, fBB=

[h̄s1 , ..., h̄sLs ]H√
‖h̄s1‖2 + ...+ ‖h̄sLs ‖2

. (4)

The outage probability reduces to Pr
(∑Ls

i=1 ‖h̄si‖
2 ≤ α/Nt

)
.

2.2. Existing Beam-Based Training and Motivations of Inter-
leaved Training

To implement hybrid precoding, CSI is needed at the BS, thus down-
link training and CSI feedback must be conducted. For the con-
sidered hybrid massive antenna system, beam-based training is a
more economical choice than traditional antenna-domian training
[17]. One typical beam-based training scheme operates as follows:
for each channel realization, the BS sequentially transmits along all
Nt beams for the user to estimate the corresponding effective chan-
nels. The effective channel values are then sent back to the BS. Other
than this full training, partial training can be conducted by choosing
Lt out of the Nt beams [18].

In the aforementioned schemes, the training length is fixed re-
gardless of the channel realization and further the effective CSI feed-
back is separated from the training procedure. Thus we refer such
designs as non-interleaved training (NIT). The combination of NIT
and data transmission for SU systems is referred to as NIT-SU trans-
mission scheme. To save training time while still having the best
outage probability performance, interleaved training idea is used,
where the training length is adaptive to the channel realizations. Fur-
ther, the effective CSI or indicator feedback is concatenated with the
pilot transmissions to monitor the training status and guide the action
of the next symbol period.

3. PROPOSED INTERLEAVED TRAINING AND SU
TRANSMISSION

This section is on the interleaved beam-based training and the corre-
sponding SU transmission design. For interleaved training, instead
of training all beams and finding the best combination as in NIT, the
training should stop right after enough beams have been trained to
avoid outage. Since the set of L non-zero beams for the user I is
random with uniform distribution on the set {1, · · · , Nt}, and the
channel coefficients along the non-zero beams are i.i.d., the priori-
ties of the training for all beams are the same. Therefore, the natural
order is used for beam training, i.e., the BS trains from the first beam
to the Nt-th beam sequentially. The training stops when the outage
can be avoided based on the already trained beams or no more beam
is available for training.

Let B contain the indices of the non-zero beams that have been
trained. Thus LB = min(NRF , |B|) is the maximum number of
non-zero beams that can be used for data transmissions. Let S con-
tain the indices of the LB known non-zero beams with the largest
norm. The proposed interleaved training and joint SU transmission
(IT-SU) scheme is shown in Algorithm 1.

In the proposed scheme, at the ith training interval where i ≤
Nt, the BS sends a pilot for the user to estimate the ith beam value:
h̄i (The scalar

√
Nt is omitted for brief notation). If it is a non-zero

beam (i.e., ‖h̄i‖ > 0), the user compares the received SNR pro-
vided by the LB strongest beams known from the finished i training
intervals with the target value α to see if an outage event will hap-
pen. If ‖h̄i‖ = 0 or

∑
l∈S ‖h̄l‖

2 ≤ α/Nt and i < Nt, the already
trained beams cannot provide a beam combination to avoid outage.
Thus the user feeds back the indicator “0” to request the BS to con-
tinue training the next beam. For i = Nt, all beams have been
trained and the outage is unavoidable with any beam combination.
If
∑
l∈S ‖h̄l‖

2 > α/Nt, enough beams have been trained to avoid
outage. Thus the user feeds back the LB non-zero effective chan-
nels h̄l, l ∈ S and their indices and the BS aligns the LB beams
with FRF and matches the effective channel vector with fBB as in
(4) to conduct data transmission.
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Algorithm 1 Proposed Interleaved Training and Joint SU Transmis-
sion (IT-SU) scheme

1: B = ∅;
2: for i = 1, ..., Nt do
3: The BS trains the i-th beam; The user estimates h̄i;
4: If ‖h̄i‖ > 0, B = B∪{i} and the user finds S, which contains

the indices of the LB non-zero beams with the largest norm,
then calculates

∑
l∈S ‖h̄l‖

2;
5: if ‖h̄i‖ = 0 or

∑
l∈S ‖h̄l‖

2 ≤ α/Nt then
6: The user feeds back “0”; Continue;
7: else
8: The user feeds back h̄l, ∀l ∈ S and their indices;
9: The BS constructs FRF and fBB as in (4); Break;

10: end if
11: end for

4. AVERAGE TRAINING LENGTH ANALYSIS

Since for different channel realizations, the number of beams being
trained in our proposed IT-SU scheme can vary due to the random-
ness in the path profile and path gains, in this section we study the
average training length measured in the number of training intervals
per channel realization where the average is over channel distribu-
tion. For any given channel realization and at any step of the train-
ing process, larger NRF means that the same or more beam com-
binations are available. Thus the same or larger received SNR can
be provided, which results in the same or an earlier termination of
the training period. Meanwhile, since there are at most L non-zero
paths in the channel, having a larger NRF than L cannot provide
better beam combination compared with that of when NRF = L.
Therefore, the average training length of the IT-SU scheme over all
channel realizations is a decreasing function of NRF for NRF ≤ L,
then keeps unchanged for NRF ≥ L. Thus, in the following analy-
sis, we only need to consider the scenario of 1 ≤ NRF ≤ L. Recall
that L is a finite value while Nt →∞. The asymptotic result on the
average training length of the proposed IT-SU scheme is provided.

