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ABSTRACT

We consider solving a convex, nonsmooth and stochastic optimiza-
tion problem over a multi-agent network. Each agent has access to
a local objective function and can communicate with its immediate
neighbors only. We develop a dynamic stochastic proximal-gradient
consensus (DySPGC) algorithm, featuring: i) it works for both the
static and randomly time-varying networks; #i) it can deal with either
the exact or the stochastic gradient information; iii) it has provable
rate of convergence. Interestingly, the developed algorithm includes
as special cases many existing (and seemingly unrelated) first-order
algorithms for distributed optimization over static networks, such
as the EXTRA (Shi et al 2014), the PG-EXTRA (Shi at 2015), the
IC/IDC-ADMM (Chang et al 2014), and the DLM (Ling et al 2015).
It is also closely related to the classical distributed gradient method.

Index Terms— Consensus optimization, alternating direction
method of multipliers, stochastic optimization

1. INTRODUCTION

Consider the following classical global consensus problem

N
mnin, f(y) = ;fz(y), (1)
where f;(y) is a convex function. Suppose N agents are distributed
over a network defined by an undirected graph G = {V, £}, with
|V| = N vertices and |£| = E edges. Each agent can communicate
with its immediate neighbors, and it is responsible for optimizing
one component function f;. For applications of this model, see a
recent survey [1]. The key research question is: how to enable the
agents to distributedly compute an optimal solution of (1), using only
local, and possibly inexact and stochastic, gradient information.
Suppose each agent i has a local copy of y, denoted as z; € R,
then the classical distributed subgradient (DSG) method is given by

N
mz"'l = wajxg —y'd;, VieV, 2)
j=1

where r denotes the iteration counter; d; € 9f;(x}) is a subgradi-
ent vector; w;; > 0 is the weight for the edge e;; € £ at iteration
r; and v > 0 is the stepsize. The convergence of the DSG was
first analyzed in [2], and it has been extended to many scenarios,
e.g., when there are local constraints [3], or when the messages ex-
changed among the agents are quantized [4]. The DSG is known
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to converge with rate O(In(r)/+/r) [5]. Under certain smoothness
assumption on f, Shi et al [6] propose an EXTRA algorithm which
adds certain error-correction terms to the DSG iteration (2). EXTRA
and its extension [7] achieve an O(1/r) convergence rate for smooth
convex problem and linear convergence for smooth strongly convex
problems. Analysis on related algorithms can be found in [5, 8, 9].

Another popular approach for distributed optimization is based
on the alternating direction method of multipliers (ADMM) [10-13].
The O(1/r) rate of convergence for decentralized ADMM has been
shown by [14] with stochastic communication graph, and the linear
convergence is shown in [15] for smooth strongly convex problems
over static networks. Almost all the ADMM-based methods require
that each agent solves its local problem exactly (cf. [11, 13, 16-18]),
which can be very expensive, except two related works [19,20]. Re-
cently, [21] demonstrates that the ADMM is also capable of solving
certain nonconvex global consensus problem.

In this work, we consider the following popular structured ver-
sion of the global consensus problem (1)

min f(y) == Zfi(y) = Zgi(y) + hi(y), 3)

yG]RIW

where each g; : RM — R is a smooth convex function; each
hi : RM — R is a convex but possibly nonsmooth lower semi-
continuous function. We propose an ADMM based method, named
the dynamic stochastic proximal-gradient consensus (DySPGC), fea-
turing: i) When only an unbiased estimate of Vg; is known, it con-
verges with a rate O(1/+/r); ii) When the exact Vg; is known, the
rate improves to O(1/r); iii) The algorithm works for both the static
and certain randomly time-varying networks.

What is more interesting is our insight into the connection be-
tween the proposed DySPGC and a few DSG-type methods. In
particular, we show that EXTRA/PG-EXTRA [6, 7] are in fact spe-
cial instances of the proposed DySPGC algorithm (when applied to
a static network with symmetric weights and exact gradients). Fur-
ther, we also establish a close connection between the DSG iteration
(2) and the proposed DySPGC. Additionally our method generalizes
other distributed ADMM-type methods such as the DLM [20] and
the IC-ADMM [19].

