HIGH DIMENSIONAL DECOMPOSITION OF COHERENT/STRUCTURED MATRICES VIA
SEQUENTIAL COLUMN/ROW SAMPLING

Mostafa Rahmani and George Atia

Department of Electrical and Computer Engineering, University of Central Florida, Orlando, FL, USA
mostafa@knights.ucf.edu, george.atia@ucf.edu

ABSTRACT

This paper focuses on the low rank plus sparse matrix de-
composition problem in big data settings. Conventional al-
gorithms solve high-dimensional optimization problems that
scale with the data dimension, which limits their scalabil-
ity. In addition, existing randomized approaches mostly rely
on blind random sampling. In this paper, the drawbacks of
random sampling from coherent/structured data matrices are
analyzed showing that random sampling cannot provide effi-
cient descriptive sketches of coherent data. In addition, a col-
umn/row subspace pursuit algorithm which recovers the low
rank component via a small set of informative columns/rows
of the data is proposed. The obtained column and row spaces
are updated in each iteration to converge to the column and
row spaces of the low rank matrix. The informative columns
are located using the information embedded in the row space
while the informative rows are identified using the informa-
tion embedded in the column space.

Index Terms— Robust PCA, Randomized Method, Sub-
space Recovery, Low Rank Matrix, Matrix Decomposition

1. INTRODUCTION

There are many important applications in which the given
data matrix D € R >Nz can be naturally modeled as

D=L+S, ey

where L is a low rank (LR) matrix and S a sparse matrix with
arbitrary unknown support [1-7]. The following convex pro-
gram was proposed in [1,2] to directly decompose the matrix
D into its LR and sparse components

min A|[S||; + |L|[+ s.t. L+S=D, )
L$
where ||.|; is the ¢;-norm, ||.||. the nuclear norm and A a pa-

rameter that determines the trade-off between the sparse and
LR components [1]. The optimal point of (2) was shown to
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yield exact decomposition if the columns and rows subspaces
of L are sufficiently incoherent with the standard basis and
the non-zero elements of S are sufficiently diffused [1]. The
decomposition algorithm (2) requires saving N7 x N3 dimen-
sional matrices in the working memory and the complexity of
solving (2) is O(rN;Na) per iteration (r is the rank of L),
which is prohibitive for high dimensional data [8, 9].

1.1. Randomized approaches

An effective idea to develop scalable decomposition algo-
rithms is to exploit the low dimensional structure of the LR
matrix [10-15]. The idea is to sample a set of columns of D
whose LR component can span the column space (CS) of L.
These sampled columns are decomposed using (2) to learn
the CS of L. Similarly, the row space (RS) of L is obtained
by decomposing a set of randomly sampled rows. Finally, the
LR matrix is recovered using the learned CS and RS. Thus,
instead of decomposing the full scale data, one decomposes
small sketches constructed from subsets of the data columns
and rows [12, 14]. To the best of our knowledge, all current
randomized decomposition algorithms rely on uniform ran-
dom sampling for column/row sampling. However, uniform
sampling is not efficient when the CS/RS of L are coherent
with the standard basis and we might not be able to evade
the high dimensionality of the data with uniform random
sampling. This motivates the work of this paper which fo-
cuses on matrix decomposition using adaptive sampling from
structured and coherent data.

1.2. Definitions

The row space of a matrix L with rank r is said to be inco-

herent with parameter f1,, if max||V7Ze;||2 < %, where V
1

is an orthonormal basis for the RS of L. Similarly, the col-
umn space of L is said to be incoherent with parameter fi,,, if

max|U”e;||3 < 4= | where U is an orthonormal basis for
2

the CS of L [16, 17].

In this paper, it is assumed that the support of S follows
the Bernoulli model with parameter p, i.e., each element of S
is equal to zero independently with probability 1 — p.
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2. NON-UNIFORM DATA DISTRIBUTION

In this section, we provide a theoretical study of the shortcom-
ings of random sampling with coherent data matrices. First,
we show that the coherency of the RS/CS increases when the
distributions of the columns/rows of L are less uniform within
the CS/RS. Subsequently, it is shown that random sampling
does not yield efficient descriptive data sketches if the CS/RS
of L are highly coherent. The proofs of the presented theoret-
ical results are available in [14].

2.1. Studying the coherency of L

In this section, we present results establishing that the co-
herency of the RS of L with the standard basis increases if
the distribution of the columns of L is less uniform in the CS
of L. We assume that the columns follow a subspace cluster-
ing structure [18] as per the following assumption.

