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ABSTRACT

The scale matrix and degrees of freedom (dof) parameter of
a Student’s t distribution are important for nonlinear robust
inference, and it is difficult to determine exact values in prac-
tical application due to complex environments. To solve this
problem, an improved robust Gaussian approximate (GA) fil-
ter is derived based on the variational Bayesian approach,
where the state together with unknown scale matrix and d-
of parameter are inferred. The proposed filter is applied to
a target tracking problem with measurement outliers, and it-
s performance is compared with an existing robust GA filter
with fixed scale matrix and dof parameter. The results show
the efficiency and superiority of the proposed filter as com-
pared with the existing filter.

Index Terms— Gaussian approximate filter, Student’s t
distribution, variational Bayesian, heavy tailed measurement
noise, outliers

1. INTRODUCTION

Gaussian approximate (GA) filters have been gaining more
attention because they can provide tradeoffs between compu-
tational complexity and estimation accuracy in many practical
applications [1]-[4]. In the framework of the GA filter, the
posterior probability density function (PDF) is approximated
as Gaussian, and the technical challenge is how to compute
Gaussian weighted integrals [4]. So far, several forms of GA
filter have been developed based on different numerical in-
tegral methods [3]-[8]. However, these standard GA filters
are sensitive to heavy tailed measurement noises induced by
measurement outliers from unreliable sensors [9].

To solve the filtering problem of linear systems with
heavy tailed measurement noises, many linear robust filters
have been derived by modelling measurement noises as a
multivariate Student’s t distribution and using the variational
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Bayesian (VB) approach to infer the state [10]-[13]. Piché et
al. derived a robust GA filter by extending the above linear
robust filters to nonlinear state space models [9]. In the design
of the existing robust GA filter, the scale matrix and degrees
of freedom (dof) parameter of the Student’s t distribution for
measurement noises are assumed to be known exactly. How-
ever, in practical application, it is difficult to determine exact
values due to complex environments, and the scale matrix and
dof parameter may be time varying. Thus, the existing robust
GA filter may show poor estimation performance when the
choices of scale matrix and dof parameter are inaccurate.

In this paper, to solve this problem, an improved robust
GA filter for nonlinear systems with heavy tailed measure-
ment noises is proposed, where the state together with un-
known scale matrix and dof parameter are inferred. The pos-
terior PDFs of state, scale matrix and dof parameter are up-
dated as Gaussian, inverse Wishart and Gamma respectively
by assuming appropriate conjugate prior and using the VB
approach. Simulation results show the proposed filter outper-
forms the existing robust GA filter for the case of heavy tailed
measurement noise.

2. IMPROVED ROBUST GA FILTER

Consider the following nonlinear state-space model
X = fr_1(Xp—1) + W1 o
Zr = hk(Xk) + Vi

where x; € R" is the state vector, and z € R™ is the
measurements vector, and fj_;(-) and hy(-) are nonlinear
process and measurement functions respectively. wy € R"
is the zero-mean Gaussian white process noise satisfying
E[wk,w}r] = X0y, where 3} is the process noise covari-
ance matrix and 0y is the Kronecker delta function. v;, € R™
is the heavy tailed measurement noise, and it is modelled as a
Student’s t distribution

“+oo
p(vk) = St(vi; 0, Ry, vk) :/ N(vg;0, Ry /Ag) X
0

Vi Vk

where St(+; u, 3, v) denotes the Student’s t PDF with mean
vector p, scale matrix X, and dof parameter v, N(+; u, 3) de-
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notes the Gaussian PDF with mean vector ;o and covariance
matrix X, and G(-; o, 8) denotes the Gamma PDF with shape
parameter « and rate parameter 5. The initial state xq is a
Gaussian random vector with mean Xg|o and covariance ma-
trix Pgjg, and X, Wy and vy, are assumed to be mutually
independent.

In the paper, the state xy, the scale matrix Ry and the dof
parameter v, are assumed to have Gaussian, inverse Wishart
and Gamma prior respectively, i.e.

P(Xkey Ak Rie, vie|Z1:e—1) = N(Xk; Erj—1, Prjr—1)
Vi Uk

G(M,* *)IW(RMUMk 1, Ukje—1)
G (ks @k jr—1, brji—1) 3)

where IW(+; u, U) denotes the inverse Wishart PDF with dof
parameter u and inverse scale matrix U [14].

