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ABSTRACT

The performance of an ANC system largely depends on the avail-
ability of an accurate secondary path model. This is however a major
challenge in multichannel ANC where the computational complexity
increases significantly with the number of secondary sources and er-
ror sensors. This paper proposes wave-domain adaptive processing
algorithm for multichannel ANC with online secondary modelling
to cancel a tonal noise over a region of space within a reverberant
room. The design is based on exploiting a special property of the
secondary path model in the wave domain. A feedback control sys-
tem is implemented, where a single microphone array is placed at
the boundary of the control region to measure the residual signals,
and a loudspeaker array reproduces secondary sources to generate
the anti-noise signals and auxiliary noise for secondary path mod-
elling. Through experimental verification in comparison with ex-
isting methods the proposed algorithm demonstrates more efficient
adaptation with low-level auxiliary noise.

Index Terms— Active noise control, secondary path modelling,
wave domain, adaptive processing, feedback system

1. INTRODUCTION

Active noise control (ANC), also known as noise cancellation, is
designed based on the principle of superposition, that is, an anti-
noise signal of equal amplitude and opposite phase is generated by
the secondary source to cause destructive interference and to can-
cel the unwanted (primary) noise [1, 2]. Multichannel ANC mainly
deals with a noise field over space, which requires several secondary
sources and sensors, thus making it more expensive to implement.
ANC system for the car interior is a typical multichannel ANC ap-
plication, which is capable of reducing short-time stationary noise,
such as engine noise, at frequencies up to a few hundred Hertz [3, 4].

The general multichannel ANC system using the filtered-x LMS
(Least Mean Squares) algorithm was proposed in both time do-
main and frequency domain [5, 6, 7] with the convergence analysis
provided in [8]. The computational complexity of the multichan-
nel ANC system increases significantly with the number of sec-
ondary sources and error sensors, which represents one of the major
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challenges for applying multichannel ANC in large-scale applica-
tions [9]. In addition, in multichannel ANC, the noise control is
achieved mainly at the error sensor positions or its close surround-
ings and noise still exists at other positions [10]. However, in many
practical ANC applications, especially in consumer electronics and
medical instruments (e.g., magnetic resonance imaging (MRI) sys-
tems and infant incubators), it is desired to create quiet zones away
from error sensors.

Wave-domain signal processing, a technique commonly used for
sound control over large spatial regions, has been proposed for ANC
over space [10, 11]. The principle of wave-domain signal repre-
sentation is to use fundamental solutions of the Helmholtz wave-
equation as basis functions to express a wave field over a spatial
region. Processing directly on the decomposition coefficients there-
fore controls sound within that region. The wave-domain ANC with
feedforward [11] and feedback [10, 12] configurations have been in-
vestigated and the results show that significant noise cancellation
over the entire region of interest can be achieved.

When dealing with unknown and time-varying acoustic re-
sponses between the secondary sources and error sensors (normally
referred as the secondary path), adaptive filters are required to track
variations. However, there are fundamental problems associated
with the adaptation of the filters in the conventional time-frequency
domain, such as high computational complexity and low adaptation
performance [13]. Especially, due to strong mutual interference, the
problem of online secondary-path modelling (SPM) in multichannel
ANC has hardly been addressed and most existing work assume that
the secondary path is known as a prior.

In this work, we propose an adaptive wave-domain ANC system
with an effective strategy of online SPM based on the concepts al-
ready outlined in [11, 14, 15] for acoustic echo cancellation, room
equalization, and ANC. The problem is defined as to cancel a tonal
noise (i.e., a single frequency noise) on a 2D plane in a reverberant
room, within which the secondary-path is unknown. The proposed
algorithm requires low-level auxiliary noise for online SMP and also
demonstrates efficient adaptation.

2. ANC IN THE WAVE DOMAIN

Assuming L loudspeaker signals x`(n) (secondary sources) and P
microphones (error sensors), the received signals yp(n) at the mi-
crophones are written as

yp(n) =

L∑
`=1

x`(n) ∗ hp`(n) + dp(n), p = 1, . . . , P (1)
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Fig. 1. System setup for a wave-domain ANC in a reverberant
room. Uniform circular arrays of loudspeakers (blue) and micro-
phones (red) are placed concentrically for noise cancellation within
the shaded region.

where hp`(n) is the secondary path from the `th speaker to the pth
microphone, ∗ represents the time-domain convolution with respect
to the time index n, and dp(n) is the recording of the primary noise
at the pth microphone.

