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ABSTRACT

This paper addresses multiuser downlink beamforming with shaping
constraints under the assumption that the transmitter has long-term
covariance based channel state information (CSI). Beamformers are
designed to maximize the minimum average signal-to-interference-
plus-noise ratio (SINR) of users subject to a total transmit power
constraint and additional shaping constraints. We combine beam-
forming with full-rate quasi-orthogonal space time block coding
(QOSTBC) to increase the number of beamforming weight vec-
tors and associated degrees of freedom much beyond the limits
achieved by the Alamouti code in the beamformer design. The use
of QOSTBC destroys the full-orthogonality structure of the corre-
sponding equivalent channel matrix such that generally maximum-
likelihood (ML) pairwise decoding has to be applied for optimal
decoding. As an alternative to the pairwise decoding, we propose a
simple phase rotation scheme on beamformers at the transmitter side
that enables simplified symbol-wise decoding. The original beam-
forming problem is transformed to a semidefinite programming
(SDP) problem which can be solved optimally for a massive number
of shaping constraints. Simulation results demonstrate a significant
performance improvement over the existing approaches.

Index Terms— Downlink beamforming, general rank beam-
forming, shaping constraints, semidefinite relaxation (SDR), quasi-
orthogonal space time block coding (QOSTBC).

1. INTRODUCTION

Multiuser downlink beamforming has been extensively studied due
to its potential for improving the spectral efficiency [1–3]. There are
typically two quality-of-service based downlink beamforming prob-
lem formulations [4, 5]: the problem of minimizing the total transmit
power subject to SINR constraints, and the problem of maximizing
the minimum SINR of all users subject to a total transmit power con-
straint. Besides the SINR and power constraints, additional shaping
constraints are considered in certain practical applications, e.g., to
limit the interference power or guarantee the charging power [6–10].

The rank-one beamforming problem of minimizing the total
transmit power subject to SINR constraints and additional shaping
constraints has been investigated in [11–14]. As a massive number
of constraints is incorporated, the degrees of freedom in the rank-
one beamformer design can be rather deficient which may cause the
optimization problem either to be infeasible or be difficult to solve
optimally. To increase the degrees of freedom in the beamformer
design, a general rank beamforming approach is proposed in [15]
which combines beamforming with full-rate high dimensional real-
valued orthogonal space time block coding (OSTBC) which outper-
forms the conventional rank-one and rank-two approaches [16–23].
The general rank beamforming approach in [15] is designed based
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on the assumption that instantaneous CSI is available at the trans-
mitter. However, instantaneous CSI can be difficult to acquire in
practical cases. In frequency division duplexing systems, instanta-
neous CSI needs to be fed back from the users to the base station
resulting in a prohibitive signaling overhead especially in fast fading
scenarios [1, 4]. Since the long-term covariance based CSI changes
at a significantly lower rate as compared to the instantaneous CSI,
only infrequent feedback from users is required. Therefore, the use
of covariance based CSI is more practical generally.

In this paper, we propose a non-trivial extension of the gen-
eral rank beamforming approach proposed in [15] to the case when
long-term covariance based CSI is available at the transmitter. In this
work, we consider the problem of maximizing the minimum SINR
among all users while satisfying the total transmit power constraint
and additional shaping constraints. The key problem associated with
the general rank beamforming approach in [15], when it is applied
in the case of covariance based CSI, is that due to the absence of
instantaneous CSI at the transmitter, the orthogonality of the code
matrix of the equivalent channel can no longer be guaranteed and
thus inter-symbol interference is present which leads to performance
degradation. To address this issue, a new general rank beamform-
ing approach is developed in this work to solve the downlink beam-
forming problem by combining downlink beamforming with full-
rate QOSTBC. Instead of the real-valued OSTBC employed in [15],
QOSTBC is used in this work because the inter-symbol interference
in QOSTBC induced by the orthogonality loss of the coding matrix
can be much smaller than that in the real-valued OSTBC. A new
phase rotation procedure on beamformers associated with QOSTBC
is designed to ensure that the average inter-symbol interference is
eliminated and correspondingly a simple symbol-wise decoder is
developed for QOSTBC. In our proposed QOSTBC based general
rank beamforming approach, the original beamforming problem is
transformed to a convex optimization problem using semidefinite re-
laxation (SDR) which can be solved efficiently. The SDR solution
after the rank reduction procedure is optimal for the original prob-
lem if all SDR solution matrices do not exhibit a rank larger than
eight which can be guaranteed if the number of additional shaping
constraint does not exceed79, c.f. [15].

