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ABSTRACT

This paper presents a new method for solving linear inverse
problems where the observations are corrupted with a mixed
Poisson-Gaussian noise. To generate a reliable solution, a re-
gularized approach is often adopted in the literature. In this
context, the optimal selection of the regularization parame-
ters is of crucial importance in terms of estimation perfor-
mance. The variational Bayesian-based approach we propose
in this work allows us to automatically estimate the origi-
nal signal and the associated regularization parameter from
the observed data. A majorization-minimization technique is
employed to circumvent the difficulties raised by the intri-
cate form of the Poisson-Gaussian likelihood. Experimental
results show that the proposed method is fast and achieves
state-of-the art performance in comparison with approaches
where the regularization parameters are manually adjusted.

Index Terms— inverse problems, restoration, recons-
truction, Bayesian methods, parameter estimation.

1. INTRODUCTION

During their acquisition process, signals are degraded in
various ways - they may be distorted by linear or nonlinear
operators and they may be perturbed by different types of
noise depending on the system used to capture them. In par-
ticular, most imaging systems are photon counting devices,
like CMOS and CCD cameras. If such devices are used to ac-
quire an image, the resulting noise is non-additive and signal-
dependent and it can be modeled by a Poisson probabilistic
distribution. A more realistic approach however consists of
also taking into account signal-independent noise sources, of-
ten considered as Gaussian, by modelling the noise with a
mixed Poisson-Gaussian (PG) distribution. Here, we focus
on the recovery of a signal degraded by a linear operator and
such a mixed PG noise.

Most existing recovery methods for such data are based
on energy minimization approaches. These methods involve
the minimization of a well-defined data fidelity term the role
of which is to make the solution consistent with the observed
data, well-balanced with regularization terms which incorpo-
rate a priori information and ensure the stability of the solu-
tion. An early work on this type of restoration techniques for
images degaded with mixed noise is [26], while more recent
developments are presented in [5, 7, 13–15,22,23].

The quality of the signals recovered by energy minimiza-
tion based methods is highly sensitive to the choice of regula-
rization parameters which control the relative weights of the

data fidelity and the regularization terms. Too small values
of these parameters lead to noisy estimates, while too large
values yield oversmoothed estimates. Consequently, an impor-
tant issue in these methods is the choice of the regularization
parameters. If ground truth is available, the regularization
parameters can be selected so as to maximize a chosen qua-
lity measure, e.g. the Signal-to-Noise Ratio (SNR). In real life
applications where ground truth is not available, the selection
of the optimal regularization parameters is a more challenging
task. Some of the existing methods for hyperparameter esti-
mation are [1,8,10–12,20,21]. Most of the mentioned methods
were developed under the assumption that the signals are cor-
rupted with signal independent Gaussian noise, so they are
not suitable for optimal parameter determination in inverse
problems involving PG noise. One can however mention the
works in [16,17] proposing efficient estimators in the context
where no linear degradation operator is present.

Another powerful way of dealing with the regularization
parameter choice is to work in the Bayesian framework. In the
PG case, Bayesian estimation methods based on MCMC [2]
have been recently proposed. However, to our knowledge,
no work has been undertaken with variational Bayesian ap-
proximation (VBA) techniques [3, 6, 9, 25, 28] which can lead
to faster estimation approaches. In this paper, we present
a fast VBA approach for signals degraded by an arbitrary
linear operator in the presence of a mixed PG noise. Our me-
thod aims at providing a good approximate Minimum Mean
Square Estimator (MMSE) in the problem of interest. While
using VBA, the main difficulty arising in the PG case is
that the involved likelihood has a complicated form. To solve
this problem, we adopt the Generalized Anscombe Trans-
form (GAST) approximation [18, 27] of the exact PG like-
lihood. Moreover, a majorization-minimization (MM) tech-
nique is adopted providing a tractable VBA solution for non-
conjugate distributions [24]. Thanks to the MM strategy, the
proposed method allows us to employ a wide class of a priori
distributions accounting for the sparsity of the target signal
after some appropriate linear transformation.