It is assumed that the secondary path is time-varying and un-
known; hence, the secondary source signal does not only consist of
the anti-noise signal xc

`(n), but it also contains an auxiliary noise
signal xe

`(n) for online SPM, i.e.,

x`(n) = xc
`(n) + xe

`(n). (2)

It is desired to use low-level auxiliary noise so that during online
SPM the overall noise inside the control region would not be too
excessive.

We adopt a block-wise operation and transform the signal into
the time-frequency domain to get the following representation,

Yp(q, ω) =

L∑
`=1

X`(q, ω)Hp`(q, ω) +Dp(q, ω), (3)

where q and ω denote the qth time block and the ωth frequency com-
ponent, respectively. As the ANC system is designed at a single
frequency, ω is removed from the notation for conciseness of pre-
sentation. Representing (3) in matrix form gives us

Y (q) = H(q)X(q) +D(q). (4)

The system is deployed on a 2D plane as shown in Fig. 1, where
the loudspeakers and microphones are placed on two concentrically
placed circular arrays. The wave-domain transforms after [16, 17]
decompose the wave field into the expansion coefficients with re-
spect to circular harmonics [18], which are orthogonal basis func-
tions on a circle. Based on the microphone recordings, the received
signals in the wave domain are obtained,

Y mw (q) =
1

P

P∑
p=1

Yp(q)e
−imφp , m = −M0, . . . ,M0, (5)

where (·)w represents the wave-domain signal and m is termed the
mode; M0 = dkr0e, k = 2πf/c is the wave number, and r0 is the
radius of the microphone array.
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Fig. 2. Plots of the wave-domain secondary path Hw on a logarith-
mic scale in a 2D room of size 5 × 7 m with reflection coefficient
and reverberation time (a) β = 0.5, T60 ≈ 145 ms and (b) β = 0.8,
T60 ≈ 300 ms, respectively.

The wave-domain transform for the secondary source signals are
defined as the wave-domain signals produced by the speakers at the
microphones under free-field conditions [16, 19], that is

Xm
w (q) =

1

P

P∑
p=1

L∑
`=1

Gp`X`(q)e
−imφp , m = −M0, . . . ,M0,

(6)
where Gp` is the Green’s function for the wave equation in 3D
and used to represent the propagation of a point source in the free
field [20].

We use T f
1 and T f

2 to denote the forward wave-domain trans-
form for secondary source signals and received signals based on (5)
and (6) [16, 21]. The backward wave-domain transform T b

1 and T b
2

are defined simply the inverse of the forward transform. Then, we
have the same relation of (3) in the wave domain,

Y w(q) = Hw(q)Xw(q) +Dw(q), (7)

where Y w = T f
2Y , Dw = T f

2D, and Xw = T f
1X are column

vectors of size (2M0 + 1). The wave-domain secondary path Hw

is a square matrix of size (2M0 + 1)× (2M0 + 1) representing the
coupling of the acoustic channels in the wave domain. In addition,
we have the following conversion relationship [22],

H = T b
2HwT

f
1, Hw = T f

2HT b
1. (8)

3. WAVE-DOMAIN ANC WITH ONLINE SECONDARY
PATH MODELLING

3.1. Diagonal Structure of Hw

A special property of the wave-domain secondary path Hw as shown
in Fig. 2 is that the matrix has dominant diagonal components [14,
15]. Especially, in mild to moderate reverberant environments, the
matrix Hw can be approximated as a diagonal matrix [16, 23]. A
special case is for free-field sound propagation and ideal transducers,
where Hw is an identity matrix I .

A more general representation of Hw can be written as,

Hw = I + Γ, (9)

where Γ represents only the reverberant part relative to the direct-
path part in the wave domain. In a moderately reverberant environ-
ment, the non-diagonal entries of Γ have values much smaller than
1 and thus (I+Γdiag) becomes the dominant part of the matrix Hw.
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Fig. 3. Block diagram of wave-domain ANC with online SPM.

Our simulation results show that this diagonal structure holds
as long as the loudspeaker array is not too close to a wall and the
distance between the loudspeakers and microphones is not too large
so that reverberation remains weaker than the direct-path compo-
nent. This wave-domain acoustic channel property has been ex-
plored in the past for acoustic echo cancellation [24] and room equal-
ization [15, 25] applications; next we will make use of it to develop
a wave-domain ANC with online SPM.