2. SYSTEM MODEL
We begin by assuming that each h; admits an “easy prox” operator

[22], i.e., the following problem is easily solvable

prox](u) 5= min hs(y) + 5 1y — ul® @
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Assume that Vg; is Lipschitz continuous, i.e., for some P; > 0,
IVgi(y) — Vgi(v)[| < Pilly — ||, Yy,v € dom(h), Vi. (5)

Suppose IV agents are defined over a connected undirected graph
G = {V,&}. Define a companion symmetric directed graph given
by Go = {V, A, W}, where A is the set of directed arcs with
| Al = 2E, and for every edge (¢,j) € &, there are two edges
eij e € A, W € RfXN is a weight matrix. Let us use N; to
denote the neighborhood of node i, ie., N; = {j | e;; € A}.
Generally we assume that the weight matrix W is a (row) stochas-
tic matrix, its diagonal elements are all positive, and its off-diagonal
elements satisfy

Wli,j] > 0, ife;; € A, Wi, j] = 0, otherwise. (6)
Reformulation: Tt is well-known that (3) can be reformulated by

N
minZgi(xi) + hz(xl), st.xy = 245, Tj = 244, A4 €;j € A.

i=1

Define z := {z;} € R"™ and z = {z;;} € R**M_ Also
introduce two matrices A = [A;; As] € RPMXNM and B =
—[Lpw; Iopv] € REMX2EM “where the (g,4)th block of Ay
(resp. (g, 7)th block of Az) is Ins (M by M identity matrix) if the
gth block of z is z;;. Then, the previous problem can be transformed
to the following compact representation [1, 13,19, 20]

N
min f(z) := Zgz(a:,) + hi(z;), st. Az+Bz=0. (P)
i=1

Random Graph: We will use the following random graph [9, 14].

Definition 2.1 (The randomly activated graph) At each time r, each
link e € & has a probability p. € (0,1] of being active. The set
of “active” nodes is: V" = {i | Je;; € A", Vi € V}. Further,
assume that G is connected, and the graph realizations G" and Gt
are independent N v # t.

Define a vector of positive constants p := {p;; > O}eij cA- Fora
given graph G at each time r, construct a time-dependent diagonal
matrix I = 0 by T'” = blkdg[Z" ® Iar, B ® Ias] € RIFMXAEM
where " € R2P*2E is 4 diagonal matrix induced by the graph G
with E"[q, q] = py; if link e;; € A" and the gth block of z is z;;;
otherwise Z"[q,q] = 0. Also define matrices I' > 0 and Z > 0
similarly, but over the original graph G .

Gradient Information: Assume that each agent 4 is responsible for
a single component function g; + h;, and it only has an estimate of
Vgi(x;), denoted as g;(x;, &;). Such estimate satisfies

E[gi (i, &) = Vgi(i), E[Igi(2:,&) — Vai(z:)|*] < 0®, Vi,

where &; is a random variable following an unknown distribution; o
is the variance of the error. Let G(x,€) := SN | Gi(w4,&).

3. THE PROPOSED ALGORITHMS

Our proposed algorithm is based on the ADMM [11,23]. To proceed,
we express the augmented Lagrangian of (P) as

N

1
L(z, z, )\):Z gi(zi) + hi(z:) + (N, Az + Bz) + §HA$ + Bz||},

i=1

where A € R*#M is the dual variable. Note that here a matrix pe-
nalization parameter I" replaces the single parameter used in con-
ventional ADMM. For each 7 € V, define ; := w;Ip; = 0 as a
proximal matrix. Define 2 := blkdiag[Q1,--- ,Qn] = 0. Let

My = A1T+A2T GRNMX2E1W7 M — AlT—Ag c RVM*2EM

To model the time-varying network, let us define G"** (2", £"+1) :=

[a1; az; -+ ;an] € RMY with
LAt ey
710 otherwise

Define A" () := > ;cpr+1 hi(@i). Also define the matrices
A", B",Q", MY, M similarly as A, B, Q, M and M_, but over
the graph realization G}, (i.e., entries corresponding to the inactive
links/nodes are set to zeros). Using these definitions, we present in
the table below the proposed algorithm, named the dynamic stochas-
tic proximal-gradient consensus (DySPGC) algorithm.