This paper is organized as follows. In Section 2, we for-
mulate the signal recovery problem for mixed PG noise in the
Bayesian framework. In Section 3, we present our proposed
estimation method based on VBA. In Section 4 we provide
simulation results together with comparisons with state-of-
the-art methods in terms of image restoration performance
and computation time. Finally, some conclusions are drawn
in Section 5.
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2. STATEMENT OF THE PROBLEM

We are interested in recovering a signal x ∈ RN degra-
ded by a matrix H ∈ RM×N and corrupted with a Poisson-
Gaussian noise. More specifically, the vector of observations
y = (yi)1≤i≤M ∈ RM is related to x through the following
model :

y = z + b, (1)

where z and b are supposed to be mutually independent ran-
dom vectors and

z | x ∼ P(Hx), b ∼ N (0, σ2IM ),

where P denotes the independent Poisson distribution, N de-
notes the Gaussian one, and IM is the identity matrix of di-
mension M ×M . Thus, the likelihood function is given by [7]

p(y | x) =

M∏
i=1

(
+∞∑
n=1

e−[Hx]i
(
[Hx]i

)n
n!

e
− 1

2σ2
(yi−n)2

√
2πσ2

)
, (2)

where, for every i ∈ {1, . . . ,M}, [Hx]i denotes the i-th com-
ponent of Hx. Moreover, we assume the following flexible
form of the prior on x :

p(x | γ) = τγ
N
2κ exp

(
− γ

Q∑
j=1

‖Djx‖2κ
)
, (3)

where κ is a constant in (0, 1], ‖ · ‖ denotes the `2-norm
and D is an operator that can be a matrix computing the
discrete difference between neighboring pixels or a frame-
analysis operator, which have been blockwise decomposed as
D = [D>1 , . . . ,D

>
Q]>, where each block (Dj)16j6Q ∈ RS×N .

The constant γ ∈ (0,+∞) can be viewed as a regularization
parameter and τ ∈ (0,+∞) is a constant independent of γ.
Note that the form of the partition function for such a prior
distribution follows from the fact that the associated poten-
tial is 2κ-homogeneous [19].

One of the main advantages of our proposed approach
is that it allows the parameter γ to be estimated together
with x. To this end, we choose a Gamma prior for γ, i.e
p(γ) ∝ γα−1 exp(−βγ) where α and β are positive constants.

Using the Bayes’ rule, we can obtain the posterior distri-
bution of the set of unknown variables Θ = (x, γ), which has
an intricate form. In particular, its normalization constant
does not have a closed form expression. To cope with this
problem, we resort to VBA framework which generates a se-
parable approximation to the original posterior distribution.

3. PROPOSED METHOD

The objective of VBA is to find a separable approxima-
tion q(Θ) =

∏J
j=1 q(Θj), which is as close as possible to the

posterior distribution p(Θ | y), by minimizing the Kullback-
Leibler divergence between them :

qopt = argmin
q

KL(q(Θ)‖p(Θ | y)), (4)

where

KL(q(Θ)‖p(Θ | y)) =

∫
q(Θ) ln

q(Θ)

p(Θ | y)
dΘ. (5)

There exists an optimal solution to the optimization problem
in (4), given by

(∀j∈{1, . . . , J}) q(Θj)∝exp
(
〈ln p(y,Θ)〉∏

i6=j q(Θi)

)
(6)

where 〈 · 〉∏
i6=j q(Θi) =

∫
·
∏
i 6=j q(Θi)dΘi. Due to the implicit

relations existing between (q(Θj))16j6J , an analytical expres-

sion of q(Θ) does not exist. Usually, these distributions are
determined in an iterative way, by updating one of the sepa-
rable components (q(Θj))16j6J while fixing the others [25].

