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ABSTRACT

In many important engineering applications the state dynamics of
a system are modelled by Stochastic Differential Equations (SDEs)
evolving in non-Euclidean spaces such as matrix Lie groups. Due
to the advances in computing power, the problem of state estimation
can be efficiently addressed by the particle filtering method. This
requires dealing with both the geometry and the stochastics of the
problem. However, the very few papers that properly deal with ei-
ther are in the mathematics literature and not accessible. The engi-
neering literature is also small but plagued with problems. With this
in mind, we give a direct accessible derivation of the particle filter
algorithm for state estimation in matrix Lie groups. We do not rely
on differential geometry or advanced stochastic calculus. Simulation
examples are provided.

Index Terms— Particle filter, sequential Monte Carlo methods,
stochastic differential equations, matrix Lie group integrators

1. INTRODUCTION

In numerous engineering applications, state estimation of dynam-
ical systems evolving in non-Euclidean spaces such as matrix Lie
groups is required. Examples include computer vision [1-4], array
signal processing [5], satellite attitude and pose estimation [6-8],
robotics [6,9, 10], etc. Particle Filtering (PF) methods have become
a very popular class of algorithms to numerically solve these estima-
tion problems in a recursive fashion as observations become avail-
able. They are flexible, and can easily be applied to nonlinear and
non-Gaussian dynamic models.

What is a Matrix Lie Group? — A matrix Lie group G is simply
a closed subset (under matrix multiplication) of all n X n invertible
matrices. The set of n x n matrices A such that e* € G forms a
vector space called the Lie algebra of G, and is denoted by g. There
is a also a geometric interpretation for g — By multiplying e® with
itself, we can interpolate the generated sequence e, ¢4, ¢4 ... €
G to obtaine’* € G, > 0. Since e”* =1 € Gand Le'# o=
A, we can thus think of g as a tangent space at the identity.

In addition to G being a closed set, it is also a manifold, i.e. a
curved space that locally looks like R™ for some m. Hence the fact
that g is a tangent space to G implies that we can think of g behaving
like R™. A good exposé on the topic is given in [11, 12].
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The State Space Model — In practice, the complete information
on the dynamics of the state X (¢) is not available, and so, a stochas-
tic model is considered [13]. We use the following general SDE (in
1t6 form) to describe the dynamics of the state X (t) € G:

dX(t) = X(8) Vo(X(1))dt + > X(£) Vi(X (1)) dWi(t) (1)

where V;(X(t))’s are known matrix functions of the state X and
time ¢, and satisfy (18) in Theorem 4 below. dW;(t)’s are scalar i.i.d.
Gaussian increments, i.e. dW; ~ N(0, dt). The SDE in (1) is very
common in geometric state estimation problems, see [1,6-8, 14,15].

Prior Work — Until very recently, PFs have solely been address-
ing systems in R™, see [16, 17]. However, such filters cannot be
considered for filtering problems in other manifolds such as matrix
Lie groups G because the update schemes tend to immediately leave
the manifold, e.g. see the example in [8]. Hence, these schemes are
unstable.

PFs for state estimation that take into account the geometry of
the state space are given in [1-3, 6, 13, 18-22]. [13] is the first pa-
per to explicitly address particle filtering on G. However, it does not
deal with the general SDE in (1) but rather a very special case. [3]
addresses explicitly in detail the particle filtering on the special Eu-
clidean group G = SE(3). Thus, the state dynamics are also a
special case of (1). Similarly, [18, 19] consider the special orthogo-
nal group G = SO(3). In [6], the state dynamics satisfy (1), and a
general PF is given (without derivation), which is also used in [1,2].
In [1], the emphasis is placed on the Affine group G = Aff(2), while
in [2, 6], it is again on SE(3). [6] also considers SO(3). However,
even though the PF algorithm in [6] seems to be in the form that re-
spects the geometry, i.e. the update schemes supposedly remain in
G, it definitely does not take into account the stochastic nature of the
problem (Itd’s lemma). In other words, the PF state updates do not
correspond to the system SDE (1).

