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ABSTRACT

We address the problem of enhancing Quality-of-Service (QoS) in
power constrained, mobile relay beamforming networks, by control-
ling the motion of the relaying nodes. We consider a time slotted sys-
tem, where the relays update their positions before the beginning of
each time slot. Adopting a spatiotemporal stochastic field model of
the wireless channel, we propose a novel 2-stage stochastic program-
ming formulation for specifying the relay positions at each time slot,
such that the QoS of the network is maximized on average, based
on causal Channel State Information (CSI) and under a total relay
transmit power budget. Via the Method of Statistical Differentials,
the motion control problem considered is shown to be approximately
equivalent to a set of simple subproblems, which are solved in a dis-
tributed fashion, one at each relay. Numerical simulations are also
presented, corroborating the efficacy of the proposed approach.

Index Terms— Network Mobility Control, Distributed Coopera-
tive Networks, Spatially Controlled / Mobile Relay Beamforming,
QoS Maximization, Motion Control, Stochastic Programming

1. INTRODUCTION

Typically, the literature on cooperative relay beamforming networks
[1,2,3,4,5,6,7] does not consider optimum placement of network
nodes in order to improve the quality of communications. In most
cases, network nodes are either assumed to be stationary in space,
or, if some of them move while communicating, their trajectories are
assumed to be independent of the respective communication task.
Recently, however, relay mobility has been proposed as an ef-
fective means to further enhance performance in beamforming net-
works. In [8], optimal transmit Amplify-and-Forward (AF) beam-
forming has been combined with potential-field-based relay mobil-
ity control in multiuser cooperative networks, in order to minimize
relay transmit power, while meeting certain QoS constraints. In [9],
in the framework of information theoretic physical layer security, de-
centralized jammer motion control has been jointly combined with
noise nulling and cooperative jamming, maximizing the network se-
crecy rate. In [10], optimal relay positioning has been studied in
systems where multiple relays deliver information to a destination,
in the presence of an eavesdropping node, with a goal of maximiz-
ing or achieving a target level of ergodic secrecy. In [8, 9, 10], the
links among the nodes of the network (or the related statistics) are
assumed to be available in the form of static channel maps, during
the whole motion of the jammers/relays. However, this might be
oversimplifying in scenarios where the channels change significantly
in time and space [11, 12, 13]. Given a one source/destination re-
lay beamforming network, [14] considers the problem of optimally
selecting relay positions, in order to minimize their total transmit
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power under a certain QoS specification. Communications and re-
lay motion are systematically scheduled via a simple time division
protocol. Different from [8, 9, 10], in [14], the wireless channel is
modeled as a spatiotemporal stochastic field, based on a realistic,
commonly employed “log-normal” channel model [13].

In this paper, assuming the same channel model and schedul-
ing protocol as in [14], we consider relay position selection un-
der a different optimality criterion. In particular, we propose a
novel 2-stage stochastic programming formulation of the problem
of specifying the positions of the relays, such that the Signal-to-
Interference+Noise Ratio (SINR) at the destination is maximized on
average, based on causal CSI, and subject to a total power constraint
at the relays. This objective is more well behaved as compared to
that in [14], where, not only formulation of the initial problem was
made only approximately, but also the potentially oversimplifying
assumption of a high source-relay Signal-to-Noise Ratio (SNR) was
imposed, to obtain a solution. Contrary to [14], in this work, it is
possible to manipulate the objective, without imposing further sim-
plifications to the beamforming problem, or trivializing the initial
problem formulation, thus maintaining system robustness. Exploit-
ing the Method of Statistical Differentials [15], it is shown that the
aforementioned motion control problem is approximately equivalent
to a set of two dimensional subproblems, solved in a distributed
fashion, one at each relay. Numerical simulations are presented, ver-
ifying that the proposed approach indeed works, resulting in motion
control policies, which yield significantly improved performance,
when compared to agnostic, randomized relay motion.

