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ABSTRACT
We investigate the estimation of distributions with time-
varying parameters. We introduce an algorithm that achieves
the optimal negative likelihood performance against the true
probability distribution. We achieve this optimum regret per-
formance without any knowledge about the total change of
the parameters of true distribution. Our results are guaranteed
to hold in an individual sequence manner such that we have
no assumptions on the underlying sequences. Our log-loss
performance with respect to the true probability density has
regret bounds of O(

√
CT ), where C is the total change

(drift) in the natural parameters of the underlying distribu-
tion. We achieve this square-root regret with computational
complexity only logarithmic in the time horizon, thus our
algorithm is suitable for big data. Apart from the regret
bounds, through synthetic and real life experiments, we
demonstrate substantial performance gains with respect to
the state-of-the-art probability density estimation algorithms
in the literature.

Index Terms— Sequential density estimation, exponential
family, nonstationary source, individual sequence manner.

I. INTRODUCTION

In this paper, we investigate sequential probability den-
sity estimation, which arise in several different machine
learning applications [1]–[6], where we sequentially observe
{x1, x2, . . .} and learn a probability distribution at each time
t based on the past observations. We assume {xt}t≥1 are
generated from a possibly nonstationary memoryless source
since in most applications in engineering systems, statistics
of data may change over time (especially, big data) [7].

We approach this problem from a competitive algorithm
perspective and compete against the true density function.
At each time t, we observe a sample feature vector xt
distributed according to some unknown ft(xt), and based
on our past observations {xτ}t−1τ≥1, we produce an es-
timate f̂t(xt). We use negative likelihood (log-loss) as
the loss, i.e., − log(f̂t(xt)), since it is the most widely
used loss function for probability distributions [8]. To
provide strong results in an individual sequence manner
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[9], we use the notion of ”regret” on the log-losses to
define our performance such that the regret at time t is
rt = − log(f̂t(xt)) + log(ft(xt)). and the cumulative regret
up to time T is RT =

∑T
t=1

(
− log(f̂t(xt)) + log(ft(xt))

)
.

We seek to achieve the performance of the best non-
stationary distribution from an exponential family. In this
sense, we assume that there exists a density function ft(xt)
that exactly or most closely represents the true distribution
and ft(xt) belongs to an exponential family [10] with a
possibly changing natural parameter αt. We specifically
investigate the exponential family of distributions since they
cover a wide range of parametric models [6] and accurately
approximates many nonparametric classes of densities [11].

We denote the drift of αt in T rounds by Cα such that

Cα ,
T∑
t=2

‖αt − αt−1‖, (1)

where ‖·‖ is the L2-norm. As an example, for stationary
sources (unchanging natural parameter), Cα = 0. Follow-
ing [6] and [12], one can show that a regret bound of
O(log(T )) can be achieved for a stationary source with
fixed computational complexity. However, for nonstationary
sources, logarithmic regret bound is infeasible under low
computational complexity [6]. The results of [13] imply fixed
complexity learning algorithms that achieve a regret bound
of O(

√
CαT ) when the time horizon T and the total drift

in parameter vector Cα is known a priori. However, if no
prior knowledge about Cα is given, an algorithm with fixed
complexity that achieves only the regret bound O(Cα

√
T ) is

proposed in [6]. Hence, achieving O(
√
CαT ) is not possible

with the state-of-the-art methods if no prior information is
known about Cα (drift) of a nonstationary source.

As the first time in literature, we introduce an algorithm
that achieves the optimal regret O(

√
CαT ) for nonstationary

sources without a priori knowledge. Our results are guaran-
teed to hold in a strong deterministic sense for all possible
observation sequences. Our algorithm is truly sequential such
that neither the time horizon T nor the total drift Cα are
known. We achieve this performance with a computational
complexity of only log-linear in time length T .

