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ABSTRACT

A method to create multipoles comprising a cluster of focused
sources by using a linear loudspeaker array has recently been
investigated. Directivities in a listening area were confirmed
with examples of primitive multipoles such as dipoles and
quadrupoles. This paper describes a method to create a sound
source having more complex directivity by using a super-
position of multipoles comprising a collection of focused
sources. An analytical method is also described with which
coefficients can be obtained for each multipole by circular
harmonic expansion of a sound field created by a directional
sound source and Taylor expansion of the corresponding
sound field. Simulation results show that a superposition of
multipoles based on analytical conversion introduces desired
directivities to the sound sources created in the listening area
by a linear loudspeaker array.

Index Terms— Multipole Expansion, Focused Source,
Wave Field Synthesis, Directivity Control

1. INTRODUCTION

Holophonic sound systems like Ambisonics [1][2] or Wave
Field Synthesis (WFS) [3][4] are a key to providing high re-
ality to audiences in theaters and gamers at home since they
enable complex sound scenes to be achieved with freely mov-
able acoustic sources. In recent live events, focused source
methods [5][6] have been used to create sound sources near
audience seats via loudspeakers. The methods enable close-
up sound effects to be provided to audiences [7]. These sound
sources are becoming increasingly important to today’s audi-
ences.

It is known that sounds with faithful reproduction of di-
rectivities help audience feel more realistic sensations [8].
Several methods have already been proposed to create direc-
tional sound sources including focused sources. Among them
are multi-microphone recordings that are mapped to direc-
tional sources reproduced on a WFS setup [9], an equaliza-
tion technique based on spherical harmonics [10], and an an-
alytical method based on the Rayleigh I integral and circular
harmonic expansion of the sound field created by directional

sound sources [11][12][13]. Despite their accuracies in re-
producing sound fields, their computational complexities are
relatively large for real-time rendering. Methods for real-time
rendering have also been proposed in the literature. However,
they require either a sacrifice of memory consumption for
pre-defined filters [10] or recalculations of the time domain
driving functions [11] every time the directional sound source
changes its orientation, which is often the case in scenarios
where musicians or speakers frequently turn around. Model-
based methods that directly deal with directional sources have
also been reported; however, they focus more on introduc-
ing directivity to the transfer functions than on creating direc-
tional sound sources [14][15]. A method of creating direc-
tional sources on the basis of multipoles comprising a clus-
ter of focused sources was proposed as a low complexity ap-
proach [16]. Since the method deals with changes in direc-
tivities by controlling the coordinates of focused sources, it
handles the changes without additional complexity. However,
the way in which it reproduces complex directivities has not
yet been investigated.

In this paper, we will describe a method for creating direc-
tional sound sources based on a superposition of multipoles
comprising multiple focused sources. We will also describe
an analytical conversion method in which circular harmon-
ics of desired sound fields are derived into coefficients for
each multipole. Simulation results will be presented to con-
firm the methods’ effectiveness in reproducing directivities
and the sound fields of directional sources.

2. SUPERPOSITION OF MULTIPOLES
COMPRISING FOCUSED SOURCES

It has been confirmed that focused sources created infinites-
imally close to each other constituted multipoles [16]. To
reproduce complex directivities based on a superposition of
multipoles, it is necessary to calculate the coefficients for each
multipole. Several methods have been proposed to obtain co-
efficients for multipoles: a method based on the least square
method [17], a method based on inner products of directional
patterns and pre-defined orthonormal bases [18], a method of
fitting by linear regression [19], and a method using measured
characteristics [20]. Analytical conversion methods in the
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Fig. 1. Dipole along the y-
axis
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Fig. 2. Directivity of dipole
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Fig. 3. Concept of multipole sound source comprising a col-
lection of focused sources.

spherical harmonics, circular harmonics, and angular spectra
domains have been proposed as means to provide the fastest
solution to obtain coefficients for each mode [21][22]. How-
ever, no analytical method to obtain coefficients for each mul-
tipole has yet been reported. To address this issue, we de-
rived an analytical method to calculate the coefficients for
each multipole from circular harmonic coefficients of sound
fields created by a directional source.

2.1. Multipoles

Sound radiation from a source located at the origin of a co-
ordinate system can be characterized by a superposition of
multipoles. Each multipole constitutes a collection of point
sources infinitesimally close to each other with opposite
phases [23]. A simple example of a multipole is the dipole
shown in Fig. 1. An example of the directivity of a dipole
along the y-axis is shown in Fig. 2. In the work we report in
this paper, we focused on sound field reproduction in a 2D
space. A sound field created by a superposition of multipoles
is given by the following equation [20][23][24].