In this work, we consider the following separable assump-
tion :

q(Θ) = q(x)q(γ). (7)

Unfortunately, by using directly (6), we cannot obtain an
explicit expression of q(x) due to the complicated form of
the PG likelihood in (2) and of the prior distribution (3).
In this paper, we propose to tackle this problem as follows :
first, to sidestep the difficulty caused by the PG likelihood, we
make use of the Generalized Anscombe Transform (GAST)
approximation [18, 27] to the PG followed by a minorization
step described below, secondly, for prior density (3), a mino-
rization step is also used which will be explained later on.

Using the GAST approximation, the likelihood of vector
ỹ ∈ RM with components (ỹi)1≤i≤M = 2

(√
yi + δ

)
1≤i≤M ,

where δ = 3
8

+ σ2, is approximately given by

p(ỹ | x) =

M∏
i=1

1√
2π

exp

(
−1

2

(
ỹi − 2

√
[Hx]i + δ

)2
)
. (8)

Since the concave function t 7−→
√
t+ δ has a Lipschitz conti-

nuous gradient, by introducing an auxiliary vector of variables
w = (wi)1≤i≤M ∈ [0,+∞)M , we can construct a majorant
function of the neg-log-likelihood defined as T (ỹ,x; w) =
M∑
i=1

Ti(ỹi, [Hx]i ;wi) where, for every i ∈ {1, . . . ,M},

Ti(ỹi, [Hx]i ;wi) =
1

2
ỹ2
i + 2

(
[Hx]i + δ

)
− 2ỹi

√
wi + δ

− ỹi (wi + δ)−
1
2
(
[Hx]i − wi

)
+

1

4
δ−

3
2 ỹi
(
[Hx]i − wi

)2
. (9)

Similarly, we construct a surrogate function for the prior
distribution. Following the same idea as in [6], we obtain the
following majorant function for the negative logarithm of the
prior distribution :

γ

Q∑
j=1

‖Djx‖2κ 6 γ

Q∑
j=1

κ‖Djx‖2 + (1− κ)λj

λ1−κ
j

. (10)

where (λj)16j6Q are positive variables. The function in
the right-hand side of the above inequality is denoted by

Q(x, γ;λ)=
Q∑
j=1

Qj(Djx, γ;λj) where

(∀j∈{1, . . . , Q}) Qj(Djx, γ;λj) = γ
κ‖Djx‖2 + (1− κ)λj

λ1−κ
j

.

(11)
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Then, we can derive the following lower bound of the pos-
terior distribution :

p(Θ | ỹ) > L(Θ|ỹ; w,λ), (12)

where function L is defined as

L(Θ|ỹ; w,λ) = C(ỹ) exp [−T (ỹ,x; w)−Q(x, γ;λ)] p(γ)

with C(ỹ) = p(ỹ)−1(2π)−M/2τγ
N
2κ . The minorization of the

distributions leads to an upper bound of the KL divergence :

KL(q(Θ)‖p(Θ | ỹ)) 6 KL(q(Θ)‖L(Θ|ỹ; w,λ)). (13)

Thus, Problem (4) can be solved by alternating the following
four steps :

– Mimimizing the upper bound in (13) w.r.t. q(x),
– Updating the auxiliary variable w in order to minimize
KL(q(Θ)‖L(Θ|ỹ; w,λ)),

– Updating the auxiliary variable λ in order to minimize
KL(q(Θ)‖L(Θ|ỹ; w,λ)),

– Mimimizing the upper bound in (13) w.r.t. q(γ).
The optimizations with respect to w and λ aim at making the
bound in (13) as tight as possible. Thanks to the majorization
strategy, we can prove that the optimal approximate posterior
distribution for x belongs to the Gaussian family and the
optimal approximate posterior distribution for γ belongs to a
Gamma one, i.e.

q(x) = N (m,Σ), q(γ) = G(a, b).