Assumption 1 The matrix L can be represented as L =
[U1Q; ... U,Q,). The CS of {U; € RNV»>7/myn_ are
random r/n-dimensional subspaces in R™. The RS of
{Q; € Rr/mmiln o are random r/n-dimensional sub-
spaces in {R™}I |, respectively, Y . n; = Na, and
min n; > r/n.

2

The following lemma establishes a lower bound for the RS

coherency of L.

Lemma 1 If L follows Assumption I, the rank of L is equal
tor, r/n > 18logmax n; and n; > 96, logn;, 1 <i<mn,

then

0.57r l N2
No n min n;

P | max [[VTe;||3 <
3

According to Lemma 1, the RS coherency of L is linear
in The factor —v 2— is an excellent measure of the

min n; min
i

columns distribution. For instance, suppose n = 2 and r = 2,
i.e., the columns lie in a union of two one-dimensional sub-

spaces. A large value of mi]X 2— implies that most of the data

is aligned along a given di;ection, i.e., the distribution of the
columns is highly non-uniform. Accordingly, if the distribu-
tion of the columns/rows of L is less uniform, the coherency
of the RS/CS of L increases.

2.2. Sampling from coherent data

In this subsection, we highlight two drawbacks of random
sampling from coherent data.

1. Random sampling cannot capture the CS/RS efficiently:
When the distribution of the columns/rows of L is non-
uniform (the coherency of RS/CS is high), we cannot cap-
ture the CS/RS using a small set of randomly sampled
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Fig. 1. (Left) The rank of a set of uniformly sampled columns for different
number of clusters. (Right) The rank of the low rank component of sampled

columns after each iteration by Algorithm 1.

columns/rows. To show this fact, we provide a numerical
example and confirm our analysis by Lemma 2.

Numerical example: Suppose L follows Assumption 1, N; =
200, Ny = 6150, 7 = 60, {n;}7/> = 5 and {n;}7_, j241 =
2007

structured and highly non-uniform (

Thus, the distribution of the columns of L is strongly
Mo = 1230 whenn =

min n;
i

60). The left plot of Fig. 1 illustrates the rank of the randomly
sampled columns versus the number of sampled columns for
different number of clusters n. When n = 60, it turns out
that we need to sample more than half of the columns to span
the CS. As such, we cannot evade high-dimensionality with
uniform random column/row sampling.

The following lemma confirms our analysis. It shows that
the sufficient number of randomly sampled columns scales
linearly with the RS coherency, which can be quite high if the
columns are distributed non-uniformly (c.f. Lemma 1).

Lemma 2 Suppose mq columns are sampled uniformly at
random with replacement from the matrix L with rank r. If
my1 > 10u,rlog %T, where [, is the row space coherency
defined in Sec. 1.2, then the selected columns of the matrix L
span the CS of L with probability at least (1 — §).

1I. Random sampling requires too many data points to yield
correct decomposition: Suppose D, is the matrix of sam-
pled columns and L. its LR component. The following
lemma shows that the sufficient number of randomly sampled
columns to ensure correct decomposition of D, is linear in
the coherency parameter even if L. has the CS of L.

Lemma 3 Suppose the CS of L is a random r-dimensional
subspace, L. has the same CS of L and the support set of S
follows the Bernoulli model with parameter p. In addition,
assume that the columns of D, were sampled uniformly at
random. If my > é,u/ (log N1)? and p < ps , then

min NSl + [Lell. subjectto L.+$, =D,

cy e

“4)

yields the exact decomposition with probability at least 1 —
c1N; 3, where = max(%r’logm), 6y, iy (c3 log Nl)z)

and {c;}}_, are constant numbers.
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Fig. 2. Visualization of Algorithm 1. We run few cycles of the algorithm
and stop when the rank of the LR component does not change over I’ consec-
utive steps. One cycle of the algorithm starts from the point marked “I”” and
proceeds as follows. I: Matrix D, is decomposed and I;w is the obtained
LR component of D,,. II: Algorithm 2 is applied to L., to select the infor-
mative columns of ﬂw. ﬂfu is the matrix of columns selected from f,w. III:
Matrix D¢ is formed from the columns of D that correspond to the columns
of IA;Z,. 1: Matrix D¢ is decomposed and L. is the obtained LR component
of De. 2: Algorithm 2 is applied to ﬁz to select the informative rows of L.
I;ﬁ is the matrix of rows selected from I;C. 3: Matrix D, is formed as the

rows of D corresponding to the rows used to form ﬁg.

Algorithm 1 Column/Row Subspace Pursuit Algorithm

1. Initialization

Form D,, € RE""*N2 by randomly choosing C)-# rows of D. Initialize
k =1 and set T" equal to an integer greater than 1.