S(r, ω) =
∑
m,n

dm,n · ∂m+n

∂xm∂yn
G(r), (1)

where ω denotes angular frequency, d denotes a coefficient
for a multipole, G(r) denotes the Green’s function of a free
field wave equation, and m, n are non-negative integers. As
can be seen from (1), higher order multipoles can be obtained
by higher order derivatives of the Green’s function.
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Fig. 4. Reproduced sound field and sound pressure level
in dB for monopole: (a), (b), quadrupoles: (c), (d), tilted
quadrupoles (ϕ = 60◦): (e), (f).

2.2. Focused sources in wave field synthesis

WFS aims at reproducing arbitrary sound fields using sec-
ondary sources. Typical implementations use linear distribu-
tion of secondary sources for reproducing planar sound field
based on the Rayleigh I integral. If it is assumed that sec-
ondary sources are distributed along the x-axis, the driving
function is given by

D2D(x0, ω) = 2
∂

∂y
S(x, ω)

∣∣∣∣
x=x0

, (2)

where S(x, ω) denotes the desired wave field to be repro-
duced. Here, x = (x, y) with (y > 0) and x0 = (x0, 0)
are secondary source positions. In the following discussion,
ω will be omitted. WFS creates virtual point sources between
loudspeaker arrays and audiences. These sources are known
as focused sources due to the relation they have with acoustic
focusing. Focused source method assumes an acoustic sink
defined at the position of a virtual point source [6]. By intro-
ducing the sound field created by the acoustic sink into (2),
the driving function to reproduce the sound field of a focused
source yields

D(x0, xs) = −jk

2
c0

y0 − ys
|x0 − xs|

H
(1)
1 (k |x0 − xs|), (3)
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where k denotes wave number, j =
√
−1, H

(1)
1 denotes

the Hankel function of the first kind of the first order,
xs = (xs, ys) denotes the position of the focused source
for ys > 0, c0 =

√
2π |yref − y0| is an amplitude normal-

ization factor, and yref is the distance of the reference line
from secondary sources. As Wierstorf et al. indicated [6],
the inverse Fourier transform of (3) provides efficient time
domain implementation.

2.3. Multipoles comprising focused sources

As shown in Fig. 3, clusters of focused sources infinitesi-
mally close to each other function as multipoles [16]. Since a
superposition of sound fields created by each focused source
provides the sound field of a multipole, the driving function
for a loudspeaker positioned at x0 is given as

D(x0) =

N−1∑
i=0

g(i)s D(x0, x(i)s ), (4)

where g
(i)
s is the phase of the i-th focused source x(i)s in the

multipole, and N is the number of focused sources in the mul-
tipole. In case of a dipole along the y-axis, the parameters
in (4) are given as follows: N = 2, (g(0)s , g

(1)
s = (−1, 1),

x(0,1)s = (xm, ym ∓ ∆), where xm = (xm, ym) is the coor-
dinate of the center of a multipole, and ∆ = d/2, i.e., half of
the distance between mono-sources. Fig. 4 shows simulation
results obtained for reproduced sound fields of a monopole
and a quadrupoles created by a linear loudspeaker array cen-
tered at the origin of the coordinate along the x-axis. The
speed of sound was set as 340 m/s and the sound used for the
simulation was a 1-kHz monochromatic sine wave. Forty-one
loudspeakers centered at the origin at 0.1 m intervals were
arranged along the x-axis. As compared with the monopole
case shown in Fig. 4 (a) and (b) and the quadrupole cases
shown in Fig. 4 (c) and (d), the sound pressure levels around
the quadrupoles exhibited null points in the direction perpen-
dicular to the quadrupoles. By changing the coordinates of
focused sources as x(0,1)s = (xm ∓∆sinϕ, ym ∓∆cosϕ), it
was observed that the quadrupole directions lean 30◦ clock-
wise as shown in Fig. 4 (e) and (f).

2.4. Conversion of circular harmonics

In Cartesian coordinates in a 2D space, a sound field at the
point of x = (cosα, sinα) on a unit circle centered at the ori-
gin of the coordinates can be expressed on the basis of Taylor
series expansion at the origin as

S(x) =
∞∑

m+n=0

m+n∑
m=0

∂m+nS(0)

∂xm∂yn
· cos

mα · sinnα

m! · n!
. (5)

The same sound field can be expressed with circular har-
monic expansion as

S(x) =
∞∑

ν=−∞
S̆(2)
ν (ω)H(2)

ν (kr)ejνα, (6)

where S̆
(2)
ν denotes a circular harmonic coefficient of the ν-

th order and H
(2)
ν is the Hankel function of the second kind

of the ν-th order. Inserting Eular’s formula and applying
binomial expansion (6) yields

S(x) = S̆(2)(0)H
(2)
0 (k)

+

∞∑
m+n=1

m+n∑
m=0

jn ·
(
m+n
m

)
S̆
(2)
m+nH

(2)
m+n · cosmα · sinnα

+

∞∑
m+n=1

m+n∑
m=0

(−j)n·
(
m+n
m

)
S̆
(2)
−m−nH

(2)
−m−n·cosmα·sinnα.