Therefore, the distribution updates can be performed by up-
dating their parameters, i.e. m, Σ, a, and b. Subsequently, at
a given iteration k of the proposed algorithm, the correspon-
ding estimated variables will be indexed by k.

3.1. Updating q(x)

Because of the majorization step, we need to minimize
the upper bound on KL divergence. The standard solution
(6) can still be used by replacing the joint distribution by
its lower bound L(Θ, ỹ; w,λ) ∝ L(Θ|ỹ; w,λ). As a result,
it can be shown that qk+1(x) can be identified as a multi-
variate Gaussian distribution whose covariance matrix and
mean parameter are given by

Σ−1
k+1 =

1

2
δ−

3
2 H>Diag(ỹ)H + 2

ak
bk

D>ΛkD, (14)

mk+1 = Σk+1H
>u, (15)

where u is a M × 1 vector whose i-th component is given

by ui = ỹi(w
k
i + δ)−

1
2 + 1

2
ỹiδ
− 3

2wki − 2 and Λ is the diago-

nal matrix whose diagonal elements are
(
κ(λkj )κ−1IS

)
1≤j≤Q.

Note that, in high dimension, the vector mk+1 can be com-
puted efficiently by making use of a linear conjugate gradient
method.

3.2. Updating w

The auxiliary variable w is determined by minimizing the
upper bound of KL divergence with respect to this variable :

wk+1 =argmin
w

∫
qk+1(x)qk(γ) ln

qk+1(x)qk(γ)

L(Θ|ỹ; w,λk)
dxdγ

=argmin
w

M∑
i=1

Ti(ỹi, [Hmk+1]i ;wi), (16)

where the last equality follows from the expression in (9).
Actually, Ti(ỹi, [Hmk+1]i ;wi) is differentiable with respect
to wi and there exist two critical points : wi = 0 and wi =
[Hmk+1]i. The minimum is attained at

wk+1
i = max{[Hmk+1]i , 0}. (17)

3.3. Updating λ

The variable λ is determined in a similar way :

λk+1
j = argmin

λj∈[0,+∞)

KL(qk+1(x)qk(γ)‖L(Θ|ỹ; wk+1,λ)
)
.

(18)

Again, L(Θ, ỹ; wk+1,λ) is differentiable w.r.t. (λj)16j6N .
The minimum is attained at

λk+1
j =Eqk+1(x)

[
‖Djx‖2

]
= ‖Djmk+1‖2 + trace

[
D>j DjΣk+1

]
. (19)

3.4. Updating q(γ)

Using (6) where the joint distribution is replaced by its
lower bound function, we obtain

qk+1(γ) ∝γ
N
2κ

+α−1 exp(−βγ)

× exp

(
− γ

Q∑
j=1

κEqk+1(x)

[
‖Djx‖2

]
+ (1− κ)λk+1

j

(λk+1
j )1−κ

)
.

(20)

Using (19), one can recognize that the above distribution is
a Gamma one with parameters

ak+1 =
N

2κ
+ α = a, bk+1 =

Q∑
j=1

(λk+1
j )κ + β. (21)

Finally, our algorithm can be summed up as follows :

1. Set initial values : w0,λ0, b0. Compute a with (21).

2. For k = 0, 1, . . .

(a) Update parameters Σk+1 and mk+1 of qk+1(x)
using (14) and (15).

(b) Update wk+1 using (17).

(c) Update λk+1 using (19).

(d) Update parameter bk+1 of qk+1(γ) using (21).