2. SYSTEM & CHANNEL MODELS

2.1. System Model

On a closed planar region S C R?, we consider a wireless coopera-
tive network, as shown in Fig. 1. The network consists of one source,
one destination and R € N assistive relays, all equipped with a
single antenna and being able for both information reception and
broadcasting/transmission. The source and destination are fixed at
Ps € Sand pp € S, respectively, whereas the relays are assumed
spatially controllable; each relay i € NE moves along a trajectory
p; (t) € S,t € R,. Alsodefine p (t)2 [p?(t) e pr}g(t)]TE st
The relays can cooperate, either by local message exchange, or by
communicating with a fusion center, through a dedicated channel.
Due to non-existence of a direct link between the source and the
destination, a two-phase AF beamforming policy is adopted. As
in [14], choose a T > 0, and divide the time interval [0,T] into
Nr time slots. Lett € N}T denote the respective time slot. The
symbol transmitted at time slot ¢ is denoted as s (t) € C, with
E {\s (t)|2} = 1. Assuming a flat fading channel model, as well

as channel reciprocity and quasistaticity in each time slot, let the

ICASSP 2017



sets {f, (6) = f (B (1), 1)} and {9, () = 9 (9 (1), 00},
contain the complex, random, spatiotemporally varying source-relay
and relay-destination channel gains, respectively. Then, if Py > 0
denotes transmission power, during AF phase 1, relay 7 receives the
amplified symbol f (p; (t) ,t) v/ FPos (t), plus an additive noise com-
ponent n; (t) ~ CN (0, 02), i € N}, independent across relays.
During AF phase 2, all relays simultaneously retransmit the infor-
mation received, each modulating their received signal by a weight
w; (t) € C,i € Nj. The signal received at the destination can be
expressed as the superposition of the weighted relay signals, plus

another noise component np, (t) ~ CA (0, a%).

Hereafter, while it is assumed that the fields f (p,¢) and g (p, t)
may be statistically dependent both spatially and temporally, the
processes s (t), [f (p,t) g (p,t)], n; (t) for all i € N, and np ()
are assumed to be mutually independent. Lastly, at each time slot £,
CSI{f; (t)}iEN; and {g; (t)}iEN; is assumed to be known exactly

to all relays. This may be achieved through pilot based estimation.

2.2. Channel Model

Ateach timeslott € N ?\}T, the i-th source-relay channel gain, f; (t),

is assumed to be composed by three components, multiplied with

each other; the deterministic path loss, the shadowing component

and the multipath fading one [16]. In this work, of special impor-

tance is the magnitude of f; (¢), which may be expressed as [14, 17]
log (10)

I£: (8)] = 107 exp (TFZ- (t)) . with (1)

F,()=F(p;(t),t) 2 as(p: (1)L +0os (1) +E5(t), ()

forall: € NE and forall t € N}T, where, in the above, p > 0 de-
notes the mean of the fading component of the channel, ¢/ > 0
denotes the path loss exponent (both assumed to be known),
as (pi (t)) & —10logyo (dis (1), dis (t) = [P () = Psll

E5(t) = €5 (pi (1)) RN (0,02 > 0), forall t € NET and

i € N} (18], and o () = o5 (p; (1) 1) ~ N(o,n2 > 0), for

all (p; (¢),t) € S x N xT. The spatiotemporal interactions of the
latter process will be specified shortly. Of course, we may stack all
the F; (¢)’s defined in (2), resulting in the vector additive model

Ft)2as(pt)l+os(t)+&g(t) e R 3)

where ag (t), g (t) and €4 (t) are defined accordingly. We may
also define G (t) £ ap (p (t)) £+ op (t) + €p (t) € R™ with
each quantity in direct correspondence with (3).

It is further assumed that for any N1 and any respective ensemble
of positions of the relays in NﬁT, the random vector

F ) G ) . £ ) 67 " e

is jointly Gaussian with known means and known covariance matrix.
In particular, extending Gudmundson’s model [19], the spatiotempo-
ral correlations of the o5 (p; (t) , t)’s are specified as [14, 17]

. . l[pst)—p;Oll, ey
E{osm)ok} 2?7 T, O
and correspondingly for the o'}, (¢)’s, and, additionally,

_lles—pplly
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Fig. 1. A schematic of the system model considered.

for all (i,j) € Nf x Nf and all (k,1) € Ny, x Ny, . In the
above, the parameters 772, B > 0,7 > 0and § > 0 are called the
shadowing power, correlation distance, correlation time, BS (Base
Station) correlation, respectively. Gaussianity constitutes the fun-
damental assumption in the adopted channel model; in fact, under
mild technical conditions, covariance structures other than those pre-
sented above, may be equally considered [17].

3. QOS ENHANCED BY RELAY MOTION

At each time slot ¢ € N;, the following joint communication / de-
cision making TDMA-like protocol is adopted [14, 17] (see Fig. 2):
1) The source broadcasts a pilot signal to the relays, which then es-
timate the channels relative to the source. 2) The same procedure is
carried out for the channels relative to the destination. 3) Based on
the estimated CSI, beamforming is implemented. 4) Based on the
CSlI received so far, spatial controllers of the relays are determined,
implementing accurate stochastic decision making.