Theorem 1. For the hybrid massive antenna system with Nt � 1
BS antennas, finite constant number of channel paths L, and target
normalized received SNR α, when the number of RF chains is one,
i.e., NRF = 1, or is the same as the path number, i.e., NRF = L,
the average training length of the proposed IT-SU scheme can be
written as follows

TIT-SU =
Nt
L+ 1

+O(1). (5)

Proof. Due to space limit, please refer to the journal version [19,
Appendix B].

For the two special cases of NRF values, the average training
length of the IT-SU scheme increases linearly with Nt, but the slope
decreases linearly with L. The traditional NIT-SU scheme with full
training has a fixed training length Nt. Thus the proposed IT-SU
scheme has significant saving in training time as Nt is very large. It
is noteworthy that this gain in time is obtained with no cost in outage
probability performance (more details will be explained in the next
section). Moreover, the average training length is independent of the
threshold α.

From the discussion at the beginning of this section, we know
that for any value of NRF , the average training length is lower
bounded by its value for NRF = L and upper bounded by its value

for NRF = 1. Thus the analytical results in Theorem 1 lead to the
following corollary.

Corollary 1. For the hybrid massive antenna system with Nt � 1
BS antennas, finite constant number of channel paths L, and tar-
get normalized received SNR α, the average training length of the
proposed IT-SU scheme can be written as (5) for any number of RF
chains NRF .

5. OUTAGE PERFORMANCE ANALYSIS

In this section, we will first analyze the outage probability of the
NIT-SU scheme with arbitrary fixed training length Lt. Then, the
outage performance of the proposed IT-SU scheme is shown to be
the same as the NIT-SU scheme with full training (where Lt = Nt).

Define j as the number of non-zero channel paths aligned
by the Lt training beams. Let Ls = min(NRF , j) and ηj =(
Lt
j

)(
Nt−Lt
L−j

)
/
(
Nt
L

)
which is the probability that j paths are aligned

by the Lt training beams. Further, define

J1 = max(0, L−Nt + Lt), J2 = min(L,Lt). (6)

Theorem 2. For the hybrid massive antenna system with Nt BS an-
tennas, the L-path channel, NRF RF chains and the target normal-
ized received SNR α, the outage probability of the NIT-SU scheme
with training length Lt ≤ Nt is

out(NIT-SU, Lt) =
∑J2

j=J1
ηjP̄j , (7)

where P̄0 = 1,

P̄j=

(
j

Ls

)[
Υ(Ls,

αL
Nt

)

(Ls − 1)!
+

j−Ls∑
l=1

(−1)Ls+l−1

(
j − Ls
l

)

×
(
Ls
l

)Ls−1
(

1−e(−
αL
Nt

)(1+l/Ls)

1 + l/Ls
−B(l)

)]
, j > 0, (8)

B(l) =

{∑Ls−2
m=0

1
m!

(
− l
Ls

)m
Υ(m+ 1, αL

Nt
) Ls ≥ 2

0 otherwise
,

and Υ (s, x) =
∫ x
0
ts−1e−tdt is the lower incomplete gamma func-

tion.

Proof. See Appendix A.

Theorem 2 provides an analytical expression for the outage
probability of the NIT-SU scheme with any fixed training length Lt.
The expression is in closed-form other than the special function Υ.
Although the effect of NRF and Lt on the outage performance of
the NIT-SU scheme is implicit in (7), since for each channel realiza-
tion, increasing NRF from 1 to min(L,Lt) and/or having larger Lt
can provide the same or more available strongest non-zero beams
for transmission, the outage probability is a decreasing function of
NRF ∈ [1,min(L,Lt)] and Lt ∈ [1, Nt].

For the IT-SU scheme in Algorithm 1, an outage happens only
when all beams have been trained and no beam combination can
satisfy the target SNR requirement. Thus the outage probability is
the same as NIT-SU when Lt = Nt. The following corollary is
obtained.
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Corollary 2. For the hybrid massive antenna system with Nt BS
antennas, the L-path channel, NRF RF chains and the target nor-
malized received SNR α, the outage probability of the IT-SU scheme
is
out(IT-SU) =(

L

ÑRF

)Υ
(
ÑRF ,

αL
Nt

)
(ÑRF − 1)!