Algorithm 1. The DySPGC Algorithm
At iteration 0, let BTX = 0, 20 = %MI%O.
At each iteration r 4 1, update the variable blocks by:

" = argmin <éT+1(:vT,§T+1), x— xr> +h (2)
Ly grtt Pl _r | p—1yr)2
+§HA z+ B+ TN
1 r
+ 5”33 —x ||?27‘+1+7]7‘+1IJ\4N (7a)

P ifi ¢ V't (7b)

_ T
i =T,

2 = arg min% ||AT+1$T+1 +B M+ Fflx\rHi (7c)

2 =2, ifey g AT (7d)
>\T+1 _ )\r +F (Ar+1x'r+1 + Br+lzr+1) (76)

When the network is static and the exact gradient is known, i.e.,

G = Ggand G (2", €Y = Vg(z") for all r, we can set
n"t1 = 0 for all 7. The DySCPA reduces to the following proximal

gradient consensus (PGC) algorithm.

Algorithm 2. The PGC Algorithm
Atiteration 0, let B"A° = 0, 2° = 1 M2
At each iteration r + 1, update the variable blocks by:

" = argmin (Vg(z"),z — ") + h(z) + (\", Az + Bz")

1 | .
+ 5[4z + B2l + 5o — 27 (8a)

T . 1 T — T
P arg min 3 HAI Ty B+ Hi (8b)
N = N 4T (A" + B2 (8¢)

Below we present distributed implementation of the proposed
algorithms. Define a stepsize parameter BZ.T“ as

Bt 2( S hi+ “’7) with 5y := % Vi,
JENTT!
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Letus define a new stepsize matrix X" 1:= dlag([ﬁ”'l, =z ,5”1 )®

Inr > 0 and specialize the weight matrix wrtl e RN

Pjitpij _ Pjitpij . . r+1
Xt (Peitpig)twi T gt if eij € A,
.o 1 v ) B . ..
Wli, )" = wi =W = 1
( [ 7.7]) ZKGNZ+1(pZi+pi2)+wi 5;4—17 t=j,ieV
0, otherwise,

®

Clearly, for any given r, W" is a row stochastic matrix (but not dou-
bly stochastic) and it satisfies (6).

Let us split A" by X" = [6"; "] where §",7" € R*"M It can
be show that the DySPCA is equivalent to (see [24] for a proof):

r+1 r+1 nr+l r+1 T ZJEN7+1 (6 6 )
Ty + 67‘+1 C ,6’-"+1 (wl - xz) ﬁ».,«+1
-1 ~ T T T T . s
= i T (gz(xz, i+1) +Z(pz]2§u + pszJz) + szl'fL), VieV 1
A JENTT!
(10a)
et =gl Vig VTt (10b)
1 r+1 r+1 : r4+1
AL 2 (o e, ey €A (10¢)
25 otherwise
r+1 5T + p;J ( :+1 — x;+1), if €ij € AT+1
0y = { 57" otherwise. (10d)
for some ¢! € hi(z]Th).
Surprisingly, when the network is static and G(z; &) = Vg(z),

the PGC algorithm admits a single-variable characterization.

Proposition 3.1 The iteration (8a) — (8c) has the following compact
characterization for all r > 1:

M =) =1 (=Yg (@) + Vg (27T))
= (W ® I)a” — (T + W ® Di)a"™ (11

[PV,

In particular, each agent © implements the following iteration

1

it —al o i Lt - ) - 5 (= Vgi(z}) + Vgi(z] 1))
1
= = = % x; + wiz;
ZjeNi Pij + wi JGZN Pis%i )
1 r—1 r— r— 1
- a ml + -~ . 3 +wl
T e (5 )

Remark 3.1 If h = 0 (no nonsmooth term), the iteration (10a)—
(10d) can be implemented in a straightforward manner (i.e., in closed-
form). Specifically, at iteration v + 1, each node © updates x; and
{2ij,0:5 | ¥ j € NJT'Y. As long as node i can communicate with
its neighbors, these updates can be easily performed. When h is
present, it can be shown that the iteration (11) is equivalent to

Tt = proxf1 (-

L Qgial) + Wi +ZW Wizt ™).

t=1

Bi

where Wi and W are respectively the ith block-column of

= —~ 1
W:=WeIy, W:= i(IMN“FW@IM), (12)

and W is given in (9); proxgi is the usual proximity operator.