Each relay obeys the kinematic model p (7) = u (7), for all T €
R, . Assuming the relays move only after their controls have been
determined and up to the start of the next time slot, we may write

w,_y (r)dr, V- 1ENK, 5. ()

Tt—1

p(t)zp(t—l>+/A

with p (1) = pjnis, and where A7, € R denotes the time interval
that the relays are allowed to move in each time slot ¢t € NJJQT,l.
Regarding the form of u,_; (7),7 € A7,_1, given a goal position
vector at time slot t, p° (t) , it suffices to fix a path in S, such that
the points p° () and p (¢ — 1) are connected in at most time A7,. A
generic choice for such a path is the straight line connecting p° (¢)
and p (t — 1). Therefore, at time slott—1 € N?{,T,l we may choose
ul_ (1) 2 (Ar_) T (P (1) —p(t—1)), forall T € Ar,_,.
As a result, any motion control problem can now be formulated in
terms of specifying the goal relay positions at the next time slot,
given current information. In the following, let {¢' (7;)}, ent de-
T

note the set of channels observed by the relays (the filtration), along
the path of their point trajectories T; = {p (t)}teN+ ;3 € Ny, ..
3.1. Spatially Controlled Beamforming

The beamforming criterion considered herein is that of maximizing
the SINR at the destination, subject to a total power budget at the
relays. Attime ¢t € N ?\',T, given CSI encoded in € (7;), this may be
achieved by formulating the constrained optimization problem [1, 4]

maximize E{Ps ()C(T)}
E{Pr ()¢ (T:)} < P.

subject to
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where Pg (t), Ps (t) and Pry x (t) denote the instantaneous power
at the relays, that of the signal component and that of the interfer-
ence plus noise component at the destination, respectively. P, > 0
denotes the total available relay transmission power. Under our as-
sumptions, presented in Section 2.1, (8) can be reexpressed as [1]

maximize w (¢ ( JR(p(1),H)w ()
w(®) 2w, (0).wg T op+w (H)Q(P(E), ) w () )
subject to wT D @), t)w(t) <

where, dropping the dependence on (p (t) , t) or ¢ for brevity,
a . 2 2 21T 2 R
D 2 pgiag (1A 12 oo 11al”] ) + 'Ta e 85 10)
R 2 Pphh™ € S¥, withh £

Q2 o'ding (sl bl

[f191 fa92 - - ngR}T and (11)

T
. |gRﬂ ) esh,. (12)

Note that the program (9) is always feasible, as long as P, > 0. Itis
known that the optimal value of (9) is given analytically by [1, 4]

— PcP0|f(pz (t)vt)|2 ‘g(pz (t)7t)|2
V.=
Z,EZJFPOU% If

2 2

(p: (t) )" + P.o? g (p: (t),8)]> + 0”0,

£ ZVI (pi (1), 1),

ieNg;

vt € Ny, (13)

Note that the constraint on the total transmission power of the relays
in implicitly satisfied when considering V; as a function of (p (¢) , t).

At time slot ¢t —1, we are interested in choosing the positions of the
relays at time slot ¢, such that V, is maximized. However, at ¢t —1, we
are only given € (7;_1 ), which does not encode future CSI, revealed
at time slot ¢. Therefore, exact optimization of the relay positions at
the next time slot is impossible. Nevertheless, it would be reasonable
to search for the best decision on the positions of the relays at time
slot ¢ (as a functional of € (7;_,)), such that V; is maximized in
expectation. This results, at each time slott — 1 € N ?\}T,l, in the
2-stage stochastic program [20]

max}glize E{V,}

p

subjectto p (t)=M (€ (T;—1)), M: R2BED) 2R, (14)
p(t)e C(p° (t-1))

where p° (1) € S™ is a known constant, representing the initial
positions of the relays and C (p° (t — 1)) € S denotes a closed
set representing a spatially feasible neighborhood around the point
p° (t — 1) € 8, the (possibly optimal) decision vector at time ¢ —2.
Problems (14) and (9) are referred to as the first-stage problem and
the second-stage problem, respectively [20].