+

L−ÑRF∑
l=1

(−1)ÑRF+l−1

(
L−ÑRF

l

)

×
(
ÑRF
l

)ÑRF−1
(

1− e(−
αL
Nt

)(1+l/ÑRF )

1 + l/ÑRF
− C(l)

)]
, (9)

where ÑRF = min(NRF , L) and

C(l)=

{∑ÑRF−2
m=0

1
m!

(
− l

ÑRF

)m
Υ
(
m+1, αL

Nt

)
ÑRF ≥ 2

0 otherwise
. (10)

From Theorem 1, the average training length of the proposed
IT-SU scheme is smaller than Nt. Moreover, since smaller training
time results in larger outage probability for the NIT-SU scheme, the
IT-SU scheme is superior in terms of outage probability compared
with the NIT-SU scheme with partial training at the same training
length.

For the special case with NRF = 1, a simplified outage proba-
bility expression is obtained.

Corollary 3. For the hybrid massive antenna system with Nt �
1 BS antennas, finite constant number of channel paths L, single
RF chain, and the target normalized received SNR α, the outage
probability of the IT-SU scheme is as follows:

out(IT-SU) = (αL/Nt)
L +O

(
N
−(L+1)
t

)
(11)

Proof. See Appendix B.
This means that the outage probability scales as O

(
N−Lt

)
for

large Nt. Therefore, for the SU massive antenna system with single
RF chain, arbitrarily small outage probability can be achieved for
any desired date rate and any fixed power consumption P as long as
Nt is large enough. For the case of multiple RF chains where 1 <
NRF ≤ L, since larger NRF results in smaller outage probability
with the IT-SU scheme, arbitrarily small outage probability can also
achieved for an arbitrary date rate with any fixed power consumption
P when Nt is large enough.

6. NUMERICAL RESULTS
In this section, simulation results are shown to verify the analytical
results in this paper. In the left plot of Fig. 1, the average training
length of the IT-SU scheme is demonstrated for α = 4. It can be
seen that 1) for L = 1, 3, 6, the average training length for IT-SU in-
creases linearly with Nt with decreasing slopes; 2) the gap between
the simulated average training length and the asymptotic result in
Theorem 1 is small and shrinks as Nt increases; 3) increasing NRF
from 1 to L results in negligible reduction in training overhead; 4)
compared to the NIT-SU scheme with full training, the saving in
training overhead for IT-SU is significant, especially for larger L. In
the right plot of Fig. 1, the outage probabilities of the proposed IT-
SU scheme and the NIT-SU scheme with partial training are demon-
strated for α = 4. The training length of the NIT-SU scheme is
set to be the same as that of IT-SU for fair comparison. It can be
seen that 1) the analytical result in Theorem 2 matches the simu-
lated value well; 2) IT-SU has much lower outage probability than
NIT-SU; 3) increasingNRF from 1 to L can reduce the outage prob-
ability of IT-SU; 4) the result in Corollary 3 (the black dotted line)
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Fig. 1. Average training length and outage probability of IT-SU and
NIT-SU with full/partial training.

tightly matches the simulation for the L = 1 case, while for the
L = 6 case, a gap is visible but the analytical result well represents
the asymptotic behavior.

7. CONCLUSION
For single-user hybrid massive antenna systems with limited scat-
tering channels, we studied the interleaved beam-based training and
joint beamforming design with outage probability as the perfor-
mance measure. Via concatenating the feeback with the training,
the training length can be adaptive to channel realizations. Then,
analytical expressions of the average training length and the outage
probability were derived. Analytical and simulated results show that
the proposed scheme achieves the same outage performance as the
traditional full-training scheme while saves the training overhead
significantly.

8. APPENDIX
A. Proof for Theorem 2: Due to the space limit, only a sketch of
the proof is give and details are omitted. For a given channel re-
alization, with the NIT-SU scheme and training length Lt, outage
happens when the strongest Ls beams among the j trained non-zero
beams cannot avoid outage. Notice that J1 and J2 are defined as
the bounds of j. Define P̄j as the probability of outage conditioned
on that j non-zero beams are found. Apparently, P̄0 = 1. The
outage probability can be represented as (7). Define the indices
of the strongest Ls beams as s1, ..., sLs . According the PDFs of
x =

∑Ls
l=1 ‖h̄sl‖

2 for 0 < j ≤ NRF , j > NRF (for the latter case,
the distribution of the partial sum of order statistics [20, Eq. 3.19]
should be used), (8) can be obtained.
B. Proof for Corollary 3: By utilizing the power series of the lower
incomplete gamma function and the Taylor series of exponential
function in (9) with ÑRF = 1, we have

out(IT-SU)=

L−1∑
l=0

(−1)l+1

(
L

l + 1

)[(
1− αL

Nt
+O(N−2

t )

)1+l

−1

]
.

By replacing t = l + 1 and utilizing the equality (x + y)n =∑n
l=0

(
n
l

)
xn−lyl, (11) can be obtained.
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