To estimate the state xj, an auxiliary parameter A\, scale
matrix Ry, and dof parameter vy, we need to compute the joint
posterior PDF p(xy, Mg, Ry, V|21.x ). For a general nonlinear
system, there is not an analytical solution for the posterior
PDF p(xg, Ak, Rk, Vk|Z1.,). Thus, to obtain an approximate
solution, the standard VB approach is used to look for a free
form factored approximate PDF for p(xg, Ak, Rk, Vk|21.%),
ie.

D(Xps Ak, R, vi|z1:k) = q(x)q(Ak)g(Ri)q(vy) ()

where ¢(xx), ¢(Ar), ¢(Ry) and ¢(vy) are the approximate
posterior PDFs of xj, A, Ry and v, respectively. According
to the standard VB approach, the optimal solution satisfies the
following equations [15, 16]

log q(xx) = Exr.v[l0g p(Xi, Aes R, v 21:6)] + e (5)

( )
log g(Ar) = Ex,r.v[l0g D(Xk; Ak, R, Vi, 21:6)] + ca (6)
log ¢(Rx) = ( )
log q(v) =

where F[-| denotes the expectation operation, and cx, ¢y, cr
and ¢, are constants with respect to the variables xj, Ag,
R, and vy, respectively. Since the variational parameters of
q(xx), ¢(Ar), ¢(Ry) and ¢(v) are coupled, we need to u-
tilize fixed-point iterations to solve equations (5)-(8), where
only one factor in (4) is updated while keeping the other fac-
tors fixed [14, 15].

x A V[logp Xk A]€7]Rkyykrvzlzk } + cr (7)
Ex arllogp(xp, A, Ri, v, z1:6)] + ¢ (8)

2.1. Measurement update

According to the Bayesian theorem and using (1)-(3), the joint
PDF p(xk, Ak, Ry, Vk, 21.%) can be computed as

= N(zp; hy(xx), R/ Ax)
Uk Vk)IW(Rk,

P(Xk, Ak, R, Vi, 21:1)
N Zrjk—15 Pk|k—1)G()‘k7

ak\kflvUk\kfl)G(Vldak\kflvbkﬂkfl)p(zlzkfl) )
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Using (9) in (5), log ¢("t1)(x;) can be computed as

log ¢V (x) = —0.5E" [\g][zx — hi(xi)] " BV (R ]
[z — hy(x)] +1og N(xp; Zxjp—1, Prje—1) + cx (10)

where ¢(“+1)(.) is the approximation of PDF ¢(-) at the i+ 1th
iteration, and E(¥)[¢] is the expectation of variable ¢ at the ith
iteration. Deﬁne the modified measurement noise covariance
matrix Rk as follows
Ry = (EODEO RS = (BOR) T/ ED D)
(11)
Using (10)-(11), the approximate posterior PDF ¢(+1 (xy,)
can be computed as

N (s b (), RY )N (k3 @xgpe1, Prgi—1)

fN(zk§hk(xk)7ﬁ«§€i))N(Xk§ik\k—lyPk\k—l)dxk

(12)
It can be seen from (12) that ¢("+1)(x;,) has the same form
as the posterior PDF of state in a standard nonlinear system
with modified likelihood PDF N(z; hy(xx), R\”). Thus,
¢tV (x},) can be approximated as a Gaussian PDF by us-
ing the measurement update of the standard GA filter [4] with
modified likelihood PDF N(z; g (xx), R(”), i.e

(i+1)(xk) —

q

¢ (x) = Nixs i, PytY) (13)
where :i](j‘zl) and PSCZIZ are the filtering estimate and corre-

sponding estimate error covariance matrix at the ¢ 4 1th iter-
ation.
Using (9) in (6), the variational form for ¢+ (), ) obeys
2

log ¢ (Ar) = (

1 i1 (1) 1 —
D O )

—1)log A\ —

where tr(-) denotes the trace operation of a matrix and D,(fﬂ)

is given by
(i+1)
D,

= B [(zg — hy(xx)) (2, — hi(xx)?]  (15)