The stochastic variational program (14) is extremely difficult to
solve in its original form. Nevertheless, it can be shown that, under
some generic assumptions, (14) satisfies a specific set of technical
conditions (for a detailed analysis, see [17]), which allow the in-
vocation of the Fundamental Lemma of Stochastic Control (FLSC)
[21, 22, 23, 20, 24, 25, 17]. Actually, the FLSC refers to a family of
technical results, providing conditions which permit interchange of
expectation and max/minimization in general stochastic programs,
including (14). For our purposes, the FLSC may be developed via
delicate applications of the tower property of expectations [17], and
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implies that the first stage problem (14) is exchangeable by the point-
wise (over constants) problem

maximize Z E{V;(p; (t),t)| € (T;—1)}
p(t) ieN; , (15)
subjectto p(¢) € C (p° (t—1))

to be solved at eacht — 1 € NKT_I.

We readily observe that, by definition, the problem (15) is sepa-
rable. In fact, given that, for each t € N}T,l, decisions taken and
CSI collected so far are available to all relays, (15) can be solved
in a completely distributed fashion at the relays, with the i-th relay
being responsible for solving the two dimensional program

imi E{V;(p,t _
maxgmze {V; (p,t) 1)} 7 (16)
subjectto p € C; (p° (t—1))

ateacht — 1 € NﬁT_l, where C; : R = R® denotes the corre-
sponding part of C, for each ¢ € NE. Note that no local exchange of
intermediate results is required among relays; given the available in-
formation, each relay independently solves its own subproblem. The
problem, however, with (16), is that its objective involves the evalu-
ation of a conditional expectation of a ratio of almost surely positive
random variables, which is impossible to perform analytically.

3.2. Approximation via the Method of Statistical Differentials

First, V7 can be equivalently expressed as

V t)=———
1(pt) Vir (p,t)
1
é0'2D 2 0'2 2 O'ZO'D (]7)
- lgeH)] "+ 51 f(pt)] \f(P O lgpt)|
P, Py
forall (p,t) € S x Nj, N+ Then, for t € N?VT, we may locally ap-

proximate E{ V; (p, )| ¢ (T;—1)} around E { V1 (p, t)| € (Te—1)}
(also known as the Method of Statistical Differentials [15]) via a sec-
ond order Taylor expansion as

E { (VII (p
(E { Vir (P>

0’| (7}
D% (T

E{V; (p, )| € (Ti—1)} = (18)



where the square on the numerator can be expanded into a sum
of terms of the form C (m,n) x |f (p,t)|™ |g (p,t)|", for some
(m,n) € Z x Z and some constant C' (m,n). Now we invoke
([17], Lemma 2), a result very similar to ([14], Theorem 1), which
exploits the Gaussian spatiotemporal structure of the channel, as
presented in Section 2.2 (see (3) to (6)), along with the represen-
tation trick (1) and the definition of the moment generating func-
tion of the Gaussian distribution. This provides a closed form ex-
pression for E{ | (p, £)|™ |g (p, £)|"| € (T;_1)}, forany (m,n) €
Z x Z.. Thus, the conditional expectations E { Vi (p,¢)| € (T;_1)}.

E { (Vi1 (p,1))? ) 4 (7;,1)} and, in turn, (18), may be evaluated at

any point p € S. Then, we propose the replacement of the initial,
pointwise problem (16), with

L E{(VII (p7t))2‘%(”&1)}
P E{Vir (. )C (T-))p)® - 19
subjectto p € C; (p° (t—1))

to be solved at relay ¢ € NE, ateachtimet—1 € N}T _1, therefore
determining the (approximately/locally) optimal decisions on the po-
sition of each relay at the next time slot, ¢. Various methods may be
employed for the solution of (19). In the typical case where C; is
finite, for ¢ € Np, corresponding to the situation where the relays
move on a grid, (19) may be easily solved via exhaustive search.

4. NUMERICAL SIMULATIONS

In this section, we present synthetic numerical simulations, which
essentially confirm that the proposed approach, presented in Sections
3.1 and 3.2 above, actually works, and results in relay motion control
policies, which yield improved beamforming performance. All syn-
thetic experiments were conducted on an imaginary square terrain
of dimensions 30 x 30 squared units of length, with S = [0, 30}2,
uniformly divided into 26 x 26 = 676 square regions. The loca-
tions of the source and destination are fixed as pg = [15 O]T and
pp = [15 3O]T. The beamforming temporal horizon is chosen as
T = 6 and the number of relays is fixed at R = 8. The wave-
length is chosen as A = 0.125, corresponding to a carrier frequency
of 2.4 GH z. The various parameters of the assumed channel model
aresetas { = 3, p = 20,0? = 20,772 = 50,8 = 10,y = 5 and
6 = 1. The variances of the reception noises at the relays and the
destination are fixed as o> = 02D = 1. Lastly, both the transmission
power of the source and the fotal transmission power budget of the
relays are chosen as P = P, = 25 (= 14dB) units of power.