4. CONVERGENCE RATE ANALYSIS
4.1. Convergence Analysis

We begin analyzing the (rate of) convergence of the proposed meth-
ods. Our main results are summarized in the following table. The
proofs of various results can be found in [24].

Table 1. Main Convergence Results.

Algorithm Conv. Condition Conv. Rate
Network/Gradient
Static/Exact Q+ IMi(EIy)MT = P/2  O(1)r)
Static/Inexact Q+ ML E@Iy)ME-P  0OQ1/yr)
Random/Exact Q> P/2 O(1/r)
Random/Inexact Q>P O(1/+/7)

Due to its relative simplicity, we first analyze Algorithm 2 in
which the exact gradient is available and the network is static.

Theorem 4.1 Suppose problem (3) has a nonempty optimal solution
set. Let G" = G for all v, where G is connected. Then Algorithm 2
converges to a primal-dual optimal solution of problem (P) if
@ In)ML =YW + 71 > P.

20 + M (2 (13)

where ﬁ = dlag([Pl, . 7PND ®]]W c RJWNX]MN.

A sufficient condition for (13) is that 2€) = ]5, which is equivalent
tow; > P;/2 for all ¢ € V. Comparing with existing convergence
results on proximal-based ADMM such as [25] and [26], our bound
for the penalty parameter w; is reduced by half. More importantly,
no global information is needed at each agent to verify this condition,
as it is neither related to the network structure nor any information
about the global objective function.

Next we analyze the case where the graph is static and the gra-
dient is stochastic.

Theorem 4.2 Suppose that problem (3) has a nonempty optimal so-
lution set, and the graph is static and connected (with G" = G for
all r). Assume that dom(h) is a bounded set, i.e., there exists a fi-
nite C' > 0 such that dx := sup, . goma |12 — Zl| < C. Let

w := [z; 2; \]. Define "+ := T—il S _pw',

D> 2p4llE — 712,

ijie;j €.A

d, := sup
2, zedom(h)

where {w'} are the iterates generated by Algorithm 1. Suppose that
n" Tt = /r + 1, VY r, and the stepsize matrix satisfies

204+ My (In @ E)YMT = TW + T > 2P. (14)

Then at a given iteration r, we have

E[f(z") — f(z")] + pllAz" + BZ"||
o? d2 1
VT2

where dx(p) = supyes, A — Al%cr, By = {A | ]| < p}. and
p > 0 is any finite constant.

Specializing the above result to the exact gradient case, we can easily
show that Algorithm 2 converges with a faster rate of O(1/r). Fur-
ther we can analyze the convergence of the DySPCA with random
network activation.

(d2 +di(p) + mlaxwidi)
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Theorem 4.3 Define d., d. and w7 as in the statement of Theo-
rem 4.2. Suppose {w'} = {z*, 2", \'} is a sequence generated by
Algorithm 1 (DySPCA), and that

Tt =Vr+1,VYr and Q= P.
Suppose that the graph {G" } follows Definition 2.1. Then we have

E[f(z") — f(z") + p||AZ" + BZ"||]

0'2 d2 1 2 2 2
< — z — )
<= + NG + o (2dj +d; +di(p) —l—mlaxwzdz)

where dx(p) := supyep, 1A = A°[[f-1, Bo = {\ | |All < p}, and
p > 0 is any finite constant, and dj = SUPxeg, J(x°, 2%, \) for

some function J ().

4.2. Connection with Existing Algorithms

We briefly discuss the connection of the proposed DySPCA with a
few existing algorithms; See Table 2 for a summary.

Table 2. Comparison with Different Algorithms with DySPGC.