[20,21] propose PFs, where the state evolves on a Riemannian
manifold (which includes G). However, the given schemes are too
abstract, do not explicitly deal with G, and so, extensive knowledge
of differential geometry is required in order to specialise the proce-
dures to G. In [20], the example provided considers state updates
in R™, which is not extendable to updates on G. In [21], the dis-
crete state updates follow a multivariate affine generalised Hyper-
bolic distribution. It is not clear whether states generated from this
distribution satisfy (1).

Lastly, existing literature for dealing with matrix Lie groups con-
siders deterministic state dynamics [23-26]. These works do not
apply in the stochastic setting, where the available literature for en-
gineers [27-29] only deals with systems in R™. Dealing with ge-
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ometric SDEs, such as (1), requires knowledge in both stochastic
calculus and differential geometry. So far, the very little literature on
this [30-32] has been oriented to mathematicians and not accessible
to engineers.

Current Contribution — We give a direct accessible derivation
of the general PF algorithm for state estimation on a matrix Lie group
G, where the state dynamics are give by (1). Knowledge of only ba-
sic probability concepts is assumed, and we do not rely on differen-
tial geometry or stochastic processes theory. The paper is organised
as follows: In Section 2 we state the problem of state estimation.
Sections 3 and 4 describe the particle filter method for solving the
problem, and the method is stated in Section 5. Simulations and the
conclusion are given in Section 6 and 7 respectively.

2. PROBLEM STATEMENT - STATE ESTIMATION IN G

For the discrete observation times ¢t = t1,t2,...,tx, define X =
X(tx), also, let the noisy I X ¢ measurement Y, of the state X, € G
be given by Yy = C(X},) + E, where C : G — R and E;, is
the noise whose entries are i.i.d. zero mean Gaussian.

Given the observations Y1.x = {Y1,..., Yy}, the aim is to
find the minimum Mean Squared Error (MSE) estimates of the states
X1k = {X1i,..., Xy}, where the MSE is defined by [5]

E [d(X,X})?] :/d(X,Xk)2p(Xk|Y1;k)ngk )
g

where d : GxG — Ris the distance between X and X, (see Section
6), p(Xx|Y1:x) is the posterior probability density function, and
dg Xy, is the infinitesimal area on the curved space G at Xy, see [33].
Note that if G is replaced by R™, then the infinitesimal area on R™
atx = [z1,...,Tm] € R™ simplifies to dgmx = dz1 ... dTm.

Remark 1. Here we do not explicitly calculate integrals containing
probability densities on G, rather approximate them using random
samples, i.e. letting S, ..., S™) ~ p(Z), where N > 1, we
have the following (Monte Carlo) sample average approximation

B = [ 6@p@ dT Y 6Bl O

3. STATE ESTIMATION VIA PARTICLE FILTERING

To obtain a state estimator X), € G we need to minimise the MSE
(2) with respect to X € G, which might be difficult in general if
the direct approach of calculating the integral is considered. Hence,
we approximate (2) by its sample average using (3), which requires
sampling from the posterior p(Xx | Y1.x), and then minimise the ap-
proximation with respect to X. However, direct sampling from the
posterior is difficult and/or inefficient in general because the relation-
ship between X and Y might be too complicated. Thus, a recursive
procedure is needed, which takes the samples (particles) from the
previous posterior p(Xx—1|Y1.x—1) and transforms them into sam-
ples (particles) from the current posterior p(Xy,|Y1.x). This leads
to particle filtering.

The Filtering Equations — Using samples drawn from
p(Xk—1|Y1:6-1) to obtain samples from p(Xy | Y1.x) requires de-
riving a relationship between these two posteriors. — By the standard
formula for the conditional density, we have

(X, X1 Yie—1) = p(Xg | Xk—1, Y1:b—-1)P(Xp—1 | Y1:6-1)

The state SDE (1) implies that X is Markov, i.e. X}, depends only
on X,_1. Hence, p(X | Xk—1, Y1:6-1) = p(Xk | Xk—1). By sub-
stituting this and integrating the result over X_1, we obtain the data
dependant Chapman-Kolmogorov (CK) equation

P(Xk|Yik—1) :/ (X, X—1| Yik—1) dgXr-1
g
- / (X | X )p(Xi 1 | Y1) dgXsy (4)
g

Since p(Xk | Y1:x) = p(Xk | Yk, Y1:—1), by applying Bayes’ rule
to the RHS, and using p(Y i | Xk, Y1:6—-1) = p(Y1 | Xk) due to the
observation equation, we obtain the update equation

1
P(Xp|Yik) = gp(Yk | Xk, Y1) p(Xk | Yiik-1)
1
= ;p(Yk|Xk)p(Xk|Y1:k—l) 5)

where z;, = p(Yk|Y1.x—1) is a normalisation factor that depends
only on the data. The observation noise E;«, has Gaussian entries,
$0 p(Yr | Xk) is known, and thus, can be calculated.