2. While k£ > 0

2.1 Sample the most informative columns

2.1.1 Obtain fm, via (2) as the LR component of D,.

2.1.2 Apply Algorithm 2 to Ly, with C = C.

2.1.3 Form the matrix D from the columns of D corresponding to the sam-
pled columns of ﬁw.

2.2 Sample the most informative rows

2.2.1 Obtain I:.C via (2) as the LR component of D..

2.2.2 Apply Algorithm 2 to LT with C' = ..

2.2.3 Form the matrix D, from the rows of D corresponding to the sampled
rows of ﬂc.

2.3 If the dimension of the RS of I:.w does not increase in T consecutive
iterations, set k = 0 to stop the algorithm.

2. End While

Output: The matrices ﬂc and ﬂw.

3. COLUMN-ROW SUBSPACE PURSUIT SAMPLING
ALGORITHM

In this algorithm, we address the worst case scenario in
which the distribution of both columns and rows of L can be
highly non-uniform. Thus, a small set of randomly sampled
columns/rows does not span the CS/RS with high probability.
It is assumed that we know an upper bound 7 on the rank
of L. Such knowledge is often available as side information
depending on the particular application. For instance, facial
images under varying illumination and facial expressions are
known to lie on a special low-dimensional subspace [19]. In
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the proposed method, we define D, and D,, as the matrices
of sampled columns and sampled rows, respectively. The
matrices (L., S.) and (L., S,,) are the LR and sparse com-
ponents of D, and D,,, respectively. In addition, matrices IA;C
and ﬁ,,, are the obtained LR component of D, and D,, via
(2), respectively.

Before presenting the proposed algorithm (Algorithm 1),
we explain Algorithm 2, which is used as a subroutine in the
proposed algorithm. Algorithm 2 is a column sampling algo-
rithm which locates the informative columns of a given LR
rank matrix. In each iteration, the algorithm finds a set of
the columns of the given matrix that span its CS. Since it re-
peats the sampling process C' times (without replacement), in
the end C'r non-repeated columns are sampled. C' is chosen
sufficiently large so that the sampled columns form a LR ma-
trix. We refer the reader to [20,21] and references therein for
further information on efficient methods for column sampling
from LR matrices.

The table of Algorithm 1, Fig. 2 and its caption provide
the details of the proposed sampling approach and the defi-
nitions of the used matrices. We start the cycle from the po-
sition marked “I” in Fig. 2 with D,, formed using C,.7 ran-
domly sampled rows. The constant C). is chosen large enough
such that L, is a LR matrix. For ease of exposition, assume
that wa = L, and ﬂc = L, ie., D, and D, are decom-
posed correctly. The matrix ﬁfu is the informative columns
of f,w. Thus, the rank of IA.;;"’U is equal to the rank of ﬂw.
Since ]:w = L., IA,fU is a subset of the rows of L.. If the
rows of L exhibit a clustering structure (or their distribution
is not uniform), it is likely that rank(L?,) < rank(L,). Thus,
rank(L,,) < rank(L.). We continue one cycle of the algo-
rithm by going through steps 1, 2 and 3 of Fig. 2 to update
D,,. Using a similar argument, we see that the rank of an up-
dated L,, will be greater than the rank of L. Thus, if we run
more cycles of the algorithm — each time updating D,, and
D, — the rank of L, and L. will increase. As detailed in the
table of Algorithm 1, we stop if the dimension of the span of
the obtained LR component does not change in 7' consecutive
iterations. While there is no guarantee that the rank of L,,, will
converge to r (it can converge to a value smaller than r), our
investigations have shown that Algorithm 1 performs quite
well and the RS of L,, converges to the RS of L in few steps.
In addition, the proposed method can be used independently
as a robust column/feature sampling algorithm [22,23].

3.1. Recovering the LR matrix

Once the sampling algorithm converges, L can be easily re-
covered using the LR components of the matrices D, and
D,,. Define H € R™2>"™1 a5 the matrix formed from the in-
tersection of wa and ﬂc, where m is the number of columns
of f;c and mo the number of rows of ﬁu,. In addition, de-
fine Uj, € R™*7" V;, € R™M*" 3, ¢ R™*" as the matrix
of left singular vectors, the matrix of right singular vectors,



and the diagonal matrix of singular values of H, respectively,
where 7 is its rank. We make use of the generalized Nystrom
method to form the LR matrix as follows [24]

L=L.V,Z UL, . Q)
In addition, The sparse component can be obtained as S =
D-L

Remark 1 The number of rows/columns of D,,/D. is of or-
der O(r). Thus, the complexity of Algorithm 1 is roughly
O(max(Ny, No)r?TyTy), where T is the number of itera-
tions to decompose D.,/D. and T, the number of iterations
of Algorithm 1. According to our investigations, few itera-
tions (less than 4) of Algorithm 1 are usually sufficient. Thus,
the overall complexity is of order O(max(Ny, No)r?Ty).

