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ABSTRACT

In this paper, 3D sound source localization method for simultane-
ously estimating both direction-of-arrival (DOA) and distance from
the microphone array is proposed. For estimating distance, the off-
grid problem must be overcome because the range of distance to
be considered is quite broad and even not bounded. The proposed
method estimates positions based on an extension of the convex
clustering method combined with sparse coefficients estimation. A
method for constructing a suitable monopole dictionary based on co-
herence is also proposed so that the convex clustering based method
appropriately estimate distance of sound sources. Numerical experi-
ments of distance estimation and 3D localization show possibility of
the proposed method.

Index Terms— Sparsity, direction-of-arrival (DOA), distance
estimation, convex optimization, primal-dual splitting.

1. INTRODUCTION

Sound source localization techniques using a microphone array [1,2]
has been interested in many applications. Many of them assume far-
field sources, and therefore plane waves are used as a dictionary for
estimating the direction-of-arrival (DOA) of sound sources [3–10].

For estimation, DOA is usually discretized into a grid so that
only several directions must be considered. However, such dis-
cretization can be a source of estimation error because only a direc-
tion which coincides with the grid is represented by the dictionary
perfectly. This discretization issue is called the off-grid problem,
and many methods have been proposed to overcome it [10–13]. It
can be regarded as a trade-off between accuracy and computational
cost: a fine grid provides better accuracy with more computational
complexity.

In contrast to DOA estimation which only considers direction
of sound sources, there are less research on 3D source localization
which estimates both direction and distance from a microphone ar-
ray [14–18]. For estimating distance, both near- and far-field sources
must be taken into account simultaneously. Then, a natural dictio-
nary for such distance estimation includes both monopoles and plane
waves. Nevertheless, distance of plane waves may be regarded as in-
finity, and thus it is only possible to estimate distance of sources in
the near-field by the dictionary. Therefore, a monopole-only dic-
tionary is necessary to treat wide range of distance. However, the
above mentioned off-grid problem becomes a quite serious problem
for such a monopole dictionary because the number of 3D grid points
grow extremely fast if wide range of distance is considered. It can be
impossible to solve the large problem when one requires, say, one-
meter accuracy of estimation within fifteen meter range. Although a
greedy strategy as in [19] may be a choice for reducing the compu-
tational cost [14], local minima may prevent accurate estimation for
some situations.

In this paper, a method for constructing an efficient monopole-
only dictionary is proposed. By combining the proposed dictio-
nary with a convex optimization formulation, it allows a simulta-
neous estimation of direction and distance without concerning lo-
cal minima traps. Moreover, an extension of the convex clustering
method [20–22] with a coordinate transformation is proposed in or-
der to estimate source positions from many candidates of the posi-
tions. A convex optimization algorithm is also proposed to solve the
clustering problem effectively.

2. SPARSE LOCALIZATION USING MONOPOLES

A sound signal at positionq ∈ Ω in a regionΩ ⊂ R3 can be ap-
proximated by linear combination as

y(q, ω) ≃
∑
i

φi(q, ω) xi, (1)

whereφi(q, ω) is an element of an overcomplete dictionary,ω is the
angular frequency, andxi ∈ C is a coefficient. For the elements of
the dictionary, monopoles,

φi(q, ω) = exp(jk ∥q− pi∥2) / 4π ∥q− pi∥2 , (2)

are considered here, wherej =
√
−1, k (= ω/c) is the wave num-

ber,c is the speed of sound,pi is position of a monopole,∥ · ∥p is
the ℓp-norm. Then, a observed signal ofM microphones placed at
{q1, q2, · · · , qM} can be written as

y(ωl) = Φ(ωl)xl, (3)

wherey(ωl) = [ y(q1, ωl), y(q2, ωl), · · · , y(qM , ωl) ]
T, xl =

[x1, x2, · · · , xN ]T, xT is transpose ofx, andΦ(ωl) ∈ CM×N is a
matrix whose(j, i)-th element is[Φ(ωl)]ji = φi(qj , ωl). Sparsity
based methods estimate source locations via sparse optimization [6–
13, 23]. Although the proposed dictionary can be integrated into
many other formulations, a group sparse formulation [23–27],

min
x

∥Φx− y∥22 + λ ∥x∥2,1 , (4)

is adopted for this paper as an example. Here,x and y are
vertically concatenated vectors of{xl} and {y(ωl)}, respec-
tively, Φ is the normalized block diagonal matrix whose diagonal
block consists of{Φ̃(ωl)}, Φ̃(ωl) is the column-wise normal-
ized version ofΦ(ωl), λ > 0 is a regularization parameter, and
∥x∥2,1 =

∑N
i=1 ∥[(xi)1, (xi)2, · · · , (xi)L]∥2.