Regarding implementation of the proposed approach, the relays
are allowed to be located in the rectangular region [0, 30] x [12, 18],
that is, inside a narrow strip in the middle of the terrain, with re-
spect to the y-axis. Further, at each time instant, each of the relays is
allowed to move inside a 9-region area, centered at each current po-
sition, thus defining its closed set of feasible directions C;, for each
relay ¢ € NE. Basic collision and out-of-bounds control was also
considered and implemented.

In order to assess the effectiveness of our proposed approach for
strategic relay motion control, we compare it against the case where
an agnostic, purely randomized relay control policy is adopted; in
this case, at each time slot, each relay moves randomly to a new
available position, without taking previously observed CSI into con-
sideration. Of course, the comparison of the two controlled systems
is made under exactly the same communication environment. The
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Fig. 3. Experimental comparison of our proposed strategic relay
planning, versus an agnostic, randomized motion policy at the relays.

expected QoS achieved at each time instant was approximated by
executing 3000 trials of the whole experiment, for both controlled
systems under test. Fig. 3 shows the approximations of both the
expectation and standard deviation of the QoS achieved by the two
systems. As seen by the figure, there is a clear advantage in exploit-
ing strategically designed relay motion control. Whereas the agnos-
tic system maintains an average SINR of about 4.7 dB at all times,
the system based on the proposed approach is clearly superior, ex-
hibiting an increasing trend in the achieved SINR, with a gap starting
from about 0.65 dB, up to 2 dB. This increasing trend might reveal
further useful properties of our stochastic programming formulation;
this is a subject of current research. Finally, we should comment on
the standard deviation of both systems, which, from Fig. 3, seems
somewhat high, relative to the range of the respective average SINR.
This behavior is exclusively due to the wild variations of the chan-
nel, which, in turn, are due to the effects of shadowing and multipath
fading; it is not due to the adopted beamforming technique. Further,
we readily observe that, although the standard deviation of the SINR
(the objective) is uncontrolled in (14), the range of its values is only
slightly (in fact, proportionally) higher, relative to the agnostic case.
This is reasonable, since, when the channel is not actually in deep
fade at time ¢, the relays, at time ¢ — 1, are predictively steered to
locations, which, most probably, incur higher network QoS.

5. CONCLUSION

We have considered the problem of enhancing QoS in spatially con-
trolled relay beamforming networks with one source/destination, via
stochastic relay motion control. Modeling the wireless channel as a
spatiotemporal stochastic field, we proposed a novel 2-stage stochas-
tic programming formulation for predictively specifying relay po-
sitions, such that the future expected network QoS is maximized,
based on causal CSI and under a total relay power constraint. We
have shown that this problem can be meaningfully approximated by
a set of simple, two dimensional subproblems, which can be distribu-
tively solved, one at each relay. Our simulations confirmed the suc-
cess of the proposed approach, which results in relay motion control
policies that yield significant improvement in the average achieved
QoS, when compared to agnostic, randomized relay motion.

3742



(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

(11]

[12]

6. REFERENCES

V. Havary-Nassab, S. ShahbazPanahi, A. Grami, and Zhi-Quan
Luo, “Distributed Beamforming for Relay Networks based on
Second-Order Statistics of the Channel State Information,” Sig-
nal Processing, IEEE Transactions on, vol. 56, no. 9, pp. 4306—
4316, Sept 2008.

V. Havary-Nassab, S. ShahbazPanahi, and A. Grami, “Optimal
distributed beamforming for two-way relay networks,” Signal
Processing, IEEE Transactions on, vol. 58, no. 3, pp. 1238—
1250, March 2010.

Y. Jing and H. Jafarkhani, “Network beamforming using relays
with perfect channel information,” Information Theory, IEEE
Transactions on, vol. 55, no. 6, pp. 2499-2517, June 2009.

G. Zheng, Kai-Kit Wong, A. Paulraj, and B. Ottersten,
“Collaborative-Relay Beamforming with Perfect CSI: Opti-
mum and Distributed Implementation,” Signal Processing Let-
ters, IEEE, vol. 16, no. 4, pp. 257-260, April 2009.

J. Li, A.P. Petropulu, and H.V. Poor, “Cooperative transmission
for relay networks based on second-order statistics of channel
state information,” Signal Processing, IEEE Transactions on,
vol. 59, no. 3, pp. 1280-1291, March 2011.