Particle Filtering — Letting Sil_)l, cee Sg)l € G denote the
N samples (particles) drawn from p(Xg—1|Y1:k—1), if §§j> ~
p(Xk | X1 = Sf:ll) foreach s = 1,..., N, then eq. (4) implies
QM Q)
Theorem1. S;”,..., S,/ ~ p(Xi|Y1.x—1) when N > 1.

Sampling from p(Xy, | X—1) so as to ensure that the samples remain
in G will be discussed in Section 4. Defining the probabilities

p(Yi|Xi = S)

Pk,s = =~ 5:17-">N (6)
Y (Y| X = S;7)
and letting S,(Cl), ceey SI(CN> denote the N samples (particles) chosen

from StV ..., S\ ¢ G with probability py s, eq. (5) implies

Theorem 2. S'", ..., S ~ p(X) | Y1) when N >> 1.

Remark 2. Choosing a sample from g,&”, ey §,(€N) with proba-

bility pi, s is done by constructing the cumulative distribution P
(a stair-case function with steps at each s with height py, ), choos-
ing a uniformly random point o between pj,1 and Ziv: 1 Pk,s, and
selecting S, where j = max;{i : Py (i) < a}.

Obtaining the State Estimator ﬁk — We can now use Theorem
2 to obtain X, € G since we have that

S . 2
Xy = arg g{nérgl E [d(X7 Xk) ]
(3)

N
(3) L (N2 qls)
= arg)rélelg N;d(X,Sk )", S; p(Xk| Y1) ()

4. SAMPLING FROM p(X,, | X;_1) BY SOLVING (1)

Obtaining an expression for p(Xy | X—1) to achieve sampling is not
needed when a discrete solution of the SDE (1) can be derived on the
small time interval [¢;_1, ;] — Since it is assumed that X1 € G,
the solution X (¢) € G of (1) must have the form

X(t) =X, 1€, Q(t) €9, Qtx1) =0 ®)
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by the definition of g, (see Section 1), and so, X = X(1)|,_,, - To
obtain an expression for €2(¢), we need to derive the differential of
the solution, and equate it with the differential (SDE) in (1). So, by
the Taylor series of en, note that

®

d grean , 1 d&° Seds2
AX =X, ;4% La
ko {dee * 2 dez” +

e=0

where e€dS2 € g is a very small perturbation of €2 € g. Note that
Q + edS2 € g since g is a vector space. Then, by standard calculus

4 a+ean  0+ed g (10)
de
By differentiating (10) we obtain 4 eSHedSt o SEHed (O for

r > 1. Next, let £2(t) obey the following general SDE

d
dQ = Adit+ Y BidW; (an

i=1

where A, B; are some function of €2 and ¢. Since 2 € g, (11) has
to be an equation in g. So, since g is a vector space, by definition we
must have A € g and B; € g. We now need to find A and B;’s.

We firstly evaluate (d€2)?, which has matrices scaled by the
terms (dt)?, dtdW; and dW;dW; for eachi = 1,...,d and j =

.,d. Now, dW; ~ N(0, dt) implies that the term d¢dW; has
a mean of 0 and variance of order (dt)®. When i # j, dW; and
dW; are i.i.d., hence the term dW; dW; has a mean 0 and variance
of order (dt)?. Lastly, when i = j, the term (dW;)? has a mean of
dt and variance of order (dt)?. Since dt is a very small quantity, we
can assume (dt)? & 0 for any p > 2. This implies that the terms
dtdW;, dW;dW; have zero variance, i.e. can be treated as deter-
ministic quantities, which therefore must be equal to their mean. So,
we can conclude that

