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ABSTRACT 2. NONLINEAR REGRESSION

In [1], Lomb developed a nonlinear regression approach to estimaﬂ:%e least squares estimatorsof, /3 andw are found by minimiz
ing the frequency of a noisy sinusoid when the measurement times
were not equispaced, and a method for correcting the times so that N

the resulting regression sum of squares appeared very similar to thes (;, o, 8, w) = Z (X0 — pt— arcos (win) — Bsin (wtn)}>.

usual periodogram. Scargle [2] suggested that the usual perexdogr =

be discarded, and replaced by the new version, which has become 2
known as the Lomb-Scargle periodogram. In this paper, we extenHor fixed w, this is just a linear regression, and the least squares
Lomb’s development to include a ‘DC’ term. We show why it is im- estimators are given by

portant to include this term, especially when the times are irregular

or the frequency low. B
. N a | =D7'C,
Index Terms— Lomb-Scargle, periodogram, sinusoids, DC ter- g
m
whereD is symmetric,
1. INTRODUCTION N > €08 (wtn) Sy sin (wtn)
D=N" 22]:1 cos? (witn) 25:1 sin (wtn) cos (wiy)
Ziv:l sin? (wt,,)

The most general model for a noisy single sinusoid measured at non-

equidistant times, , to, ..., ty IS S X
C=N"! 25:1 X, cos (wty,)
N .
Xn = p+ acos (wty,) + Bsin (wtn) + €n. 1) 2= X sin (wtn)

) ) ) ) The residual sum of squares is then given by
In the seminal article [1], Lomb rejected the periodogram ap-

proach to estimating frequency, which depended on the times being N N

equispaced, and developed a nonlinear regression approach;togeth Z X2-N (ﬁy +aCs + 503) ,

er with an ingenious method of correcting the tintgsso that the n=1

resulting regression sum of squares appeared very similar to the usu- ] .

al periodogram. His approach, and the formula stated in [2], havihereC: denotes theth element ofC, and the regression sum of

become known as the Lomb-Scargle periodogram, and are in stafduares is then

dard use in astronomy. There have also been numerous articles (e.g. N N

[3]) in the engineering literature, extending the approach to damped 2 2 2 T A 2

sinusoids and investigating applications. > Xn-NX - {Z Xn =N (MX +ack+ ﬁCg) }
In this paper, we revisit [1], and extend his development to in-

clude ., the ‘DC’ term. We develop the regression sum of squares

for (1), and re-examine the equidistant times case. Finally, we show

why it is important to incorporatg, especially when the times are There is a trick used in any first course in statistics that reduces the

irregular or the frequency low. It has been known for some timeabove problem to @-dimensional rather tha-dimensional prob-

[4] that the usual periodogram is not applicable when estimating #&m. We write(2) as

frequency that is low, and that a regression approach should be usedN

Note that the frequenay = 2« f is measured in radians per unit X . 2
. - . o -V — tn) — D12} — tn) — D ,
time, and sqf is measured in cycles per unit time, rather than Hz. ; {Xn —v —a{cos (wtn) 12} — B {sin (wtn) 13}}

n=1 n=1

= N (AX +@aC2 + BCs ) — NX",
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wherev = p + aD12 + D13 andD;; denotes théi, j)th element
of D, and the residual sum of squares is then

i (X~ X)* - N (aCy + 5C),
n=1

where R
«Q ~_ 4~
~ | =D "C,
5]

Dyy — ND?, Dz — NDiaDis
| D23 — ND12D13 D33 — ND7,

- N -
C — N1 Z'n:l (X" - X) Cos (th)
=N L Zi\le (X — X) sin (wtn)

[ 02 - NYDIQ

L 03 - NYDlg

} @)

The regression sum of squares, as a functian,a$ then
P (w) = N (aC + 3Cz) @)
=NC'D7'C,
and it is this function that is maximized so as to estimate

3. THE REGRESSION SUM OF SQUARES AND
PERIODOGRAM FOR EQUISPACED DATA

Whent,, = n — 1, much of the above is simplified, for thdn is

N Zf;ol cos (wn) 27]:]701 sin (wn)
| |

Sy cos? (wn) SN sin (wn) cos (wn)

Zg olsm( n)
N Reg (w) Im g (w)
—N—ll {N+Reg(2w)}/2  Llmg(2w) ]
(N 2 Reg (2w)} /2
where
N—-1 ) ejWN—l
9= 2 ="