3.2. Proposed System

The block diagram of the wave-domain ANC with online SPM is
shown in Fig. 3. Referring to (2), there are two parts of the secondary
source signals, Xc

w(q) and Xe
w(q) for ANC and SPM, respectively.

The received microphone signals in the wave domain are represented
as

Y w = Hw(q)
(
Xc

w(q) +Xe
w(q)

)
+Dw(q). (10)

The design of the proposed system is based on minimizing the fol-
lowing cost function,

J = ‖Y w − ĤwX
e
w‖22

= ‖Dw +HwX
c
w +

(
Hw − Ĥw

)
Xe

w‖22. (11)

where Ĥw represents an estimate of the wave-domain secondary
path.

In the following, adaptive algorithms are proposed to deal with
time-varying noise and nonstationary acoustic environments. As
pointed out in Sec. 3.1, for mild to moderate reverberant environ-
ments, Ĥw can be approximated as a diagonal matrix, which means
different wave-domain components (or modes) can be considered in-
dependently of each other. In other words, the adaptive algorithms
for estimating Ĥw and generating Xc

w can be designed as a paral-
lel single-mode adaptation, i.e., an adaptation for each mode m, for
m = −M0, . . . ,M0. This greatly reduces the computational com-
plexity and leads to faster convergence as shown in the following.

Representing the system in matrix form, the update for online
SPM is performed only on the diagonal part of the matrix Ĥw, that
is, a column vector Ĥw,d = diag{Ĥw} updated using the following
equation

Ĥw,d(q + 1) = Ĥw,d(q) + µe
F w(q) ◦Xe

w(q)

Xe
w(q)X

e
w(q) + δe

, (12)

where ◦ represents the Hadamard product (or element-wise product)
of two matrices, (·) denotes the conjugate transpose, and

F w(q) = Y w(q)− Ĥw,d(q) ◦Xe
w(q)

=
(
Hw(q)− Ĥw(q)

)
Xe

w +Dw(q) +Hw(q)X
c
w(q).

(13)

As we assume one iteration per block, the time block index q also
denotes the iteration step.

The anti-noise signals Xc
w are updated as follows,

Xc
w(q + 1) = Xc

w(q)− µc
Gw(q) ◦ Ĥw,d(q + 1)

Ĥw,d(q + 1)Ĥw,d(q + 1) + δc
, (14)

where

Gw(q) = Y w(q)− Ĥw(q + 1)Xe
w(q)

= Dw(q) + Ĥw(q + 1)Xc
w(q) +

(
Hw(q)− Ĥw(q + 1)

)
Xw.

(15)

The above two adaptation process influence each other. The sig-
nal properties of auxiliary noise Xe(q) have great influence on the
system performance. Here, we use a set of Gold sequences [26]
that have extremely small cross-correlation within the set to gener-
ate Xe(q) for online SPM. As the system is designed to cancel a
single-frequency noise, Xe(q) is generated using the ASK (Ampli-
tude Shift Keying) modulation technique with the carrier frequency
same as the noise frequency and the amplitude assigned by the Gold
sequence generator (GSG). In addition, in this algorithm the step
size (µe and µc) and regularization terms (δe and δc) are important
parameters to tune for a stable system with fast adaptation perfor-
mance and sufficient modelling accuracy.

4. EVALUATION

In this section, the setup and performance of the proposed ANC sys-
tem with online SPM are described.

4.1. Experimental Setup

The experiments are performed in a simulated room environment
which is generated using the image-source model [27]. The geom-
etry of the experimental setup is shown in Fig.1, where the room
has a size of 5 × 7 m and consists of four planar walls with the re-
flection coefficient β and perfectly-absorbing floor and ceiling. An
11-element loudspeaker array (blue) and an 11-element microphone
array (red) with radii of 1.5 m and 0.5 m are concentrically placed
at the point (−0.5, 0.5) m relative to the room centre and used as
the secondary sources and error sensors, respectively1. The primary
noise source is located at r = 2 m, φ = 45◦ with respect to the ar-
ray centre and operates at the frequency of 500 Hz. The proposed
method is also applicable to noise at other frequencies or multi-
frequency noises as long as the number of secondary sources and
error sensors meet the requirements. The loudspeakers and the noise
source are modelled as 3D point sources. Furthermore, a sampling
rate of 8 kHz is employed and the microphone recordings with 40
dB SNR are assumed.