In Section II, we first introduce the basic density estima-
tors. Then, in Section III, we introduce the universal density
estimator that merges the beliefs of the basic density esti-
mators. In Section IV, experiments, we illustrate significant
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performance gains with respect to the state-of-the-art and
finish with final remarks in Section V.

II. BASIC DENSITY ESTIMATOR

We first construct basic density estimators that can only
achieve the optimal regret bound with a priori information
on the underlying sequence. This basic estimators are sub-
sequently used in Section III to construct the final algorithm
achieving the optimal regret without any a priori information.
Here, at each time t, we observe xt ∈ Rdx distributed
according to a memoryless exponential family distribution
ft(xt) = exp (−〈αt, zt〉 −A(αt)), where αt ∈ Rd is the
natural parameter of the exponential-family distribution be-
longing to a bounded convex feasible set S such that
D = maxα∈S‖α‖, A(·) is a function of the parameter αt
(normalization factor), 〈·, ·〉 is the inner product and zt is the
d-dimensional sufficient statistic of xt [10], i.e., zt = T (xt).

Instead of directly estimating the distribution ft(x), we
estimate the natural parameter αt at each time t ac-
cording to our observations {xτ}t−1τ=1 and show that we
achieve Hannan consistent [14] regret bounds. The es-
timate of the underlying true distribution is given by
f̂t(xt) = exp(−〈α̂t, zt〉 −A(α̂t)). We use online gradient
descent [13] to sequentially produce our estimation α̂t,
where we start from an initial estimate α̂1, and update α̂t
based on observation xt. To update α̂t, we first observe xt
and incur the loss l(α̂t, xt), which is the log-loss as

l(α̂t, xt) = − log(f̂t(xt)) = 〈α̂t, zt〉+A(α̂t). (2)

Hence the gradient of the loss with respect to α̂t,

∇αl(α̂t, xt) = zt +∇αA(α̂t) = zt − µα̂t , (3)

where µα̂t
is the mean of zt if xt were distributed according

to f̂t(xt). We update the parameter α̂t such that

α̂t+1 = PS(α̂t − η(zt − µα̂t
)), (4)

where PS(·) is the projection onto S and is defined as

PS(x) = argmin
y∈S

‖x− y‖ (5)

The complete algorithm is provided in Alg. 1.
Next, we provide performance bounds of Alg. 1. Theorem

1 shows that using Alg. 1 with fixed learning rate, we can
achieve optimal regret O(

√
CαT ) if Cα is known.

Theorem 1. Running Alg. 1 with parameter η to estimate
the distribution ft(xt) has the regret bound

RT ≤
1

η
DC + ηTG, (6)

where D = maxα∈S‖α‖, C = 2.5D + Cα such that Cα is
as in (1), and G = (φ2 + 2φ1M +M2)/2 such that M =
maxα∈S µα, φ1 =

∑T
t=1‖zt‖/T , φ2 =

∑T
t=1‖zt‖2/T .

Proof of Theorem 1. The regret at time t is defined as rt =
l(α̂t, xt)−l(αt, xt), where l(α, x) is as in (2). Since the loss
function is convex

rt ≤ 〈∇αl(α̂t, xt), (α̂t − αt)〉. (7)

Algorithm 1 Basic Density Estimator

1: Initialize constant η ∈ R+

2: Select initial parameter α̂1

3: Calculate the mean µα̂1

4: for t = 1 to T do
5: Declare estimation α̂t
6: Observe xt
7: Calculate zt = T (xt)
8: Update parameter: α̃t+1 = α̂t − η(zt − µα̂t

)
9: Project onto convex set: α̂t+1 = PS(α̃t+1)

10: Calculate the mean µα̂t+1

11: end for

We bound the right hand side of (7) using the update rule
(4). By (4) and (5), we have
〈∇αl(α̂t, xt), (α̂t − αt)〉

≤ 1

2η
(‖α̂t‖2−‖α̂t+1‖2−2〈α̂t−α̂t+1, αt〉)+

η

2
‖∇αl(α̂t, xt)‖2,

since η > 0. Using (7) and (3) yields

rt≤
1

2η
(‖α̂t‖2−‖α̂t+1‖2)−

1

η
〈α̂t−α̂t+1, αt〉+

η

2
‖zt − µα̂t

‖2.