(dt)? =0, dtdW; = 0, dW;dW; = {O AT 1

dt  otherwise

which are called Ito’s rules, and so

2 d
(d€2)? ¢ (AdtJrZB dW) @S B2t (13)
=1

=1

Thus, by applying (12) to the product of (11) and (13) we obtain
that (d©2)> = 0, and so, for any » > 3 we must have (dQ)" =
(dQ)3(d2)"~3 = 0. Consequently, the derivative %enﬁdn is
zero for all » > 3, and hence, from (9) we obtain Itd’s lemma (14)

Theorem 3. (Itd’s lemma) For X = Xj;_; e
the SDE (11), we have

where €2 satisfies

IX = X, ieﬂ+edﬂ+1£eﬂ+edﬂ (14)
T | de 2 de?

e=0
Next, substituting into (14) the derlvatlve en+€dn| —o with
r = 1, 2, as well as the expressions for df2 and (dﬂ) from (11) and

(13) respectively, the differential reduces to

dX = X;_1e"dQ + %Xk,le“(dﬂ)2

d

d
1 2
:X{A-&-?ingi}dt—&— E XB; dW; (15)

i=1
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We can finally equate (15) with the state SDE (1), resulting in

Vo=A+ - ZB and V; =B, i=1,...,d

i=1

and so, noting that V;(X(t)) = ® V., (Xk 1€ (t)) we have

A1) = Vo (Xere®®) - 1) q16)

1
5. Vi(x
i=1
Bi(Q(t) = Vi (xk,le““)) vi=1,....d 17)
which are in g. Hence, we immediately obtain two results

Theorem 4. If X € G from (8) solves (1), then (16) and (17) imply

d
1 2 .
V0—§E Viegand V,€g,i=1,...,d (18)

=1

Theorem 5. If X(t) € G from (8) solves (1), then (¢) € g solves
(11), where A and B; are given by (16) and (17) respectively.

Hence, the geometry of the problem in the curved space G is man-
aged by working in g (the tangent plane). Treating g as Euclidean
space, see Section 1, we then apply standard linear algebra to solve
the problem in g, i.e. we obtain £2(t) by solving/discretising (11)

dY =~ Q(tg) — Q(tk—-1)

CAQt-))A+ Y B,

i=1

(Q(tr—1)) AW, -1 (19)

where A =t — tp—1 and AW, 1 ~ N(0,A). Recalling that
Q(tr—1) = 0, from (16), (17) and (19), we obtain the algorithm

Q(ty) = {Voxk1 Zv (Xp_1) }A

d
+ Zvi(xk—l)AWi,kfl (20)
i=1
Xy = X1 1)

which is the simplest Euler method on G, see Figure 1. For a detailed
derivation see our paper [34]. Special case examples of this Euler
method are found in [8,35]. The algorithm in [1, 6] for numerically
solving (1) is also of Euler type, however, it does not have the correct
update. Namely, it is missing the “Itd correction term” 1 ZZ 1 V2,
see eq. (4) in [1], and eq. (13) in [6].

5. THE STATE ESTIMATION (PF) ALGORITHM

Let X(0) = Xo, and assume we can sample from p(Xo|Y1:0) =

p(XQ) atto = 0.

Initialisation: For s = 1,..., N, draw S((JS) ~ p(Xo). Compute the
estimator X using (7). Let t = ¢; and k = 1. Then:

(@) Fors = 1,..., N, using Sk 1~ P(Xk=1]|Y1:k-1), draw
St ~ p(Xs |Xk71 =)

(i) Using (20), let Qs (tr) = Q(tr)|«

_g(s) -
1=S, 24



Fig. 1: Illustration of the Euler method ((20) & (21)) — The smooth
function X (¢) € G can be thought of as a flow on G (a smooth man-
ifold, see Section 1). Given the current iterate X_1 = X(tx—1), an
approximation of X(¢) € G on the small time interval [t;_1, tx] is
X = X(tr). To obtain Xy, we shift the SDE problem (1) from G
to its Lie algebra g (tangent at I). The SDE problem in g, given by
(11), is then solved on [tx—1, tx], i.e. we obtain an approximation of
Q(t) € g at ti. Using the exponential map e : g — G we then shift
the solution £2(#,) from g back to G, i.e. X, = Xj,_; e(ts),

(i) Using (21), compute §§€S) = ngﬁl ef2s(tk)
(b) Fors=1,...,N,draw S{" ~ p(Xx|Y1.x):
(i) Compute the probabilities pi, in (6).