The regression sum of squares is then giverid)y Now, if w is one
of the so-calleatanonical or Fourier frequencies

there is considerable simplification, for thénis diagonal, and

Pw) = % [{ 3 (X — X) cos (wn)}

{20k /N;0 < k < (N

n=0

+ {NZ__O (Xn — X)sin (wn)}2]

2

-

3

N-1 )
e*jwn (5)
n=0
which further reduces when> 1 to
2
N Ten (6)

Moreover, whenw is not a Fourier frequency,

1 0 0
D=|0 1/2 0

0 0 1/2

+O(N7Y),

which has led to the use ¢5) or (6) as the statistics used to estimate
a ‘hidden’ frequency. There are several things wrong with doing this,
however. Firstly, the periodogram is routinely used wheis small,
and, secondly, when the true frequencis ‘small’, neither approx-
imation, and especiall§6) , is accurate enough at low frequency to
produce consistent estimatorsiafsinceg (2w) may be quite large.

4. LOMB-STYLE SIMPLIFICATION OF THE
REGRESSION SUM OF SQUARES

When the timet,, are equidistant, the forms of the periodogram in
(5) and(6) are appealing because of their simplicity and the ability
to be computed using fast FFT-based methods. The motivation be-
hind [1, 2] was, for the general case, to obtain a periodogram-like
form for the regression sum of squares. However, it appears that
Lomb and others believed that the tegnfthe ‘DC’ term), could be
eliminated by mean-correction ¢fX,, } at the outset. This can lead
to large errors in certain cases, for example whéis small,w is
small, or the time-sampling unusual. Indeed even i§ not small,
exclusion of the times at which the sinusoidal component is negative
could lead to biases. This is illustrated in section 6.

We start by examining the obvious diagonalization method,
which is not the one that Lomb used. Writein Jordan form as

D = QAQ'

_ cos¢  sing
Q= [ —sing cos¢ }
A 0

A:[ 0 Ao }

where, without loss of g(inerality, we assume that> \.. Then it
is easily shown that, wit defined by(3),

cos (2¢) = 7D)1\1 : )?222 @)
. 2D
sin (20) = - ®)
and so
2D15
tan (2¢) = =12
Dll - D22

In solving for ¢, care should be taken to ensure that the solution
conforms with the signs df7) and(8) . HenceP (w) in (4) becomes

Ve[ }Q’é,
where
cos¢ —sing N1 X X)cos( tn)
sing  cos¢ X X) sin (wtn)
=N~ {Z 1 (Xn = X) cos (wtn+¢)]
e L (X — X)) sin (wtn + ¢)
Thus
P(W) - {ETZYZI(X"7§/21005<th+¢)} {Zn 1(X1L7§A)25in(wtn+¢)} ’



which has a simpler form thafi). However, even though the nu- and so the columns becomes orthogonal when £/2, i.e. when
merators may be computed using existing algorithms, the forms of
the denominators are quite complicated, since tan (2¢) = Spey sin(2wtn) ~2N D13 D1g ©)

_ ~ E{Y 1co@(QL/.)tn)-i—NDIZ—ND13
D11+ D22+ VA

A1 5 The regression sum of squares is then
Diy + Doz — VA {EN_, (X0 -X) cos(ta—9)}? | {DN_) (X0 —X) sin(wtn—¢)}
A2 = 2 ’ P (LU) ZN 1 cosz(wtﬂ —¢)— NE2 + Zﬁ’:l sin? (wt.,,/—<j>)—NE§
where (10)
- o \2 ~y or
A= (Du—Da) +4Db,. . oy oy
, i ) >on=1 Xn cos(wtn—¢p)—NXE; Zn 1 Xn sin(wty —¢)—NXEg
_ We a_dopt Lomb’s approach,.lrlstead. The reason(thas com- SN co(wtn @) NEZ T SN an¥(at,—¢)-NEI
plicated is thatD12 # 0. Indeed, if D12 = 0, then P (w) would be (12)
(01 (%0 X) costwtn) } {Zn (X0 X) st} These formulae should be compared with Lomb’s
NDia NDas {SN_) X cos(win—9)}> | {ZN_; Xy sin(wtn,—)}? 12
We thus write(1) as SN cos2 (wtn—¢) + SN sin2(wtn—¢) (12)
Xy = p+ Acos (wtn — @) + Bsin (wtn — ¢) + en, or what has been suggested to be used, the mean-corrected form

with ¢ = wr yet to be determined. The same method as in section 2 ~ - N 2
will be used to eliminate the DC term. We minimize {Z’Lé(gx:’;jg;:::f;;@} {=n i(f’; Smg:’:i“;) D}
N (13)

Z [Xn — v — A{cos (wtn — ) — E1} — B {sin (wt,) — E2}]*, The differences are in the definition g¢fand the denominator

n=1 terms, but these may be quite substantidifor E- are significant.

where Finally, we note that [3] has raised the question about computational
problems in computing. For these reasons, although the expres-

- N1 Z cos (wtn — ¢) sions forP (w) are elegant, it might be better from the computation-

al point of view just to use the regressions sum of squares given by

(4).

