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ABSTRACT

Any acoustic sensor disturbs the spatial acoustic field to certain ex-
tent, and a recorded field is different from a field that would have
existed if a sensor were absent. Recovery of the original (incident)
field is a fundamental task in spatial audio. For some sensor geome-
tries, the disturbance of the field by the sensor can be characterized
analytically and its influence can be undone; however, for arbitrary-
shaped sensor numerical methods have to be employed. In the cur-
rent work, the sensor influence on the field is characterized using nu-
merical (specifically, boundary-element) methods, and a framework
to recover the incident field, either in the plane-wave or in the spher-
ical wave function basis, is developed. Field recovery in terms of the
spherical basis allows the generation of a higher-order Ambisonics
representation of the spatial audio scene. Experimental results using
a complex-shaped scatterer are presented.

Index Terms— Ambisonics, acoustic fields, boundary-element
methods, head-related transfer function, spatial audio.

1. INTRODUCTION

Spatial audio reproduction is an ability to deliver to the listener an
immersive sense of presence in an acoustic scene as if they were ac-
tually there. Such delivery can be performed via a distributed set of
loudspeakers or via headphones, and the scene presented could be
either synthetic (created from scratch using individual audio stems),
real (recorded using a spatial audio recording apparatus), or aug-
mented (using real as a base and adding a number of synthetic com-
ponents). This work is focused on designing such recording appara-
tus well-suited for capturing the spatial structure of the audio field
for above-mentioned immersive reproduction or for other purposes
such as auditory scene analysis and understanding.

Any measurement device disturbs, to some degree, the process
being measured. A single small microphone offers the least degree
of disturbance but is unable to capture the spatial structure of the
acoustic field. A large number of microphones randomly distributed
over the space of interest are able to sample the field spatial struc-
ture very well; however, microphones must be physically supported
by rigid hardware, and designing it in a way so as not to disturb
the sound field is difficult; furthermore, the differences in sampling
locations requires analysis to obtain the sound field at a region of
interest. One well-known solution is to shape a microphone support
in a way so that the support’s influence can be computed analyti-
cally (e.g. to use a spherical baffle) and factored out. This solution
is feasible; however, in many cases the support geometry is irregu-
lar and is constrained by external factors. As an example, one can
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think of an anthropomorphic (or a quadruped) robot, whose body
shape is dictated by a required functionality and/or appearance and
microphones must be mounted on the body surface.

In the current work, a method to factor out the contribution of
arbitrary support and to recover the field at specified points as it
would be if the support were absent is proposed. The method is
based on numerically computing the transfer function between the
incident plane wave (input) and the signal recorded by a microphone
mounted on support (output) as a function of plane wave direction
and microphone location (as plane waves form complete basis over
the sphere and Helmholtz equation is linear, arbitrary input can be
represented in this basis with some weights and output for said in-
put can be obtained by combining outputs for every basis function
with the same weights). Such a transfer function is similar to the
head-related transfer function (HRTF) and it will be called “HRTF”
in this work for the sake of simplicity (although an arbitrary-shaped
support is used and no “head” is involved; note that the HRTF itself
is somewhat of a misnomer as other parts of the body, notably the
pinnae and shoulders, also contribute to sound scattering). Further,
having the HRTF available and given the pressure measured at mi-
crophones, the set of plane-wave coefficients that best describes the
incident field is found using a least-squares solution.

Another complete basis over the sphere is the set of spherical
wave functions (SH). Just like the HRTF is a potential generated by a
single basis function (plane wave) at the location of the microphone,
an HRTF-like function can be introduced that describes the potential
created at the microphone location by an incident field comprised of
a single spherical wave function. This approach offers computational
advantages for deriving HRTF numerically; also, it naturally leads to
a framework for computing incident field representation in terms of
the SH basis, which is used in the current work to record incoming
spatial field in Ambisonics format at no additional cost.

The paper is organized as follows. In Section 2, relevant lit-
erature is reviewed and the novel aspects of the current work are
outlined. Section 3 describes the notation used and reviews SH /
Ambisonics definitions. In Section 4, the degenerate case of us-
ing the spherical array (with analytically-computable HRTF) as Am-
bisonics recording device is presented. Section 5 introduces arbi-
trary scatterer, outlines the procedure for computing its HRTF us-
ing numerical methods, and provides the theoretical formulation for
“removal-of-the-scatterer” procedure of computing the incident field
as it would be were the scatterer not present. Section 6 describes the
results of simulated and real experiments both with spherical and
arbitrary-shaped scatterer. Section 7 concludes the paper.