4. SIMULATION RESULTS

We evaluate the performance of the proposed approach for
the restoration of images degraded by both blur and Poisson-
Gaussian noise. In our experiments, we choose a total varia-
tion prior, i.e. κ = 1/2 and for every pixel j ∈ {1, . . . , N},
Djx =

[
[∇hx]j , [∇vx]j

]> ∈ R2 where ∇h and ∇v are the
discrete gradients computed in the horizontal and vertical di-
rections. As a result, Q = N .
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MAP (GAST) [4] MAP (GAST) [7] MAP(EXP) MAP (Exact) BV (GAST)

First image (350× 350) : x+ = 20

h : Uniform 5× 5, σ2 = 9

γ fixed fixed fixed fixed automatic
SNR 13.61 13.60 13.72 13.73 13.80
Time (s.) 2897 490 3124 48587 29

Second image (257× 256) : x+ = 60

h : Gaussian 9× 9, std 0.5, σ2 = 36

γ fixed fixed fixed fixed automatic
SNR 15.35 15.33 15.42 15.43 15.22
Time (s.) 3168 86 112 612 7

Third image (256× 256) : x+ = 100

h : Uniform 3× 3, σ2 = 36

γ fixed fixed fixed fixed automatic
SNR 13.71 13.77 13.81 13.81 14.17
Time (s.) 2921 578 1060 17027 9

Fourth image (256× 256) : x+ = 150

h : Gaussian 7× 7, std 1, σ2 = 40

γ fixed fixed fixed fixed automatic
SNR 20.17 20.11 20.11 20.33 20.43
Time (s.) 2964 886 3026 43397 14

Table 1: Restoration results for four test images : First image (initial SNR=7.64 dB), second image (initial SNR=9.40 dB),
third image (initial SNR=10.68 dB), fourth image (initial SNR= 15.77 dB).

We consider four test images whose intensities have been
rescaled so that pixel values belong to a chosen interval
[0, x+]. These images are artificially degraded by an operator
H modeling spatially invariant blur with point spread func-
tion h and by Poisson noise. Moreover, we add zero-mean
white Gaussian noise with variance σ2. Figure 1 allows us to
evaluate the resulting visual improvement for the reconstruc-
ted images. The gain is confirmed by the perceptual measures
of visual similarity (SSIM) indicated in the figure caption.

The proposed algorithm is compared with recent me-
thods. First, we consider the method described in [4] for
recovering images degraded with blur and mixed noise, based
on GAST approximation using a smoothed version of the to-
tal variation regularization and a spectral projected gradient
method for minimizing the energy function. Second, we use
the MAP estimate presented in [7] with the non-smoothed
form of the total variation under the GAST approximation,
the Exponential (EXP) approximation [5], and the exact
likelihood (2), where a primal-dual splitting algorithm is
adopted to minimize the associated penalized criterion. For
those approaches, the regularization parameter γ is adjusted
empirically to achieve the maximum SNR value.

Table 1 reports the results obtained with the different al-
gorithms in terms of SNR and approximate computation time
needed for convergence. Simulations are performed on an In-
tel(R) Xeon(R) CPU E5-2630, @ 2.40 GHz, using a Matlab 7
implementation and by taking as initial value the degraded
image. We can observe that these approaches yield compa-
rable quantitative results. It is worth noticing that the pro-
blem of setting the regularization parameter for these algo-
rithms must be carefully addressed as it highly impacts the
quality of the restored image. The main advantage of our ap-
proach is that this parameter is tuned automatically, while
the proposed algorithm also appears to be the most compe-
titive in terms of computation time.

5. CONCLUSION

In this paper, we have proposed a variational Bayesian
method to recover signals degraded with a blur and a mixed
Poisson-Gaussian noise, using a GAST approximation of the
likelihood. Instead of setting it empirically, the regularization
parameter is tuned automatically during the recovery pro-
cess. Experiments carried out on several images have shown

Fig. 1: From left to right : Original images. Degraded images :
SSIM=(0.232, 0.423, 0.561, 0.586). Restored images with the
proposed approach : SSIM=(0.575, 0.653, 0.765, 0.830).

that the proposed approach achieves a good tradeoff between
estimation performance and computation time. Several ideas
could be investigated in our future work such as the ability of
the proposed approach to be extended to more general prior
distributions than the one presented in this paper and to
other approximations of the Poisson-Gaussian data fidelity
term.
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