COMBINATORIAL BOUNDS ON THE «-DIVERGENCE OF UNIVARIATE MIXTURE
MODELS

Frank Nielsen'?

! Ecole Polytechnique

Ke Sun®

2 Sony Computer Science Laboratories Inc.

3 King Abdullah University of Science and Technology

ABSTRACT

We derive lower- and upper-bounds of a-divergence between
univariate mixture models with components in the exponen-
tial family. Three pairs of bounds are presented in order with
increasing quality and increasing computational cost. They
are verified empirically through simulated Gaussian mixture
models. The presented methodology generalizes to other di-
vergence families relying on Hellinger-type integrals.

Index Terms— «-divergence, information geometry

1. INTRODUCTION

Information divergence [1] is a fundamental concept in signal
processing and machine learning. For example, any statisti-
cal parametric learning can be regarded as a projection from
the empirical distribution to a parameter manifold according
to some divergence. It is therefore important to compute ac-
curately these divergence measures.

This paper studies divergences between a pair of given
univariate mixture models m(z) = Zle w;p;(x) and
m'(x) = 25;1 wp}(z) defined on the support X'. Their
a-divergence [2, 3, 4, 1] is a family of information diver-
gence parametrized by o € R\ {0, 1}, defined as

1
Da (m : m/) = m (1 — /X‘ m(l')am/(l')l_adx) ;
ey
which clearly satisfies D, (m : m') = Di_, (m' : m). Let

a — 1, we get the Kullback-Leibler (KL) divergence (see [5]
for a proof):

m(z)
(@) dz,
2

and o — 0 gives the reverse KL divergence: lim, 0 Dy (m :
m’) = KL(m' : m). Other interesting values [3] includes
«a = 1/2 (squared Hellinger distance), & = 2 (Pearson Chi-
square distance), « = —1 (Neyman Chi-square distance),
etc. Notably, the Hellinger distance is a valid distance met-
ric which satisfies non-negativity, symmetry, and the triangle

lim Dy (m :m') =KL(m:m') = / m(x)log
a—1 X
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inequality. In general, however, D, (m : m') only satisfies for
any m(z) and m/(z) Dy, (m :m') > 0 with D, (m :m/) =
0 if and only if m = m/. It is neither symmetric nor ad-
mitting the triangle inequality. Minimization of c-divergence
allows one to trade-off mode fitting versus support fitting [6].
The minimizer of a-divergence including the maximum like-
lihood estimator (MLE) as a special case has interesting con-
nections with transcendental number theory [7].

To compute D, (m : m’) for given m(x) and m'(x) re-
duces to evaluate the Hellinger integral [8, 9]

I,(m:m') = /X m(x)*m/(x)* " *da, 3)

which in general does not have a closed form, as it was known
that the a-divergence of mixture models is not analytic [10].
Moreover, I, (m : m') may diverge making the a-divergence
unbounded. Once I, (m : m’) can be solved, the Rényi and
Tsallis divergences [S] and in general Sharma-Mittal diver-
gence [11] can be easily computed. Therefore the results pre-
sented here directly extend to those divergences.

The Monto-Carlo (MC) stochastic estimation of I,,(m :
, 11—«
m’) can be computed as I (m : m') = L 37 (%)
where z1,...,x, ~ m(z) are independent and identically
distributed (i.i.d.). Itis consistent so that lim,, f{; (m:m')
= I, (m : m'). However, it requires a large sample and does
not guarantee deterministic bounds. The techniques described
in [12] work in practice for very close distributions, and do
not apply between mixture models. Recently, a series of
maximum entropy upper bounds for the differential entropy
was reported in [13]. Our recent work [14] provides tight
combinatorial bounds of KL(m : m’) based on the log-sum-
exp inequalities. Based on similar methodologies, this paper
extends these bounds to the family of a-divergence with
numerical simulations.