2. BACKGROUND AND RELATED WORK

In order to extract spatial information about the acoustic field, one
needs to use a microphone array [1]; the physical configuration of
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such an array obviously influences capture and processing capabili-
ties. Said captured spatial information can be used then to reproduce
the field to the listener to create spatial envelopment impression [2].
In particular, a specific spatial audio format invented simultaneously
by two authors in 1972 [3] [4] for the purposes of extending then-
common (and still now-common) stereo audio reproduction to third
dimension (height) represents the audio field in terms of basis func-
tions called real spherical harmonics [5] [6]; this format is known
as Ambisonics [7] [8]. A specific microphone array configuration
well-suited for recording data in Ambisonics format is a spherical
array [9] [10], as it is naturally suited for decomposing the acoustic
scene over the SH basis. While a literature suggestive of creating
an Ambisonics output using spherical microphone array exists [11]
[12] [13], the details of processing are mostly skimped on, perhaps
because the commercial arrays used in literature are bundled with
software converting raw recording to Ambisonics. This is also noted
in the review [14], where methods of 3D audio production mentioned
are i) use of a Soundfield microphone1 for real scenes or ii) imple-
mentation of 3D panner for synthetic ones. The work coming closest
to providing an actual, workable implementation of Ambisonics pro-
duction using spherical arrays is [15]; still, even there only the stan-
dard SH decomposition equations are provided. Meanwhile, a num-
ber of practical details important to actual implementation are not
covered, and the purpose of the current work is to fill those blanks in
regard to the simple spherical array.

With respect to an arbitrary-shaped scatterer, the HRTF compu-
tation using a mesh representation of the body has been a subject
of work for a while by different authors [16] [17]. The authors of
the current work had explored fast multipole method for computing
HRTF using SH basis earlier in [18] and since then have improved
the computational speed by several orders of magnitude compared
with existing work [19]. While traditional methods of sound field
recovery operate in plane-wave (PW) basis [20] and their output can
be converted into SH domain using Gegenbauer expansion [21], in
the current work the SH framework is adopted throughout; this is
especially convenient as the immediate output of BEM-based HRTF
computation is the HRTF in SH sense2. Hence, to the best knowl-
edge of authors, the presented work is the first attempt to convert the
field measured at the microphones mounted on arbitrary scatterer to
Ambisonics output in one step, assuming scatterer’s SH HRTF is
pre-computed (using BEM [18] or otherwise [22]) or measured [23].

3. DEFINITIONS

An arbitrary acoustic field Ψ(k, r) in a spatial domain of radius d
that does not contain acoustic sources can be decomposed over SH
basis as

Ψ(k, r) =
∞∑
n=0

n∑
m=−n

Cmn (k)jn(kr)Y mn (θ, ψ), (1)

where k is the wavenumber, r is the three-dimensional radius-vector
with components (ρ, θ, ψ), jn(kr) is the spherical Bessel function
of order n, and Y mn (θ, ψ) are the orthonormal complex spherical

1A Soundfield microphone, by its principles of mechanical and signal
processing design, captures the real SH of order 0 and 1.

2It is straightforward to convert SH HRTF to PW HRTF and vice-versa,
but avoidance of unnecessary back-and-forth conversion, which can intro-
duce inaccuracies, is important; in addition, any practical implementation
requires writing appropriate software, and simpler software is faster to im-
plement and easier to debug.

Fig. 1. The BEM model used in simulation (V = 17876, F = 35748).

harmonics defined as [24]

Y mn (θ, ψ) = (−1)m

√
2n+ 1

4π

(n− |m|)!
(n+ |m|)!P

|m|
n (cos θ)eimψ. (2)

n and m are SH parameters commonly called degree and order, and
P
|m|
n (µ) are the associated Legendre functions. Standard spherical

coordinate system is used here in definition of r so that θ is a polar
angle a.k.a. colatitude (0 at zenith and π at nadir) and ψ is azimuthal
angle increasing clockwise. In practice, the outer summation in Eq.
(1) is truncated to contain p terms. Detailed truncation error analysis
is provided in [24], and the setting p ≈ (ekd−1)/2 has been shown
to provide negligible truncation error.

Ambisonics representation ignores the dependence on wavenum-
ber and uses a different set of basis functions – real spherical har-
monics. Shown below is the orthonormal version (called N3D
normalization in the literature):

Ỹ mn (θ, ψ) = δm
√

2n+ 1

√
(n− |m|)!
(n+ |m|)!P

|m|
n (cos θ)Υm(ψ), (3)

where Υm(ψ) = cos(mψ) when m ≥ 0, sin(mψ) otherwise; and
δm is 1 when m = 0, sqrt(2.0) otherwise. In SN3D normaliza-
tion, the factor of

√
2n+ 1 is omitted. Care should be taken when

comparing and implementing expressions, as symbols, angles, and
normalization are defined differently in work of different authors. In
particular, in Ambisonics community alternative definitions of ele-
vation θ̂ and azimuth ψ̂ are commonly used, which relate to θ and ψ
used in the current work as θ = π/2− θ̂, ψ = −ψ̂.