According to (14), ¢V () can be updated as

q(H—l)()\k:) _ G()\ OékhLl),ﬁ i+1) ) (16)

where the shape parameter a( +1) B,(fﬂ)

are given by

and rate parameter

ol = 0.5(m + ED ) (17)
B = 05{@TVEO R + EOm]}y  (8)
Using (9) in (7), the variational form for ¢©*) (Ry;) obeys

log q(iH)(Rk) = —0.5(lpp—1 + 1 +m+1)log |Ry|

—0.5tr((EC DD 4 Uge_1)REY) + er (19)



which yields

q(i-‘rl)(Rk) _ IW(R;;; ﬁ(i+l)7U(i+l))

K|k klk (20)

where the dof parameter ﬂg‘zl) and inverse scale matrix
U,(f‘;;l) are given by
aml) = Gt + 1 @1
U = Uy + BCFD DY (22)
Substituting (9) in (8), log ¢(*1) (1) is given by
log i+ D) — Yk 100 28 oo (Y Yk 4
0gq () = 5 log o —log (1) + (5 — 1)

B log A — 5 ECD I + (a1 — 1) log
—i)k“c,le + ¢y (23)
Using Stirling’s approximation: log I'(%:) =~ ”’*T_l log % —
% in (23) [12], log ¢ (1) can be recomputed as
log ¢ (vg,) = (agpe—1 + 0.5 — 1) log g, — (brjk—1
—0.5 — 0.5E D log A\] + 0.5ECHD [\ e + cf24)
which yields

¢ () = Gluagr B 25)

where shape parameter dg:lzl) and rate parameter 5&:1) are
given by

&glzl) = agjp_1 + 0.5 (26)
bt = brr—1 — 0.5 — 0.5E D log Ag] + 0.5 B+ )]

@7

Next, we compute the expectations which are needed

for the computations of the approximate posterior PDFs

¢ (x1), ¢V (M), ¢ (Ry) and ¢t (1), Using

(13), (16), (20), (25), the expectations £ [R; '], E@[\;],
E@ ], Dg) and E([log \;] can be computed as

EORY = (i), —m - 1)(U)™ @8
EOD] = o /8 (29)
ED[y] = af), /b)), (30)

D) — / (21— (1) (22— e (32) TN e 2, P,
| 31
E@log \i] = ¢(al”) —log 8 (32)

where (+) denotes the digamma function [12].
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After fixed point iteration N, the approximate posterior
PDFs q(xx), ¢(Rg) and g(vg) can be updated as

g(x) = N 4y P) = N(ii i, Prgie) (33)

q(Rk) = IW(Rk; ’&éﬁ?, U](C]‘\]?) = IW(Rk; ﬂk\ky Uk|]€)
(34)

(35)

a(v) = Gus agly b)) = G ange, i)

2.2. Time update

In the time update, the dynamic models for the scale ma-
trix Ry and dof parameter v, need to be chosen so that
p(Rg|z1.x—1) and p(vi|z1.x—1) are inverse Wishart and
Gamma PDFs respectively. Using similar heuristics as in
[12] and [17], the dynamic models for scale matrix Ry and
dof parameter v, can be obtained as follows

Uplp—1 = P(Up—1j—1 —m —1)+m+1
Ukje—1 = pUk—1jk-1 R
Agjk—1 = Pap_1jk—1 brjk—1 = Pbr_1j8—1

(36)

where p € (0 1] is a forgetting factor which indicates the
extent of time-fluctuations. The proposed improved robust
GA filter is shown in Algorithm 1.

3. SIMULATION

In this simulation, the superior performance of the proposed
filter as compared with existing robust GA filter [9] is shown
in the problem of tracking a target in two dimensional s-
pace executing a maneuvering turn with unknown and time-
varying turn rate. The process and measurement models and
simulation parameters are the same as [4]. Similar to [18],
outlier corrupted measurement noise is generated according

to
VkN{

where £V = diag[o? 03], 0, = 10m and 0y = +/10mrad.
Equation (37) means that vy, is drawn from N (0, X") with
probability 1 —p. and N (0, 100%") with probability p.. That
is to say, the probability of the measurement outlier is p..
Measurement noise, which is generated in terms of (37), has
heavy tails.