After solving this convex optimization problem, positions cor-
responding to non-zero elements of estimatedx̂ are treated as can-
didates of sound source locations. When the position of a source
and one of the monopoles coincides, it can be directly estimated by
choosing appropriateλ. However, such condition cannot be met in
general, and thus estimation of off-grid position from non-zero co-
efficients is necessary.
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Fig. 1. Schematic diagram of coherence-adjusted monopoles where
each monopole lies on a sphere whose radius is denoted byrn.

3. PROPOSED METHOD

For estimating source location from its candidates, a simple exten-
sion of convex clustering is proposed. A primal-dual algorithm for
efficiently computing it is also proposed. In addition, a method for
constructing a coherence-adjusted dictionary, which is essential for
distance estimation, is proposed.

3.1. Generating coherence-adjusted monopole dictionary

In the previous section, positions of monopoles{pi} can be chosen
arbitrarily. Then, it is natural to ask which choice is better than the
others. Here, a method for obtaining better positions in terms of
coherence is proposed.

CoherenceCij between two functionsφi andφj is a measure
of similarity which takes a value in[0, 1]:

Cij =
|⟨φi, φj⟩|
∥φi∥2∥φj∥2

, (5)

where| · | is absolute value, and⟨·, ·⟩ is the standard inner product
which is calculated from the vectors obtained by the microphones. It
is known that a dictionary with smaller worst-case coherence,

Cmax = max
i ̸=j

Cij , (6)

is more preferable for sparse estimation [27–29]. Therefore,
monopoles should be distributed so thatCmax is minimized among
dictionaries having the same number of monopoles. However, it
should be a quite difficult problem to solve because such position
determination is highly non-convex. In addition, the far-field, whose
distance from origin may be considered as infinity, must be treated
specially.

In order to obtain a better placement of monopoles, a greedy
method is proposed. For making the problem simple, several
spheres, on which each set of monopoles lies, are considered as
in Fig. 1. The number of monopoles and their distribution on a
sphere are supposed to be given by the user. Then, only radii of the
spheres{rn} have to be determined.

As Cmax within a sphere can be calculated from given informa-
tion, our aim is to adjust{rn} so thatCmax between adjacent spheres
becomes similar to that. For notational convenience, letIrnbe an
index set of monopoles lying on the sphere of radiusrn. Then, the
proposed method adjusts the mean value ofCmax between adjacent
spheres (rn andrn−1), which can be written as

1

|Irn |
∑
i∈Irn

max
j∈Irn−1

Cij =
1

|Irn |
∑
i∈Irn

max
j∈Irn−1

|⟨φi, φj⟩|
∥φi∥2∥φj∥2

,

to have a similar value toCmax within a sphere. In the adjustment, the
radial componentrn of monopoles on that sphere{φi}i∈Irn

is the
variable while the direction (azimuth and polar angles) is constant.

Algorithm 1 Proposed method for adjusting monopoles

1: Input: {pi}i∈I∞ , rM
2: Output: {r1, r2, · · · , rn−1}
3: CalculateC∞

max = max
i,j∈I∞, i̸=j

Cij .

4: Findr1 (<∞) such that 1
|Ir1 |

∑
i∈Ir1

max
j∈I∞

Ci,j = C∞
max.

5: Setn = 1.
6: while rn > rM do
7: Setn = n+ 1
8: Findrn (< rn−1) such that

1
|Irn |

∑
i∈Irn

max
j∈Irn−1

Ci,j = C∞
max.

9: end while
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Fig. 2. Examples of obtained{rn} by Algorithm 1. Note that the
horizontal axis represents index from the inner sphere for visibility
which is opposite to those of Fig. 1 and Algorithm 1.

The reason of taking the mean is to defuse dependency of coherence
on the relative position between monopoles and microphones.

For taking the far-field into account, plane waves are considered
first, where the propagating directions are denoted by{pi}i∈I∞ .
Then, spheres with radii{rn} are repeatedly added from outer to
inner until the smallest sphere reaches to the microphone array. The
proposed algorithm is summarized in Algorithm 1, whererM is the
radius of enclosing sphere of the array. Note that findingrn can be
achieved easily by a simple line search because it is single-variable
optimization and coherence varies smoothly.

After {rn} is obtained, the plane waves are replaced by
monopoles because plane waves are not suitable for distance es-
timation. Figure 2 shows obtained{rn} by Algorithm 1 for several
settings. It can be seen that{rn} can be regarded as sampled
points of an approximately linear function in the doubly logarithmic
scale. Therefore, the plane waves (r = ∞) are approximated by
monopoles lying on a sphere of radiusr0,

r0 = 10[log10(r1)]
2/ log10(r2), (7)

which is linear extrapolation in double logarithmic domain1.
An example of obtained radii which will be used for the simu-

lation isRco = {1.34, 1.78, 2.68, 5.37, 17.44} [m] which is illus-
trated by the red line in Fig. 2. Since the interval of outer spheres
is notably large, the off-grid problem arises as a serious issue for
distance estimation.