For a fixed wavenumber k, truncated Eq. (1) can be re-written
in terms of real SH as

Ψ(k, r) =

p−1∑
n=0

n∑
m=−n

C̃mn (k)Ỹ mn (θ, ψ), (4)

using a different set of expansion coefficients C̃mn (k) and folding
constant factor of jn(kr) into those coefficients (as we are interested
only in angular dependence of the incident field). Note that C̃mn (k)
set is, in fact, an Ambisonics representation of the field, albeit in the
frequency domain. Hence, recording a field in Ambisonics format
amounts to determination of C̃mn (k). The number p− 1 is called or-
der of Ambisonics recording (even though technically it refers to the
maximum degree of the SH used). The initial work [7] used p = 2
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Fig. 2. Angular response magnitude for W, Y, T, R Ambisonic chan-
nels at 1.5 kHz with additive white Gaussian noise and SNR = 20 dB
(solid: array response, dashed: corresponding spherical harmonic).
Channel names shown are as introduced in [31] and correspond to
specific SH with n = 0,m = 0; n = 1,m = −1; n = 2,m = −1;
and n = 2,m = 0, respectively.

(first-order); since then, higher-order Ambisonics (HOA) techniques
has been developed for p as high as 8.

The following relationship, up to a constant factor, can be triv-
ially derived between Cmn (k) and C̃mn (k):

C̃0
n = C0

n, C̃−mn = i

√
2

2
(Cmn − C−mn ),

C̃mn =

√
2

2
(Cmn + C−mn ).

(5)

The rest of this paper is focused solely on computing Cmn (k) (i.e.
obtaining a representation of the field in terms of traditional, com-
plex spherical harmonics), with the conversion to C̃mn (k) done as
the final step as per above.

4. SPHERICAL ARRAY

Direct Approach: For a continuous pressure-sensitive surface of
radius a, the computation of Cmn (k) is performed as [24]

Cmn (k) = −i(ka)2inh′n(ka)

∫
Su

Ψ(k, s)Y −mn (s)dS(s), (6)

where integration is done over the sphere surface, hn(kr) is the
spherical Hankel function of order n, and Ψ(k, s) is the Fourier
transform of the acoustic pressure at point s, which is proportional
to the velocity potential and is loosely referred to as the potential in
this paper. Assume that L microphones are mounted on the sphere
surface at points rj , j = 1 . . . L. The integration can be replaced by

Fig. 3. Same as in Figure 2, except frequency = 3 kHz.

summation with quadrature weights ωj :

Cmn (k) = −i(ka)2inh′n(ka)

L∑
j=1

ωjΨ(k, rj)Y
−m
n (rj) (7)

Least-Squares Solution: The direct approach, above, requires one
to have high-quality quadrature over the sphere. An alternative ap-
proach is to figure out the potential Ψ(k, rj) that would be created
by a field described by a set of Cmn (k):

Ψ(k, rj) = 4πi−n
i

(ka)2

p−1∑
n=0

n∑
m=−n

Cmn (k)Y mn (rj)

h′n(ka)
. (8)

This equation links the mode strength and the microphone potential.
The kernel

Hm
n (k, rj) = 4πi−n

i

(ka)2
Y mn (rj)

h′n(ka)
(9)

is nothing but the SH-HRTF for the sphere, describing the potential
evoked at a microphone located at rj by a unit-strength spherical
mode of degree n and order m. Given a set of measured Ψ(k, rj) at
L locations and assuming an overdetermined system (i.e. p2 < L),
one could compute the set ofCmn (k) that “best-fits” the observations
using least-squares by multiplying measured potentials by pseudoin-
verse of matrixH . Even though quadrature is no longer explicitly in-
volved, sufficiently uniform microphone distribution over the sphere
is required for matrix H to be well-conditioned [25].

Practical Limitation: Given a truncation number p, the mini-
mum number of microphones required to accurately sample the field
is p2 [24]; hence, a 64-microphone sphere can be used to record Am-
bisonics audio of order 7. Further limits on both lowest and highest
operational frequency are imposed by physical array size and inter-
microphone distance, respectively; these had been published in prior
work [26] and won’t be discussed further here.
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5. ARBITRARY SCATTERER

Using numerical methods, it is possible to compute SH-HRTF for an
arbitrary-shaped body; a detailed description of the fast multipole-
accelerated boundary element method (BEM) involved is presented
in [18, 19]. The result of the computations is the set of SH-HRTF
Hm
n (k, r) for arbitrary point r. Assume that, via BEM computa-

tions or otherwise (e.g., via experimental measurements), SH-HRTF
is known for the microphone locations rj , j = 1 . . . L. The plane-
wave (regular) HRTF H(k, s, rj) describing a potential evoked at
microphone located at rj by a plane wave arriving from direction s
is expanded via SH-HRTF as