The rest of this paper is organized as follows. Section 2
derives the basic bounds of D, (m : m’). Section 3 improves
these bounds at the cost of higher computational complexity.
Section 4 proposes another technique to further improve the
bounds. Section 5 performs an empirical study on Gaussian
mixture models. Section 6 concludes.
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2. BASIC BOUNDS

For a pair of given m(x) and m’(z), we only need to de-
rive bounds of I,(m : m’) in eq. (3) so that L,(m
m') < In(m : m') < Uy(m : m’). Then the bounds of
D, (m : m') are obtained by a linear transformation of the
range [Lo(m :m'), Us(m : m')]. We will assume « > 1/2.
Otherwise we can bound D, (m : m’) by considering the
equivalent Dy _,(m’ : m).

Our general thinking [14] to solve the integral in eq. (3)
is to bound the multi-component mixtures by single compo-
nent distributions in each elementary interval. The mixture
model m(z) (same for m’(x)) must satisfy we(y)pe(z)(7) <
wipi(x) < Ws(2)Ps(x)(x) foralli = 1,..., k, where e(z) =
argmin, w;p;(x) (6(x) = argmax, w;p;(x)) denotes the in-
dex of the weighted component that is under (above) all the
other components at x. Using tools of computational geome-
try [15, 16], we can compute the upper and lower envelopes
of the weighted components {w;p;(z)}%_,. We regard these
computation as a black box (see [16] and our implementa-
tion [17] for details) which gives the following result: the sup-
port X is split into £ pieces of elementary intervals I, . . ., Iy,
where Iy = (z5,2511), Vs =1,...,¢,sothatmin X = x1 <
To < ...<xp<Tpy; =maxX,and X = Lﬂf:lls. More-
over, in each interval I, 0(x) = J, and €¢(x) = €, are both
constants. The size / is related to the Davenport-Schinzel se-
quence [15]. Therefore we call the bounds “combinatorial”
as they are obtained by summing up atomic formulae corre-
sponding to elementary integrals induced by the combinato-
rial complexity of the weighted density envelopes.

In each I, we have

e, v, (x) <m(z) < c5.p5,(2), “)

where
v, Py, (T) = kwe pe,(x) or ws ps, (), 5)
s ps. (x) := kws_ps,(x). 6)

If 1/2 < o < 1, then both z% and 17 are monotonically
increasing on ™. Therefore we have

/m

)'Tde < AR 5 (1), (D)

where

A%,(1) = / (@) (o) " de,  ®)

I

and 7 denotes an interval I = (a,b) C R. The other case o >
1 is similar by noting that 2® and z!~% are monotonically
increasing and decreasing on R, respectively. In conclusion,
we have the following bounds of I,(m : m'), where L, and

U, are shorthands for L, (m : m') and U, (m : m’):

L 14
= ZASM;(I ); Ua = ZA?S.,@ (1.
s=1 s=1
)

If1/2<a<1,L,

ifa>1,

ZAV 5 (Is), Ua _ZA

(10)

The remaining problem is to compute the definite inte-
gral A¢';(I) in the above equations. Here we assume all mix-
ture components are in the same exponential family so that
pi(x) = p(x;0;) = h(z)exp (6, t(x) — F(6;)), where h(x)
is a base measure, t(x) is a vector of sufficient statistics, and
the convex function F' is known as the cumulant generating
function. Then it is straightforward from eq. (8) that

A2 (1) = (e /h exp<(a9 1) i)

—aF(QJ—(l—a)F(GQ))dx. (11)

If1/2 < o < 1, then 6 = af; + (1 — )6 belongs to the
natural parameter space M,. Therefore Af;(I) is bounded
and can be computed from the cumulative dlstrlbutlon func-
tion (CDF) ofp(x 0) as A2 (I) = ¢f'(c})' = exp(F () —
aF(6;)—(1—a) _9; ) J; p (#;60) dz. The other case ov > 1
is more difficult: if 0 still lies in My, A§'; (1) can be computed
in the same way. Otherwise we try to solve it by a numerical
integrator. This is not ideal as the integral may diverge or our
approximation may be too loose to conclude. We point the
reader to [18] and eqs.(61-69) in [5] for related analysis with
more details.

For simplicity, we only measure the computational com-
plexity after envelope computation. As computing Af; (1)
requires O(1) time, the overall complexity is O(¢).