Y. Liu and A.P. Petropulu, “On the sumrate of amplify-and-
forward relay networks with multiple source-destination pairs,”
Wireless Communications, IEEE Transactions on, vol. 10, no.
11, pp. 3732-3742, November 2011.

Y. Liu and A.P. Petropulu, “Relay selection and scaling law in
destination assisted physical layer secrecy systems,” in Statisti-
cal Signal Processing Workshop (SSP), 2012 IEEE, Aug 2012,
pp. 381-384.

N. Chatzipanagiotis, Yupeng Liu, A. Petropulu, and M.M. Za-
vlanos, “Controlling groups of mobile beamformers,” in Deci-
sion and Control (CDC), 2012 IEEE 51st Annual Conference
on, Dec 2012, pp. 1984-1989.

D. S. Kalogerias, N. Chatzipanagiotis, M. M. Zavlanos, and
A. P. Petropulu, “Mobile jammers for secrecy rate maximiza-
tion in cooperative networks,” in Acoustics, Speech and Signal
Processing (ICASSP), 2013 IEEE International Conference on,
May 2013, pp. 2901-2905.

D. S. Kalogerias and A. P. Petropulu, “Mobi-cliques for
improving ergodic secrecy in fading wiretap channels under
power constraints,” in Acoustics, Speech and Signal Process-
ing (ICASSP), 2014 IEEE International Conference on, May
2014, pp. 1578-1591.

Seung-Jun Kim, E. Dall’Anese, and G.B. Giannakis, “Co-
operative spectrum sensing for cognitive radios using kriged
kalman filtering,” Selected Topics in Signal Processing, IEEE
Journal of, vol. 5, no. 1, pp. 24-36, Feb 2011.

E. Dall’Anese, Seung-Jun Kim, and G.B. Giannakis, “Chan-
nel gain map tracking via distributed kriging,” Vehicular Tech-
nology, IEEE Transactions on, vol. 60, no. 3, pp. 1205-1211,
March 2011.

3743

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

(21]

[22]

(23]

(24]

[25]

M. Malmirchegini and Y. Mostofi, “On the Spatial Predictabil-
ity of Communication Channels,” Wireless Communications,
IEEE Transactions on, vol. 11, no. 3, pp. 964-978, March
2012.

D. S. Kalogerias and A. P. Petropulu, “Mobile Beamforming
& Spatially Controlled Relay Communications,” in 2016 IEEE
International Conference on Acoustics, Speech and Signal Pro-
cessing (ICASSP), March 2016, pp. 6405-6409.

Regina C. Elandt-Johnson and Norman Lloyd Johnson, Sur-
vival Models and Data Analysis, Wiley, 1999.

A. Goldsmith, Wireless Communications, Cambridge univer-
sity press, 2005.

D. S. Kalogerias and A. P. Petropulu, “Spatially Controlled
Relay Beamforming: 2-Stage Optimal Policies,” IEEE Trans-
actions on Signal Processing, to be submitted. Draft available
at: http://arxiv.org/, 2016.

S. L. Cotton and W. G. Scanlon, “Higher Order Statistics for
Lognormal Small-Scale Fading in Mobile Radio Channels,”
Antennas and Wireless Propagation Letters, IEEE, vol. 6, pp.
540-543, 2007.

M. Gudmundson, “Correlation Model for Shadow Fading in
Mobile Radio Systems,” Electronics Letters, vol. 27, no. 23,
pp- 2145-2146, Nov 1991.

A. Shapiro, D. Dentcheva, and A. Ruszczynski, Lectures on
Stochastic Programming: Modeling and Theory (MPS-SIAM
Series on Optimization), SIAM-Society for Industrial and Ap-
plied Mathematics, 1st edition, 2009.

J. L. Speyer and W. H. Chung, Stochastic Processes, Estima-
tion, and Control, vol. 17, Siam, 2008.

K. J. Astrom, [Introduction to Stochastic Control Theory,
vol. 70, New York: Academic Press, 1970.

R. T. Rockafellar and R. J. B. Wets, Variational Analysis, vol.
317, Springer Science & Business Media, 2009.

D. P. Bertsekas, Dynamic Programming & Optimal Control,
vol. II: Approximate Dynamic Programming, Athena Scien-
tific, Belmont, Massachusetts, 4th edition, 2012.

D. P. Bertsekas and S. E. Shreve, Stochastic optimal control:
The discrete time case, vol. 23, Academic Press New York,
1978.