1One may try to findr0 (> r1) such that their maximal coherence co-
incide withC∞

max, which can be regarded as applying Algorithm 1 reversely.
However, we empirically found such strategy can easily fail for some situa-
tions where the condition cannot be met. In contrast, the extrapolation can
always be performed without concerning any condition.
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Fig. 3. Schematic explanation of convex clustering. Blue circles
represent{pi}, while black circles are{ui}. The second block is
for γ = 0, while the right two blocks correspond to largerγ.
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Fig. 4. An example of DOA using the extended convex clustering.
The magnitude of monopoles correspond to non-zero coefficients are
represented by the color. The red stars are true positions of the sound
sources, while the black circles are estimated positions which are
listed in Table 2.

3.2. Extension of convex clustering for 3D localization

For estimating off-grid source location, an extension of convex clus-
tering is proposed. Before the estimation, the following coordinate
transformation is necessary:

pi =
min{d1, d2}
max{d1, d2}

pi

∥pi∥2

[
log10

(
log10(∥pi∥2)

)
+ rM

]
, (8)

whered1 andd2 are respectively minimum distance of monopoles
within a sphere and between the spheres. This transformation en-
sures the directional components and the radial components in the
doubly logarithmic domain have similar order so that the following
method equally treat them.

Then, the proposed method is formulated as the following con-
vex optimization problem

min
{ui}

1

2

∑
i∈Ix̸̂=0

wi∥pi− ui∥22 + γ
∑

(n,m)∈N

χ(n,m)∥un− um∥2, (9)

whereIx̸̂=0 is the index set of non-zero elements of estimated coef-
ficient x̂ in Eq. (4),{pi}i∈Ix̂ ̸=0 is the set of positions of monopoles
corresponding to the non-zero elements,{ui} is a copy of{pi} to
be optimized,γ > 0 is a regularization parameter,N is an index
set of adjacency, andwi andχ(n,m) are positive weights which play
important roles.

This formulation is an extension of the convex clustering method
[20,21] which does not have{wi} in the first term. As in the original
convex clustering,k-nearest-neighbor is considered in the weight as

χ(n,m) = κk
(n,m) exp

(
−ψ∥pn− pm∥22

)
, (10)

whereψ is positive constant, andκk
(n,m) is 1 if pn is k-nearest-

neighbor ofpm and0 otherwise. Note that this weights can be re-
garded as elements of the adjacency matrix of the monopoles: in
that case, monopoles can be considered as a graph signal [30]. In

Algorithm 2 Primal-dual splitting method for solving (9)

1: Input: {wi}i∈Ix̸̂=0 , {pi}i∈Ix̸̂=0 , L, µ1, µ2

2: Output: u[t+1]

3: Setu[1]
i = pi, v[1] = 0

4: for t = 1, 2, 3, · · · do
5: ξ[t] = u[t] − µ1L

Tv[t]

6: for i = 1, 2, 3, · · · do
7: u

[t+1]
i = 1+µ1wi

µ1
(wipi +

1
µ1

ξ
[t]
i )

8: end for
9: ζ[t] = v[t] − µ2L(2u

[t+1] − u[t])
10: for j = 1, 2, 3, · · · do
11: v

[t+1]
j = min

{
1, γ/∥ζj∥2

}
ζj

12: end for
13: end for

the proposed method, the weight{wi} is also considered in order to
take the estimation result of Eq. (4) into account. Here, a weighting
rule,

wi = ri |x̂i| , (11)

is proposed, wherêxi is the non-zero element of estimated coeffi-
cient in Eq. (4), andri is the radius of the sphere on which the corre-
sponding monopole lies. Figure 3 schematically illustrates process
of the proposed method. The second term of Eq. (9) tries to sparsify
the distance of monopoles, while the first term keeps the positions
close to the original ones. These effects result in concentrated points
which will be treated as the estimated locations. An example of
DOA estimation for four sources, which is the same condition as the
simulation in Table 2, by the proposed method is shown in Fig. 4.
It can be seen that the proposed method can correctly localize the
directions.