Thus, the cumulative regret up to time T is given by

RT ≤
1

2η
(‖α̂1‖2−‖α̂T+1‖2) +

η

2

T∑
t=1

‖zt − µα̂t
‖2

− 1

η
(〈α̂1, α1〉+

T∑
t=2

〈α̂t, αt − αt−1〉 − 〈α̂T+1, αT 〉),

≤1

η
(2.5D2 +DCα) +

ηT

2

(
φ2 + 2φ1M +M2

)
,

where Cα is as in (1), D = maxα∈S‖α‖, M = maxα∈S µα,
φ1 =

∑T
t=1‖zt‖/T , φ2 =

∑T
t=1‖zt‖2/T . We denote

G = (φ2 + 2φ1M +M2)/2, which is related to the gradient
of the log-loss and C = Cα + 2.5D, which is the effective
change parameter. Hence, we get (6).

The result in Theorem 1 is for an estimator that uses fixed
learning rate, which will be used to prove the performance
bound of the universal estimator in the next section.

III. UNIVERSAL ONLINE DENSITY ESTIMATION

In Section II, we constructed basic estimators achieve the
optimal regret with a priori information. In this section, we
construct a universal algorithm that achieves the optimal
regret with no a priori information by mixing the beliefs
of basic estimators with carefully constructed learning rates.

Alg. 1, when used with η, achieves the regret

RT ≤
√
DCGT

(
η∗
η

+
η

η∗

)
, (8)

where η∗ ,
√

(DC)/(GT ). To achieve the optimal regret
with Alg. 1, one must have some knowledge of η∗. However,
with no prior information, it is not possible to achieve the
optimal regret using Alg. 1. Therefore, instead of just using
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Algorithm 2 Universal Density Estimator

1: Initialize constants ηr, for r ∈ {1, 2, . . . , N}
2: Create N nodes each running Alg. 1 with parameters ηr
3: Initialize weights wr1 = 1/N
4: for t = 1 to T do
5: Declare estimation f̂ut (x) =

∑N
r=1 w

r
t f̂

r
t (x)

6: Observe xt
7: Calculate zt = T (xt)
8: for r = 1 to N do
9: Update parameters α̂rt according to Alg. 1

10: wrt+1 = wrt f̂
r
t (xt)/f̂

u
t (xt)

11: end for
12: end for

Alg. 1 with a fixed learning rate, we combine Alg. 1’s
with different learning rates, which will approximate η∗ to
a sufficient degree to achieve the optimal regret.

To this end, we first construct a parameter vector η of size
N such that η[r] = ηr, for r ∈ {1, 2, . . . , N}. We construct
N experts each of which runs Alg. 1 with parameter ηr, i.e.,
rth element of the parameter vector η. Each one of the N
experts takes the input xt and outputs a belief f̂rt (xt) at each
round t (prediction stage). Then, we mix the outputs of all
the beliefs in a weighted combination such that

f̂ut (xt) =

N∑
r=1

wrt f̂
r
t (xt), (9)

where wrt is the combination weight of the belief of the rth

expert at time t (mixture stage). Initially we assign uniform
weights to all expert outputs such that their combination
weights are given by wr1 = 1/N . Then, at each time t, we
update their weights according to the rule

wrt+1 = wrt f̂
r
t (xt)/f̂

u
t (xt), (10)

where f̂ut (xt) acts as a normalizer. We have provided a
complete description of the universal algorithm in Alg. 2.

Next, we provide the performance bounds of the universal
density estimator, i.e., Alg. 2. The results of Theorem 2 and
Corollary 1 show that the optimal regret bound O(

√
CT ) is

achieved without any prior information on C.