1The number of loudspeakers and microphones are determined to satisfy
the dimensionality requirement as shown in (5) and (6), that is given M0 both
L and P should be at least 2M0 + 1.
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Fig. 4. Adaptation performance of the proposed WD ANC compared
with the conventional FD ANC. Plots correspond to different levels
of auxiliary noise injected into the control region for online SPM,
e.g., (a) 0.93 dB or (b) 12.97 dB lower than the primary noise level.

The system is evaluated by two objective measures, the SPM er-
ror and the noise reduction performance. The SPM error refers to
the error between the estimated and the true channel of the multi-
ple loudspeaker/multiple microphone setup. Noise reduction perfor-
mance is investigated at the microphone positions as well as within
the control region, as the aim of the system is to achieve noise re-
duction within a spatially extended 2D region.

4.2. Experimental Results
In the first experiment, the room is simulated with reverberation co-
efficient β = 0.6 and reverberation time T60 ≈ 170 ms. The adapta-
tion performance of the proposed wave-domain (WD) ANC system
is plotted in Fig. 4, in comparison with the frequency-domain (FD)
ANC system. Plots in Fig. 4 (a) and Fig. 4 (b) show the system
performance with different levels of auxiliary noise injected for on-
line SPM. In Fig. 4 (a), the auxiliary noise level is 0.93 dB lower
than the primary noise level. This is the least amount of auxiliary
noise required for online SPM of the FD ANC system to work. The
proposed system however demonstrates much faster and more stable
adaptation performance. In Fig. 4 (b), the auxiliary noise level is
reduced to a very low level, which is 12.97 dB lower than the pri-
mary noise level. The proposed WD ANC converges after around
100 steps while the FD ANC fails completely.

Note that using the proposed system in both examples the SPM
error is limited to −8.21 dB. This modelling error is mainly caused
by not incorporating non-diagonal terms in Ĥw; however, we can
see that still a significant amount of noise reduction is achieved. In
the FD ANC, the SPM error can decrease down to about −10 dB
however at the expense of a significant increase of auxiliary noise
level and computational complexity. For the example shown in Fig.
4 (b), Fig. 5 (a) plots the sound field generated by the proposed
system after the system converges. As can be seen, a quiet zone is
produced within the control region surrounded by the microphones.
The energy of the original noise, auxiliary noise for SPM, and resid-
ual noise measured at the microphone in this example are plotted in
Fig. 5 (b).

In summary, the above results in Figs. 4 and 5 show a clear
advantage of modelling the WD secondary path as a diagonal matrix,
that is instead of estimating the whole matrix as in FD ANC only the
diagonal entries need to be estimated. This alleviates the well-known
non-uniqueness problem in multichannel system identification [28]
and allows adaptation with a much lower level of auxiliary noise.
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Fig. 5. Plots are (a) the sound field generated by the proposed WD
ANC after the system converges and (b) a comparison of the original
noise, auxiliary noise for SPM and residual noise measured at the
microphone.
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Fig. 6. Performance of the WD ANC under different reflection co-
efficients.

Figure 6 plots the system performance for different reverberant
coefficients corresponding to the reverberation time T60 increasing
from 110 to 570 ms. As the reflection coefficient β increases, the
SPM error increases and the noise reduction performance drops as
expected. The proposed WD ANC system with the assumption of
modelling the WD secondary path as a diagonal matrix however is
quite effective for mild to moderate reverberant environments. Even
for the room with a high reflection coefficient β = 0.9 and a long
reverberation time T60 ≈ 570 ms, the SPM error reaches−3.34 dB,
the noise reduction at microphones and within the region can still
be kept at a reasonable level of −14.88 dB and −8.02 dB, respec-
tively. To obtain better results for strong reverberation, one should
include additional off-diagonal components as used by [25] for room
equalization.

5. CONCLUSION

Adaptive wave-domain processing for multichannel ANC was pre-
sented in this paper to achieve online secondary path modelling and
noise cancellation over a spatial region. Based on the dominant di-
agonal structure of the secondary path model in the wave domain,
adaptive algorithms with reduced computational complexity and fast
convergence speed were proposed. A feedback control strategy was
adopted in the proposed system. Experimental results show that the
proposed wave-domain ANC requires a much lower level of auxil-
iary noise for online secondary path modelling and achieves signifi-
cant noise reduction over the entire design region.
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