3. ADAPTIVE BOUNDS

This section derives the shape-dependent bounds which im-
prove the basic bounds in section 2. We can rewrite a mixture
model m(x) in a slab I as

w;pi(x)
=wepe,(z) |1+ ——
27 we.pe,(x)

m(z) ) (12)

where we, pe, () is a weighted component serving as a refer-
ence. In this paper we only discuss the case that the reference
is chosen as the dominating component, i.e., s = J,. There-
fore the ratio

w;p;(z) Wy

g = o (0= 00) T @) — F0) + Feec,))
7 S o
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can be bounded in a subrange of [0,1] by analysing the
extreme values of ¢(x) in the slab I,. This can be done be-
cause t(xz) usually consists of polynomial functions with
finite critical points which can be solved easily. Corre-

_wipi(@) Y ip I, can
weePes (T)

be bounded in a subrange of [1, k], denoted as [r,, Re,].
Hence r¢,we,pe, () < m(z) < Re,we,pe, (x). This forms
better bounds than the basic bounds in section 2 because each
component in the slab I is bounded more accurately. There-
fore, we refine the fundamental bounds of m(x) by replacing
the boxed eqgs. (5) and (6) with

spondingly the function (1 +> itCs

(14)
5)

m’) are given by

Cllsplls (x) = ’rCswCspc.s (x)7
¢s.ps, () 1= Re,we,pe, ().

Then, the improved bounds of I,(m :
eqs. (9) and (10) after the replacement.

To evaluate ¢, and R¢, requires iterating through all
components in each slab. Therefore the computational com-
plexity is increased to O (£(k + k')).

4. VARIANCE-REDUCED BOUNDS

This section further improves the proposed bounds based
on the idea of variance reduction [19]. By assumption,
a > 1/2, then m(x)*m/(x)!=% is more similar to m(z)
rather than m/(z), especially when « is close to 1. The ratio
m(x)*m/(z)'=%/m(x) is likely to have a small variance
when x varies inside a slab I,. We will therefore bound this
ratio term in

/Is m(x)am'(x)lfadx:/l m(z) (”W‘(I)M> da

m(z)

s

=% f ot () o

No matter 1/2 < o < 1 or @ > 1, the function 217 must
be monotonic on N+, and we must have that, in each slab I,
(m'(z)/m(z))"~* ranges between these two functions:

1- 1-
ol (x)\ iy ()
Vs V) and 0705 A 7 17)
¢s,ps, () Cv. P, (2)

where ¢, p,, (), ¢5,ps, (), ¢, p,, (x) and cj, pf, () are de-

fined in egs. (14) and (15). Similar to the definition of Ag; (D)
in eq. (8), we define

I~ -«
BijI) = /Iwipi(l“) (clpl(a:)> dz. (18)

cjpj(z)

(16)

Therefore we have

Lo(m:m') =minS, U,(m:m') = maxS8,

l k V4 k
S= {ZZBmS,,;(fs), ZZBETVS,&(IS)} (19)

s=14i=1 s=11i=1

The remaining problem is to evaluate B;"; ,(I) ineq. (18).
Similar to section 2, assuming the components are in the same
exponential family with natural parameters 6, then

C/l—a B
D) =0 exp (FO) - F0) - (1= ) 6

J

+ (1 - a)F(oj)> /p(z; 0)dx (20)
I

can be computed from the CDF of p(x;0) if 6 = 0; + (1 —

a)f) — (1 — «)b; is in the natural parameter space; other-

wise B}, ,(I) can be numerically integrated by its definition

in eq. (18). Despite there is more computation involved, the

computational complexity remains the same as the bounds in
section 3, i.e., O(¢ (k + k')).

5. EXPERIMENTS

This section tests the proposed bounds empirically. Due to
space limit, a systematical experimental study is left out. We
focus on measuring the a-divergence between two simulated
pairs of Gaussian mixture models (GMMs). The details of the
first pair GMM; and GMM, were given previously [14]. GMM3’s
components, in the form (weight, mean, standard deviation)
are given by (1/3,-2,1/2), (1/3,0,1), (1/3,2,1/2); GMM,
is composed of (1/3,—-2,1), (1/3,0,1/5), (1/3,1,1/2). The
bounds introduced in sections 2 to 4 are denoted as “Basic”,
“Adaptive” and “VR”, respectively.