(7)
By comparing the coefficients of cosmα·sinnα in (5) and

(7), we obtain the partial derivatives as

∂m+nS(0)

∂xm∂yn
= jn · (m+ n)!

·
{
S̆
(2)
m+n ·H(2)

m+n + (−1)n · S̆(2)
−m−n ·H(2)

−m−n

}
. (8)

These partial derivatives can be used as coefficients for a
superposition of multipoles.

2.5. Directivity synthesis by multipole superposition

The concept of a superposition of multipoles is shown in Fig.
5. By using coefficients converted from circular harmonic
coefficients as in (8), arbitrary sound fields can be reproduced
on the basis of a superposition of multipoles as in (1). The
driving function is given as,

D(x0) =
∑
m,n

∑
xm,n
s ∈Xm,n

gm,n
s ∈Gm,n

∂m+nS(0)

∂xm∂yn
· gm,n

s

(jdk)m+n
·D(x0, xm,n

s )

m! · n!
.

(9)
where D is the driving function given in (3), xm,n

s denotes the
position of each focused source, and gm,n

s denotes the phase
of the corresponding focused source. The positions of each
focused source and phase can be obtained by the following
recursive relations with an initial value of x0 = xs,y0 = ys,
g0 = 1.

Xm,n =
{
(xm, ym)|xm = xm−1 ±∆, yn = yn−1 ±∆

}
,

Gm,n
s =

{
gm,n = gm · gn|gν = (±1) · gν−1

}
.

3. SIMULATION

In simulation experiments, we first compared directivity pat-
terns reproduced by multipole superposition with the weights
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Fig. 5. Concept of directivity synthesis by using superposition
of multipoles.

given in (8). Sound fields along a unit circle centered at the
origin were calculated with (5) and (6); the normalized am-
plitudes are shown in Fig. 6 (a) and (b). For both cases,
we used randomly generated numbers for circular harmonics
S̆(2). The order of circular harmonics was chosen as N = 4,
and this number was also applied to partial derivatives of (5).
As can be seen from Fig. 6, reproduced directivities by (5)
deviated from the ones by (6). This is because the contribu-
tions of higher order derivatives are discontinued. Finally, we
calculated sound fields created by a linear loudspeakers and
the driving function in (9). The simulation conditions were
the same as those given in subsection 2.3. The sound pres-
sure levels of the sound fields are shown in Fig. 7 (a) and (b).
The circular harmonic values used for the simulation were the
same as those in Fig. 6 (a) and (b). As shown in Fig. 7 (a) and
(b), only the area of y ≥ ys(= 1m) was reproduced as we had
expected. In addition, only the range of 30◦ < ϕ < 150◦ was
consistent with the patterns shown in Fig. 6 (a) and (b). One
reason for this is due to the nature of focused sources. Until
radiated sounds from secondary sources pass through the fo-
cal point, they converge toward the focal point in the area of
y < ys. It can therefore be considered that radiated sounds
from the focused source do not correspond to the directivities
in the area of y < ys [6]. Another reason is that a linear array
with finite length makes the listening area of focused sources
smaller [6]. Taking these factors into account, we conclude
that the proposed method synthesized directivities in the lis-
tening area in the way we had expected.

4. CONCLUSION

In this paper, we described a method we propose for synthe-
sizing directivities on the basis of a superposition of multi-
poles. We also described an analytical method to obtain co-
efficients for each multipole by conversion from circular har-
monics. To derive the method, we made use of two factors.
The first was that multipole expansion is an operation equiv-
alent to Taylor expansion at the position of a sound source.
Therefore partial derivatives correspond to the coefficients for
each multipole. The Second was that both series obtained
by circular harmonic expansion and Taylor expansion are ex-
pressed as coefficients of orthogonal bases comprising combi-
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tivity of Fig. 6 (a). (b): by directivity of Fig. 6 (b).

nations of trigonometric functions along the unit circle. Com-
paring these coefficients enabled us to derive analytical con-
versions. Simulations based on the proposed methods con-
firmed that the sound field of a directional source could be
reproduced in the listening area of focused sources.

5. RELATION TO PRIOR WORK

We have already proposed a method to create directional
sources based on primitive multipoles comprising a cluster of
focused sources [16]; however, it can deal with only simple
directivities. The method proposed in this paper provides
the previously proposed method with a functionality to deal
with complex directivities more efficiently than conventional
methods [17][18][19]. We derived an analytical conversion
from circular harmonics of a directional sound source to the
coefficients for each multipole. Although analytical methods
have already been proposed [21][22], they only deal with
spherical harmonics, circular harmonics, and angular spec-
tra. Therefore, they cannot be applied to directivity synthesis
based on superposition of multipoles. The proposed method
converts circular harmonics to coefficients for each multipole,
thereby efficiently synthesizing complex directivities on the
basis of a superposition of multipoles comprising a cluster of
focused sources by a linear loudspeaker array.
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