(ii) For each s draw a sample, denoted by S(5>, from the
set {S,(f) 1, with probability px s (see Remark 2).

(c) Compute the estimator )A(k using (7).

(d) Letk = k+ 1and t = ti. Go to (a).

6. SIMULATION

Here we illustrate the above PF algorithm for G = SO(3), which
is a set of 3 x 3 invertible matrices X such that XX = I and
det(X) = 1. The corresponding Lie algebra g = so(3) is the set of
3x 3 skew symmetric matrices, i.e. A € s0(3) implies A+AT = 0.

Since the state X € SO(3) satisfies the state dynamics SDE (1),
we need to firstly use Theorem 4 to obtain the restrictions on V;’s
in (1) fori = 0,1,...,d. Letting d = 3, according to the theorem,
Vi € s0(3) fori = 1,2,3,and so, V; + VI = 0fori = 1,2, 3,
which implies the following structure holds

0 —wss v V1
Vi = S(Vl) = V3,i 0 —Vi1,4 |, Vi= [V2,; (22)
—V2,i VUl 0 V3,i

for ¢ = 1,2,3. Regarding V), according to the theorem, Vo —
1578 Vi€ s0(3), and so,

3 3 T
1 ) 1 2\
Vo 2;Vi+<vo 2;Vi> =0 (23)

Fori = 1,2,3 we have (V)T = (VI)(V) = (-V)(-V,) =
V2, which when substituted in (23) gives Vo + V§ = 32°_ V7.
Thus, V cannot be skew-symmetric, i.e. Vo & s0(3), unless V; =
0 for all s = 1,2, 3. So, to satisfy the restrictions on the V;’s, here

we simply let Vo = —Iand V; = S(e;), 7 = 1,2, 3, where e; is a
vector with 1 in the ¢-th entry and O in all other entries.

Next, defining yo = [0, 0, 1]T, we let the measurement function
C(X) = X"yo € R®. In this case, the observation noise Ezx1 ~
N(03x1,33x3), and so, in (6) we have

DYa[Xn = 80) o e H(e0(81) "2 (v (5(7)

We let 3 = 0.1 x I3x3. Note that C(X)TC(X) = 1 when X €
SO(3), and so, the observations lie on the unit sphere.
To obtain Xy, in step (c) of the PF algorithm, we let the distance
d: SO(3) x SO(3) — Rin (7) be given by d(X1,X>) = || X1 —
Xz||F, where || - || 7 is the Frobenius norm. In this case, from [36]
we have that )A(k in (7) is given by
%, _ {VUT if det (RT) >0

) (24)
otherwise

Vdiag([1,1,-1])U”

where U,V are obtained form the singular decomposition of RT,
ie. RT =UDVT,and R = £ Y | S We let N = 200, and
k=0,...,200.

PF on the Sphere

jz Sphere

- -—C(X})

\\

05 \

JX\\
\A \
05 \ '—_-7-—177_—7 |

l\xv——-i-__t:-_‘i-——fJ 0.5

Fig. 2: Plotting C(Xy) = [k, Yk, 2] vs. its PF estimate C(Xj)
= [@k, Uk, 2k) 7. Xy is obtained by the Euler method ((20) & (21)).
Since X;, € SO(3), we see that C(Xk) remain on the sphere. The
initial set of particles are given by Xo eSve) s =1,..., N, where
Vs v N(03><1, 5 X 10_3I3><3).

(Tks Y, 21) V8. (Thes Yies 21)

L \ L L L L L L s
[ 20 40 50 80 100 120 40 60 180 00

f/;
Fig. 3: Plotting [z, yx, zx]7 vs. its PF estimates [Zx, T, 2k -

7. CONCLUSION

We have demonstrated in an accessible way how the particle filters
developed for state estimation in R"" can be extended to matrix Lie
groups. A general numerical method has been derived, and an exam-
ple simulation has illustrated this method for the SO(3) Lie group.
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