To obtain an estimated result as in Fig. 4, one needs to solve
the above convex optimization problem. In this paper, the recent
primal-dual algorithm is adopted for solving it [31,32]. The primal-
dual splitting, which is an iterative procedure of the following form

ξ[t+1] = proxµ1f

[
ξ[t] − µ1L

Tζ[t] ] (12)

ζ[t+1] = proxµ2g∗
[
ζ[t] − µ2L(2ξ

[t+1] − ξ[t])
]
, (13)

can solve a convex optimization problem of the following form:

min
ξ

f(ξ) + g(Lξ), (14)

wheref andg are (proper and lower-semicontinuous) convex func-
tions,t is the iteration index,L is a linear operator,µ1 andµ2 are the
constants satisfyingµ1µ2∥L∥op ≤ 1 (∥·∥op stands for the operator
norm). proxf [·] denotes the proximity operator off [33],

proxf [y ] = argmin
x

[
f(x) +

1

2
∥y − x∥22

]
, (15)

andg∗ is the convex conjugate ofg, whose proximity operator can
be computed by the following Moreau decomposition formula:

proxµg∗ [y ] = y − µ prox1
µ
g

[ 1

µ
y
]
. (16)

Let u is the vector obtained by vertically concatenating allui,
andL be the linear operator mappingu 7→ v, wherev is the vector
obtained by vertically concatenating{χ(n,m)(un− um)}(n,m)∈N .
Then, Eq. (9) can be viewed as a convex optimization problem in the
form of Eq. (14). Therefore, the primal-dual splitting algorithm can
be applied to obtain an iterative procedure for solving Eq. (9). The
proposed primal-dual algorithm is summarized in Algorithm 2.
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Fig. 5. Distance estimation for a single source. A coherence-adjusted monopole dictionary was obtained by the proposed method whose radii
of the spheres areRco = {1.34, 1.78, 2.68, 5.37, 17.44} [m]. For comparison, equally spaced setReq = {1.34, 5.36, 9.39, 13.41, 17.44}
[m] (4.025 m interval) was also used. The horizontal axes represent true position of the source. The vertical axis of the left figure shows
estimated position. The figure in the center shows error of the estimation, while the right one is relative error normalized by the true value.

Table 1. The condition of simulation.
Number of microphones M = 8

Number of monopoles on each sphere 2401
Calculated coherence C∞

max = 0.998

Regularization parameter in Eq. (4) λ = 0.005

Number of nearest neighbor k = 100

Size parameter in Eq. (10) ψ = 0.5

Table 2. 3D localization result for four sound sources. Each position
is represented by the spherical coordinate, where radial distancer is
in meter while azimuth and polar angles are in degrees. Left columns
are the true positions, and right are the estimated ones.

rtrue azimuth polar rest azimuth polar

1 7.07 59.03 55.55 9.17 59.37 55.00
2 4.69 146.31 129.76 4.23 147.53 129.87
3 3.31 251.56 72.45 2.78 252.87 72.93
4 10.48 319.40 118.47 9.43 318.03 118.97

4. NUMERICAL EXPERIMENTS

Performance of the proposed method was investigated numerically.
Simulation condition for both results shown below is listed in Ta-
ble 1. The eight microphones were located at(0.15, 0.15, 0.21),
(−0.15, 0.15, 0.21), (−0.15,−0.15, 0.21), (0.15,−0.15, 0.21),
(0.25, 0.25,−0.35), (−0.25, 0.25,−0.35), (−0.25,−0.25,−0.35),
and(0.25,−0.25,−0.35).

Firstly, appropriateness of the proposed coherence-adjusted
monopole dictionary was examined by comparison with non-
adjusted dictionary. Result of distance estimation for a single source
is shown in Fig. 5, whereγ was chosen automatically so that the
number of sources becomes one. From the figure, it is confirmed
that only combination of the proposed dictionary with the proposed
weighting rule can properly estimate distance of the source.

Next, 3D positions of four sound sources are estimated. The true
and estimated positions withγ = 0.012 are summarized in Table 2,
which are illustrated in Figs. 4 and 6. It can be seen that the proposed
method can reasonably estimate positions of multiple sound sources
simultaneously. Althoughγ in this experiment was chosen so that
correct number of sources was obtained, the proposed method has
possibility of providing number of sources automatically. Since the
convex optimization problem in Eq. (9) is strongly convex, the solu-
tion for chosenγ is unique. Therefore, the optimization procedure
can be regarded as mapping formγ to number of sound sources. As
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Fig. 7. Number of clusters and the least squares cost [the first term
of Eq. (9)] with respect toγ for the 3D localization of four sources.

in Fig. 7, the least squares cost [first term in Eq. (9)] rapidly increases
around true number of sources. This property should be useful for
automatic detection of number of sources.

5. CONCLUSIONS

In this paper, for 3D source localization, a method for constructing
a coherence-adjusted monopole dictionary and a method of estimat-
ing position based on convex clustering are proposed. For the future
works, automatic detection of number of sources should be investi-
gated as discussed in the last section.
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