Theorem 2. Alg. 2 has the regret bound

RT ≤ log(N) +
√
DCGT

[
min

i∈{1,2,...,N}

(
η∗
ηi

+
ηi
η∗

)]
,

where D = maxα∈S‖α‖, C = 2.5D + Cα such that Cα is
defined as in (1), G = (φ2+2φ1M+M2)/2 such that M =
maxα∈S µα, φ1 =

∑T
t=1‖zt‖/T , φ2 =

∑T
t=1‖zt‖2/T , η∗ =√

DCGT and ηi for i ∈ {1, 2, . . . , N} are the parameters
used by the mixed experts.

Proof of Theorem 2. The regret at time t is given by
rt = − log(f̂ut (xt)) + log(ft(xt)) (11)

Summing (11) from t = 1 to T gives

RT =− log(

T∏
t=1

(

N∑
r=1

wrt f̂
r
t (xt))) +

T∑
t=1

log(ft(xt)), (12)

where we used (9). From (10), we can infer

wrt =

∏t−1
τ=1 f̂

r
τ (xτ )∑N

r=1

∏t−1
τ=1 f̂

r
τ (xτ )

. (13)

Hence, putting (13) in (12) produces,

RT = − log(

N∑
r=1

T∏
τ=1

f̂rt (xt)) + log(N) +

T∑
t=1

log(ft(xt))

≤ log(N)−max
r

(

T∑
t=1

log(f̂rt (xt)))+

T∑
t=1

log(ft(xt)) (14)

≤ log(N) +
√
DCGT

[
min

i∈{1,2,...,N}

(
η∗
ηi

+
ηi
η∗

)]
, (15)

and concludes the proof.

The result of Theorem 2 shows that the bound is depen-
dent on the set of learning rates used in the algorithm. In
Corollary 1, we exploit that result and show that we can
achieve the optimal regret bound with log-linear complexity.

Corollary 1. Suppose we choose to run the experts with
parameters between η′ and η′′. We denote K = η′′/η′ and
N = dlog2Ke + 1. Then running Alg. 2 with parameter
vector ηi = 2i−1η′ for i ∈ {1, 2, . . . , N} gives the following
regret bounds for different values of η∗.

1) If η′ ≤ η∗ ≤ η′′:

RT ≤ log(dlog2 η′′/η′e+ 1) +
3
√
2

2

√
DCGT,

since (η∗/ηi + ηi/η∗) is the maximum if η∗ is of the
form η∗ = 2a

√
2 for some a.

2) If η∗ ≥ η′′

RT ≤ log(dlog2 η′′/η′e+ 1) + (1 +
η∗
η′′

)
√
DCGT.

Since η∗ ≤
√
(4 + 1/T )D2M−2, setting

η′′ ≥
√

(4 + T−1)D2M−2 yields this case invalid.
3) If η∗ ≤ η′

RT ≤ log(dlog2 η′′/η′e+ 1) + (1 +
η′

η∗
)
√
DCGT.

Since η∗≥
√
2.5D2(TG)−1, η′≤

√
2.5D2T−1 gives

RT ≤ log(dlog2 η′′/η′e+ 1) + (1 +
√
G)
√
DCGT.

Hence, by running the Alg. 2 with an appropriate pa-
rameter vector, we achieve O(

√
CT ) regret with O(log T )

computational complexity, since the separation between η′

and η′′ is mainly dependent on C, which is bounded as
2.5D ≤ C ≤ (2T + 0.5)D. For unknown time horizon T ,
we use the doubling trick and still achieve O(

√
CT ) regret.