In this simulation, the existing robust GA filter and the
proposed robust GA filter are tested. The parameters of the
proposed filter are set as: Ggjg = 5, ZA)O‘O = 1, dgjp = 4,
Ugo = X% p = 1 —exp(=5), N = 5. The scale matrix
of the existing robust GA filter is set as 3. The third-degree
spherical radial cubature rule [4] is used to implement the pro-
posed filter and the existing robust GA filter, and correspond-
ing improved robust cubature Kalman filter (CKF) and exist-
ing robust CKF can be obtained. The root-mean square errors

N(0,5Y)
N(0,100%v)

w.p. 1 —pc

37
W.D. Pe ©7



Algorithm 1: One time step of the proposed filter
Inputs: fi—1(-), hi ("), 2, B}, Ep—1jk—1, Pr—1jp—1,

U—1)k—1> Up—1jk—1> Qa—1k—1> Dx—1k—1, p» N

Time update

1. Compute X _1 and Py ;_; by the time update of
standard GA filter [4]

2. Compute ’&klkfl’ Uk|k71, &k\kfb bk\kfl using (36)
Measurement update

3. Tnitialization: () + ik + 1, U}, < Uppt,

. (0)
Ak

Oé;(co) < 0.5ak 51/ brjh_1, 5120) — 0.5G5)—1/brjr—1
4. Compute initial expectations using (28)-(32)
Fori=0:N-1

5. Compute f{,(;) using (11)

6. Compute f(](j‘zm and P](j‘zl)

update of standard GA filter with f{,(j) [4]
7. Compute DSH) using (31)
(1+1) (i+1)
8. Compute a, and 3, using (17)-(18)
9. Compute £+ [\;] and E(+V[log \¢] using
(29) and (32)
10. Compute 11,(;‘21), U,ngl), d,(jlzn
(21)-(22) and (26)-(27)
11. Compute EC+1 R, '] and ECH 1] using (28)

< Gg|p—1 + 0.5, BS,’,’C  byjp1,

by the measurement

and IQSJ‘ZU using

and (30)
End For
~ ~(N N) « ~(N

Outputs: Ty, Prir Gnjr> Urlrs Qi Oklk

Robust CKF (v=1)
Robust CKF (v=2)
Robust CKF (v=3)
Robust CKF (v=4) o
Robust CKF (v=5)

The proposed filter| ___———=
T

0 20
T

Time (s)

Fig. 1: RMSE:s of existing robust CKF and the proposed filter

(RMSE?) of position, velocity and turn rate, which were de-
fined in [4], are chosen as performance metrics.

Fig.1 shows the RMSEs of the proposed filter and exist-
ing robust CKF with fixed dof parameters v = 1,2,3,4,5
when p. = 0.3. It can be seen from Fig. 1 that the proposed
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Fig. 2: Estimated dof parameter, /R(1,1) and \/R(2,2)

Table 1: Averaged estimate of dof parameter and diagonal
elements of scale matrix

De v vR(1,1)(m) R(2,2)(mrad)
0 6.702 10.486 3.432

0.1 3.733 15.722 5.003

0.2 2961 21.152 6.732

0.3 2724 27.276 8.682

04 2.705 34.223 10.972

filter has higher estimation accuracy than existing robust GA
filter. Fig. 2 shows the estimated dof parameter, /R(1,1)
and 1/R(2,2) from the proposed filter when p, = 0.3. It
can be seen from Fig. 2 that the estimated dof parameter
is time varying, and the estimated \/R(1,1) and \/R(2,2)
are double o, and oy respectively. This justifies from anoth-
er aspect the proposed filter benefits over the existing robust
GA filter with fixed scale matrix 3 and fixed dof param-
eters. Table 1 shows the averaged estimate of dof parame-
ter, \/R(1,1) and \/R(2,2) from the proposed filter when
p. = 0,0.1,0.2,0.3,0.4. We can see from Table 1 that v de-
creases and \/R(1,1) and y/R(2,2) are far away from o,
and oy respectively as p. increases.

4. CONCLUSION

In this paper, the authors focused on solving the problem of
the choices of scale matrix and dof parameter. An improved
robust GA filter was proposed based on the VB approach to
estimate the state together with unknown scale matrix and dof
parameter. The performance of the proposed filter was tested
in the simulation of target tracking with measurement outlier-
s. In our simulation results, the proposed filter showed higher
estimation accuracy than the existing robust GA filter with
fixed scale matrix and dof parameter, which is induced by the
fact that the proposed filter can iteratively find better estimate
of scale matrix and dof parameter.
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