Algorithm 2 Informative Column Sampling from LR Matri-
Cces

Input: Matrix A.

1. Initialize

1.1 The parameter C' is chosen as an integer greater than or equal to one. The
algorithm finds C sets of columns, where each set spans the CS of A.

1.2 Set Z = ( as the index set of the sampled columns and set B = A.

2. Repeat C Times

2.1 Apply the column sampling algorithm presented in [21] to B to sample

7 columns.

2.2 Store the indices of the sampled columns in set Z and set to zero the
columns of B with indices in Z.

Output: The set Z contains the indices of the selected columns.

4. NUMERICAL SIMULATIONS

4.1. Efficient column/row sampling

In this experiment, Algorithm 1 is compared to the random-
ized decomposition algorithm in [12] which utilizes uniform
column/row sampling. It is shown that the proposed sam-
pling strategy can effectively reduce the required number of
sampled columns/rows, and makes the proposed method re-
markably robust to structures in data. In this experiment the
matrix L follows Assumption 1, D € R2000x4200 . — g0,
{n )12 = 5, and {7, 5y = 1327 The sparse ma-
trix S follows the Bernoulli model and each element of S is
non-zero with probability 0.02. Also, in this experiment the
rows of L do not exhibit a clustering structure. In addition,
the distribution of the rows of L is random within the RS of L
(since U spans a random subspace). Thus, if we initiate D,,
with C,.7 randomly sampled rows where C,. > 2, the rank
of L, is equal to r. Accordingly, in this experiment we run
Algorithm 1 with only one iteration. We initiate matrix D,,
with 300 randomly sampled rows.

‘We evaluate the performance of the algorithm for different
values of n, i.e., different number of clusters. Fig. 3 shows

n=2 n=20 n =60
1
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£ 07
g o
£
S o4 ——Proposed Approach —e—Proposed Approach —+-Proposed Approach
3 == (Mackey etal, 2011) —— (Mackey etal., 2011) ~* (Mackey etal,, 2011)
5o

02)

0.1

5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25
(m] :mz)/r (m] =m, Yr (ml:m2 )r

Fig. 3. Performance of the proposed approach and the randomized algo-
rithm in [12]. A value 1 indicates correct decomposition and a value 0 indi-

cates incorrect decomposition.

the performance of the proposed approach and the approach
in [12] (which uses uniform random sampling) for different
values of m; and msy. For each value of m; = mo, we
IL-Lr

compute the error in LR matrix recovery ol averaged
over 10 independent runs, and conclude that the algorithm can
yield correct decomposition if the average error is less than
0.01. In Fig. 3, the values 0, 1 designate incorrect and correct
decomposition, respectively. It can be seen that the presented
approach requires a significantly smaller number of samples
to yield correct decomposition. This is due to the fact that
the randomized algorithm [12] samples both the columns and
rows uniformly at random and independently. By contrast,
we use f;w to find the most informative columns to form D,
and also leverage the information embedded in the CS to find
the informative rows to update D,,. One can see that when
n = 60, the algorithm in [12] cannot yield correct decompo-
sition even when mq = mo = 1800.

4.2. Alternating algorithm for column sampling

In this section, we investigate the performance of Algorithm
1 for column sampling. The rank of the selected columns is

shown to converge to the rank of L even when both the rows

and columns of L exhibit a highly structured distribution. To
generate L we first generate a matrix G as follows:

Matrix G follows the clustering structure of Assumption 1

with Ny = 2000, 7 = 100, {n;}1/7 = 2, and {n;}1" , | =
@. Then, we construct the matrix U, from the first r right
singular vectors of G. We then generate G in a similar way
and set V4 equal to the first r right singular vectors of G. Let
the matrix L = UngT. Note that in this simulation we con-
sider a very challenging scenario in which both the columns
and rows of L are highly structured and coherent. The right
plot of Fig. 1 shows the rank of the LR component of D,

after each iteration. The algorithm is shown to converge to
the rank of L in less than 3 iterations even for n = 100 clus-
ters. For all values of n, i.e., n € {2,50,60}, the data is a
10250 x 10250 matrix.
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