Algorithm  Relation Special Setting

EXTRA Special Case Static, h=0,W = W7, G = Vg
DSG Different x-step  Static, g smooth, G = Vg
ICADMM  Special Case Static, G = Vg, g composite

DLM Special Case Static, h.=0,W =W7T,G =Vyg

First, one can show that the DySPCA is a generalization of the
EXTRA algorithm [6]. Consider applying Algorithm 2 to problem
(P) with a smooth objective. According to Proposition 3.1, the re-
sulting iterates become (the weight matrices are given in (12))

gt =a" Y7 (Vg(a" ) = Vg(2")) + Wa" — Wa™

This is precisely the EXTRA algorithm [6], except that here a more
general matrix stepsize Y1 is used instead of a scalar stepsize. If
one insists on having a scalar stepsize 5 = 5; = 3; > 0,V 4, j, then
this implies that the weight matrix W must be symmetric. There are
at least two ways to construct such single scalar stepsize; see [24].
To compare the convergence result in Theorem 4.1 and that of [6,
Theorem 3.3], note that when a single stepsize is used, we have T =
BIrv . Therefore a sufficient condition to guarantee the condition
given in Theorem 4.1 is that SAmin (Imn + W) > max; P;. This
is precisely the condition set forth in [6, Theorem 3.3].

Second, we can show that when the problem is smooth (h; = 0),
and the x-step of the PGC algorithm (8a) is replaced by

s . r ™ 1 I 1 [
e argmin (Vg(a"), 2 — o) + 5 || Az + B2 + 5 |}z — 27 3

then we recover the DSG iteration (2). Obviously, our convergence
analysis does not work for this variant, as the z-update is no longer
related to the dual variable A. Nevertheless, the above observa-
tion reveals a fundamental connection between the ADMM-based
method and the classical DSG. We can further show that DySPCA
generalizes the IC-ADMM proposed in [19] and the PG-EXTRA [7].
Due to space limitations we do not further expand our discussion.

5. NUMERICAL RESULTS

We show some preliminary numerical results of the proposed algo-
rithms by solving a LASSO problem

min 3 32, [[Aiw = bil* + v (15)

=——PG-EXTRA
10° —— Proposed PGC | {

Accuracy + Consensus Error

0 200 400 600 800 1000
Iteration

——SGD
Proposed Stochastic PGC

Accuracy + Consensus Error

0 100 200 300 400 500 600 700 800 900 1000
Iteration

Fig. 1. Top: Comparison of PGC with PG-EXTRA. Bottom: Comparison of SPGC
with distributed SGD

where A; € RE*M b, ¢ R¥, where the parameters of the problem
are given by: N = 16, M = 100, v = 0.1, K = 200. Each
data matrix A; is randomly generated as A; = L; X Q; where
L; ~ Uniform[0, 10], and Q; € R**™ whose entries are iid
standard Gaussian random variables; b; = A;c + d; where ¢ €
R™ is a sparse random vector with 0.01 percent of uniformly dis-
tributed non-zero entries; d; € R¥ is a vector of iid zero-mean
Gaussian random variables with standard deviation 0.01. Note that
here P; = ||A; A7 ||, V4. Due to space limitation, we only consider
static graphs which are generated according to the method proposed
in [27], with a radius parameter set to 0.4.

In our simulation, we compare Algorithm 2 (PGC) with the PG-
EXTRA [7], and compare the static version of Algorithm 1 (the
stochastic PGC) with the D-SGD [28]. The stepsize for the EXTRA
is chosen according to the sufficient condition suggested in [7], and
the weight matrix W is the Metropolis constant edge weight matrix.
For Algorithm 1 (resp. Algorithm 2), w; = P;/2 (resp. w; = P;)
and p;; = 1072 for all 4, j. For the D-SGD, the stepsize is set as
107°. The error of the gradient estimate is 0 = 0.1. To measure
the progress of different algorithms, we define the following

v ~ LN
accuracy = w, where 7" = L SN 4
consensus error = Zf;l |zt — z"||2.

The performance of different algorithms is shown in Fig. 1. Clearly
the proposed algorithm outperforms both the EXTRA and the D-
SGD. This is expected since compared with the EXTRA, the PGC is
able to use larger and more flexible stepsizes, while it is known that
the D-SGD with constant stepsize does not converge to the global
optimal solution, and D-SGD with diminishing stepsizes has very
slow convergence (without convergence rate guarantee).
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