Figure 1 visualizes these GMMs and plots the estimations
of their a-divergence against a. The red lines mean the up-
per envelope. The dashed vertical lines mean the elementary
intervals. For a clear presentation, only the VR bounds are
shown, which tightly surround the true value especially for
GMM; and GMM,. This is because their components are more
separated than GMM3; and GMM,, and therefore the mixture sig-
nals are better estimated by their envelopes. The VR bounds
are not necessarily continuous at & = 1/2 because when
a < 1/2, the analytic form of the VR bounds is based on
Dy_o(m’ : m) and is different from eq. (19).

For a more quantitative comparison, table 1 shows the es-
timated a-divergence by MC, Basic, Adaptive, and VR. As
D, is defined for @ € R\ {0, 1}, the KL bounds CE(A)LB
and CE(A)UB [14] are presented for o = 0 or 1. Overall, we
have the following order of gap size: Basic > Adaptive > VR.
The quality of Basic and Adaptive is degraded when o« — 0 or
a — 1, because the coefficient ﬁ in eq. (1) turns large.
VR is recommended in general for bounding a-divergence.

In practice, one can compute the intersection of these
bounds as well as the trivial bound D,(m : m') > 0
to get the best estimation at the cost of additional com-
putation. For further improvement, one can split the fun-
damental intervals into finer pieces, e.g. based on I, =
(zs, ms+§s“) U (I5+;s“ ,Ts+1), and then evaluate the pro-
posed bounds.
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Fig. 1: Two Pairs of GMMs and their a-divergence against different values of «. The “true” value of D,, is estimated by MC
using 10° random samples. VR(L) and VR(U) denote the variation-reduced lower and upper bounds, respectively. The range
of « is selected for each pair for a clear visualization.

9 3 4 Basic Adaptive VR
« MC(10%) MC(10°) MC(10%) L U L U L U
0| 1596+3.9 12304+1.0 13.63£0.3 11.75 1589 13.35 14.31
0.01 | 13.36+2.9 10.63+0.8 11.66+0.3 -700.50 11.73 -77.33 11.73 11.40 12.27
GMM; & GMM, 0.5 3.57+0.3 3.474+0.2 3.4740.07 -0.60 3.42 3.01 3.42 3.17 3.51
0.99 | 40.04+7.7 37.21+£23 3858+£0.8 -33390 39.04 536 3898 38.28 38.96
1| 104.01 28 84.96+£7.2 92.57+25 9144 9559 93.16 94.12
0 0.714+0.2 0.63+0.07 0.62=£0.02 -0.44 1.76 0.30 1.00
0.01 0.71+0.2 0.63+0.07 0.624+0.02 -179.13 7.63 -38.74 4.96 0.29 1.00
GMM3 & GMMy 0.5 0.82+0.3 0.57+0.1 0.6240.04 -5.23 0.92 -0.71 0.84 —0.18 1.19
0.99 0.79+0.3 0.76 £0.1 0.80+0.03 -165.72 12.10 -59.76 9.11 0.37 1.28
1 0.80+0.3 0.77+0.1 0.814+0.03 -0.38 1.81 0.38 1.29

Table 1: The estimated D, and its bounds. The 95% confidence interval is shown for MC.
(Run our latest codes [17] to get the best estimation results.)

Note the similarity between KL in eq. (2) and the expres-
sion in eq. (16). We give without a formal analysis that:
CEAL(U)B [14] is equivalent to VR at the limit « — 0 or
o — 1. Experimentally as we slowly set o — 0 or 1, we can
observe that VR is consistent with CEAL(U)B.

6. CONCLUSION

This paper introduces three pairs of deterministic lower and
upper bounds that enclose the true value of a-divergence be-

tween univariate mixture models. Thus the gap between the
upper and lower bounds provides the additive approximation
factor of the bounds. They are based on the combinatorial
bounds of KL divergence [14], under the general idea to
piecewisely bound a mixture by single components. We con-
clude by emphasizing that the presented methodology can
be easily generalized to other divergence [5, 11] relying on
Hellinger-type integrals I (p : q) = [ p(x)®q(x)?dx like
the y-divergence [20] as well as entropy measures [21]. Our
Python implementation is available online [17].
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