N
Eg:N_lzsin(wtn—qb),

with respect tav, A and B, for fixed w, choosing¢ so as to make
the columns of the de5|gn matrix orthogonal i.e. so that the analo&Vhentn =n-—1,
of Dy, is 0. Note thatE; andE, depend orp. Now

5. SPECIAL CASE: EQUISPACED DATA

Dio :NflReg(w),Dlg :Nfllmg(w)

N
Z {sin (wtn — @) — Ez}{cos (wtn — ¢) — En} Z cos (2wtn) = Reg (2w),
n=1
1 & N
= §Zsin(2 (Win =) = NE1 B2 Zsin(2wtn) =Img (2w)
n=1 n=1
N .
_1 Z n (2wt,,) cos (2¢) — Z cos (2wty,) sin (2¢) By = Dizcosé+ D s?n 2
2 n=1 n=1 FE> = Di3cos¢ — Dizsing
N N N ]
{Zcos win cosng—Zsm (wtr )squ} Zcos {2 (wtn, — @)} = Re {eiwg(Zw)}.
=1 n=1 n=1
N
. B . Thus(10) is easily computed exactly. The numerator termélih)
X {Z sin (wn) cos ¢ — D cos (whn) sin d’} are most likely best computed using
= ~Bsin (26 =), S Jtnd) _ Ny et
where > Xue =e ) " Xt
N N
2Bsing = Zl sin (2wtn) — 2N nzl n (wtn) nzl cos (win) 6. NUMERICAL EXPLORATION
N a1 N 2 In the following examples, we have simulatéd’,,} according to
2Bcos§ = ZCOS (2wty) Z (D with p = 1,0 = 1,8 = 0,w = 2rf. In all cases, the,, were
n=1 n=1

simulated normally distributed with med@rand variancé.2. In the

figures, we showP (w) given by (4) and (10), which is termed
} ) ‘Regression’ in the legend, the mean-corrected Lomb-Scargle peri-

odogram given by13) , termed ‘LS Mean corrected’, and the raw

-t {Zcos win

n=1
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version given by(12) , termed ‘LS Raw’. In Figure 1, wherg =
0.256, and N = 100, time-spacings were generated that were ind
pendent and uniformly distributed @f, 1) , and the Regression anc
Lomb-Scargle mean-corrected versions are nearly indistinguisha
but very different from the raw version. In Figure 2, we show tt
actual differences between the Regression and Lomb-Scargle m:
corrected versions in this case. Noticeable are the differenceg'ne
and 0. For the other two cases, we show only the difference betw
the Regression and Lomb-Scargle mean-corrected versions, as
are similar, and very different from the uncorrected version. Figurt
repeats the first experiment, but with ‘low frequencf’= 0.035. It

is seen there that the mean-corrected Lomb-Scargle periodogra
quite different from the Regression periodogram. Figure 4 is for t
case whereV = 1024 and f = 0.1238, but with integer spacings
for which all of the times whereos (wt) < 0 have been excluded.
It appears that only the values very near the true frequency dif
However, this difference is quite large and could lead to discrepi
cies, especially if the periodogram is used for detection.
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Fig. 2 Differences between regression and mean-corrected LS
periodograms
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Fig. 3 Differences between regression and mean-corrected LS
periodograms, low frequency
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Fig. 4 Differences between regression and mean-corrected LS
periodograms, odd spacing

7. CONCLUSION

The Lomb-Scargle periodogram has been extended to include an un-
known DC term. Rather than mean-correcting the data, the DC off-
set has been included as a parameter to be estimated, and a simple
formula derived. The development may be readily extended to the
complex data case. What has not been done is an asymptotic anal-
ysis of the maximizer of the extended Lomb-Scargle periodogram,
in the style of [5]. This may be difficult to do unless it is assumed
that {¢,, } is white. However, the more realistic assumption is that
en = e, , Where{e;} is a continuous-time stochastic process with
some unknown continuous spectral density. To the author’s knowl-
edge, a rigorous central limit theorem has not been developed for the
Lomb-Scargle periodogram maximizer, even whes 0 and{z,}

is Gaussian and white.
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