H(k, s, rj) =

p−1∑
n=0

n∑
m=−n

Hm
n (k, rj)Y

m
n (s). (10)

At the same time, the measured field Ψ(k, rj) can be expanded over
plane wave basis as

Ψ(k, rj) =

∫
Su

µ(k, s)H(k, s, rj)dS(s), (11)

where µ(k, s) is known as the signature function as it describes the
plane wave strength as a (continuous) function of direction over the
unit sphere. By further expanding it over spherical harmonics as

µ(k, s) =

p−1∑
n=0

n∑
m=−n

Cmn (k)Y mn (s), (12)

the problem of determining a set of Cmn (k) from the measurements
Ψ(k, rj) is reduced to solving a system of linear equations

p−1∑
n=0

n∑
m=−n

Cmn (k)H−mn (k, rj) = Ψ(k, rj), j = 1 . . . L, (13)

for p2 values Cmn (k), which follows from Eq. (11) and orthonor-
mality of spherical harmonics. When p2 < L, the system is overde-
termined and is solved in the least squares sense, as for sphere case.
Other norms may be used in the minimization. Note that the solution
above can also be derived from the sphere case (Eq. (8)) by literally
replacing the sphere SH-HRTF (Eq. (9)) with BEM-computed arbi-
trary scatterer SH-HRTF in the equations.

6. EXPERIMENTAL RESULTS

Spherical Array: An informal experimental evaluation was per-
formed using a 64-microphone spherical array with microphones ar-
ranged in 64-point Fliege grid [27] introduced into array processing
in [28]. The microphone signals are subject to FFT to obtain Ψ(k, r)
for a discrete set of k. Eq. (13) is then used to obtainCmn (k), and the
IFFT is applied to Cmn (k) for each n / m combination to form the
corresponding time-domain output Ambisonics signals. The resul-
tant TOA (third-order Ambisonics) recordings were evaluated au-
rally using Google Jump Inspector [?]. Higher-order outputs (up
to order seven, p = 8) were also created and evaluated using an
internally-developed head-tracked player. Good externalization and
consistent direction perception were reported by users.

Arbitrary Shape: In addition, simulated experiments were per-
formed using a 3-inch radius, 12-inch long sound-hard cylinder as
a scatterer; despite the shape being seemingly simple, analytical so-
lution here is possible only for the case of infinite length [30]. The
cylinder surface was discretized with at least 6 mesh elements per

Fig. 4. Same as in Figure 2, except SNR = 0 dB.

wavelength for the highest frequency of interest (12 kHz). BEM
computations were performed to compute the SH-HRTF for 16 fre-
quencies from 0.375 to 6 kHz with a step of 375 Hz. Simulated
microphones were placed on the cylinder body in 5 equispaced rings
along the cylinder length with 6 equispaced microphones on each
ring. In addition, the top and bottom surfaces also had 6 micro-
phones mounted on each in a circle with a diameter of 10/3 inches,
for a grand total of 42 microphones. The mesh used is shown in
Figure 1. Per spatial Nyquist criteria, the aliasing frequency for the
setup is approximately 2.2 kHz. Other (more complex) shapes were
evaluated as well but are not reported here for the lack of space.

To evaluate accuracy of reconstructing Ambisonics signal, sim-
ulated plane-waves with additive Gaussian noise were projected on
the scatterer from a number of directions. Figure 2 shows the re-
sponse for the low-noise condition at a frequency of 1.5 kHz for the
source orbiting the array in X = 0 plane in 5◦ steps. The polar
response for each TOA channel matches the corresponding spheri-
cal harmonic very well; for the lack of space, only four channels are
shown. Figure 3 demonstrates the deterioration of the response due
to spatial aliasing at the frequency of 3 kHz. Finally, Figure 4 shows
the robustness to noise; in this figure, frequency is 1.5 kHz and SNR
= 0 dB. The response pattern deviates from the ideal one somewhat,
but its features (lobes and nulls) are kept intact.

7. CONCLUSION

In this work, an approach to recovery of the incident acoustic field
using a microphone array mounted on an arbitrarily-shaped scatterer
is presented. The scatterer influence on the field is characterized
through an HRTF-like transfer function, which is computed in spher-
ical harmonics domain using numerical methods, enabling one to ob-
tain spherical spectra of the incident field from the microphone po-
tentials directly via least-squares fitting. Incidentally, said spherical
spectra comprise Ambisonics representation of the field, allowing
for use of such array as a HOA recording device. Simulations per-
formed verify the proposed approach and show robustness to noise.
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