IV. EXPERIMENTS

In this section, we demonstrate the performance of our
algorithm both on real and synthesized data, where we show
how it performs individually and in comparison to the-state-
of-art [6], [13]. We denote the technique used in [13] by
OCP.static, since the algorithm uses online convex program-
ming with fixed step size. We denote the algorithm of [6]
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Log-Loss Performance Comparison of Density Estimation Algorithms
over Nonstationary Gaussian Process

UDE
OCP.dynamic
OCP.static
ML.sqrt

OCP.dynamic

OCP.static

ML.sqrt

UDE

Fig. 1. Time averaged regret performance of the density
estimation algorithms over nonstationary Gaussian process.

as OCP.dynamic, since the algorithm uses a dynamically
changing step size in each round. We also compare our
algorithm to the online version of the widely used Maximum
Likelihood (ML) estimation [15]. We run our algorithm with
parameters in the range 1/T ≤ η ≤ T for a T length run.
All the algorithms are constructed as in their publications.

We first synthesize a dataset of size 10000 from a uni-
variate Gaussian process with unit standard deviation, i.e.,
σ = 1 and mean value alternating between 10 and −10 in
every 1000 samples. Since the dataset is nonstationary, the
ML estimator performs very poorly. Therefore, for a fair
performance comparison, we created a new ML algorithm
called ML.sqrt, which uses only the last

√
t samples in each

round t. In Fig. 1, we illustrate the regret performance of
these four algorithms. While OCP.dynamic converges ex-
tremely fast in the first 1000 samples, OCP.static is not able
to converge that rapidly in the first segment since it resets its
algorithm in each power of 2 (courtesy of the doubling trick)
and the learning rate is not sufficiently large. However, after
approximately round 2000, OCP.static beats OCP.dynamic,
and performs continuously better in the remaining rounds.
Nevertheless, both of them are inferior to ML.sqrt, which
has better performance in all rounds. However, all of these
algorithms are still very sensitive to the changes in the
data statistics and the average regret jumps upward in each
change, i.e., in every 1000 rounds. Moreover, the average
regrets of all three algorithms has a quasi-linear increase with
respect to the data length. However, our algorithm Universal
Density Estimator (UDE) has no such problem. UDE uses
a mixture of carefully constructed density estimators and is
robust due to its universality over learning rates. Hence, the
changes in the statistics has little to no effect on the regret
of UDE. UDE uniformly and significantly outperforms all
three algorithms OCP.dynamic, OCP.static and ML.sqrt.
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Fig. 2. Time averaged log-loss performance of the density
estimation algorithms over the Istanbul Stock Exchange
dataset.

We use the Istanbul Stock Exchange (ISE) [16] dataset
for real data benchmark purposes, which is readily acces-
sible online. We have assumed a possibly nonstationary
multivariate Gaussian process for ISE dataset and run the
algorithms to estimate this distribution. Since the true dis-
tribution is not known, we have compared the performances
of the algorithms directly with their log-losses instead of
their regrets. In Fig. 2, we have illustrated the log-loss
performance of UDE, OCP.static and OCP.dynamic. We
needed to discard the ML and ML.sqrt algorithms since
both of these algorithms performed very poorly. Since the
dataset is small (with only 536 time instances), OCP.static
performs poorly because of its resetting behavior. Log-
loss of OCP.static cannot convergence fast enough to keep
up with the nonstationarity of data, and thus, is unable
to produce a successful density estimation. On the other
hand, OCP.dynamic has a nice convergence through the data
sequence, however, starts to floor after the 300th sample.
Nonetheless, UDE greatly outperforms them continuously,
since it uses a mixture of carefully constructed learning rates.
Therefore, UDE has a fast convergence.

V. CONCLUDING REMARKS

We have introduced a truly sequential algorithm, which
estimates the density of a nonstationary exponential family
source with optimum regret

√
CT without knowing C (the

drift of statistics) beforehand. Our results are guaranteed
to hold in a strong deterministic sense for all possible
observation sequences. By carefully designing different den-
sity estimators and universally combining them, we achieve
optimal performance with a computational complexity only
log-linear in the time horizon, thus, our algorithm can be
effectively used in applications involving big data.
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