2. RANK-ONE BEAMFORMING

Let us consider a cellular communication system where a base
station equipped with an antenna array ofN elements simulta-
neously communicates independent information symbols toM

single-antenna receivers. We assume that the channels are random,
covariance based CSI is available at the transmitter and individual
instantaneous CSI is available at each receiver. The information
symbol intended for thei-th receiver is denoted assi with zero
mean and unit variance. Then, the signals{si}Mi=1 are steered to
different receivers in a spatially separated way using the respective
N×1 beamforming vectors{wi}Mi=1. The received signal at thei-th
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receiver is then given by [1]

yi = siw
H
i hi(t) +

M
∑

m=1,m 6=i

smw
H
mhi(t) + ni (1)

wherehi(t) andni are theN × 1 time-varying channel vector and
complex circularly white Gaussian noise with the varianceσ2

i of the
i-th receiver, respectively, and(·)H denotes the Hermitian transpose.
Based on (1), the long-term average SINR at thei-th receiver in the
conventional rank-one beamforming approach is derived as

SINRc,i({wm}Mm=1) ,
wH

i Riwi

M
∑

m=1,m 6=i

wH
mRiwm + σ2

i

(2)

whereRi = E{hi(t)h
H
i (t)} [3]. The total transmit power at the

base station equals
M
∑

i=1

wH
i wi. Then, the problem of finding the

weight vectors that maximize the minimum average SINR of all
users subject to the total transmit power constraintPmax and ad-
ditional shaping constraints can be formulated as

max
{wi}

M

i=1
,t

t s.t. SINRc,i({wm}Mm=1) ≥ t, ∀i = 1, . . . ,M (3a)

M
∑

i=1

w
H
i wi ≤ Pmax (3b)

M
∑

m=1

w
H
mAlmwmDlbl, ∀l= 1, . . . , L (3c)

whereL additional shaping constraints are formulated in (3c) for ap-
propriately chosenN ×N Hermitian and possibly indefinite matri-
cesAlm with corresponding thresholdsbl, andDl denotes a sign in
the set{≥,≤,=}. The additional shaping constraints in (3c) can be
constructed for different applications, e.g., to describe interference
suppression towards concurrent co-channel users in coexisting hier-
archical networks [6, 7], or to formulate the charging power guar-
antees at the harvesting nodes in energy harvesting networks [8–10].
Problem (3) is a non-convex quadratically constrained quadratic pro-
gramming problem and can be approximated by a SDP problem us-
ing the SDR technique [24, 25].

3. GENERAL RANK BEAMFORMING

The central idea of combining downlink beamforming with QOSTBC
in this work follows the general framework of [15–23] in which
beamformers are designed by combining beamforming with OS-
TBC. By combining beamforming with e.g., Alamouti coding, each
user is simultaneously served with two Alamouti coded symbols
from two beamformers over two time slot, as described below. The
so-called, rank-two beamforming approaches introduced in [16–23]
can be applied in various beamforming applications to double the
degrees of freedom in the beamformer design. However, the draw-
back of Alamouti-based rank-two beamforming is that an optimal
solution can only be obtained if all ranks of the SDR solution are no
greater than two. When applying general(> 2) rank beamforming
using real-valued OSTBC to further increase the degrees of freedom
in the beamformer design as proposed in [15], the effective channel
vectors have to be adjusted to real-valued vectors by specific phase
rotations on beamformers to ensure that the corresponding coding
matrix becomes orthogonal such that symbol-by-symbol decoding
can be performed. The phase rotation procedure in real-valued OS-
TBC is based on instantaneous CSI available at the transmitter, thus
it cannot be applied in the problem considered in this paper since

only covariance based CSI is assumed to be available at the trans-
mitter. Meanwhile, the SINR expression for the real-valued OSTBC
case can be difficult to obtain. In this paper, we apply QOSTBC and
a new phase rotation procedure is designed to eliminate the average
inter-symbol interference such that symbol-by-symbol decoding can
be used at the receivers.
3.1. Full-rate QOSTBC

Full-rate orthogonal codes with complex symbol constellations in its
code matrix are impossible to be obtained for systems with more
than two transmit antennas. To design full-rate codes, QOSTBC is
proposed in which the strict requirement of full orthogonality of
the code matrix is slightly relaxed [26]. Correspondingly, the sim-
ple symbol-by-symbol decoding property is lost. However, pairs of
symbols can optimally be decoded independently for4×4 and8×8
in the QOSTBC [27]. One example of the4× 4 QOSTBC matrix is
as follows

X ([s1, s2, s3, s4]
T ) ,







s1 s2 s3 s4
−s∗2 s∗1 −s∗4 s∗3
−s3 s4 s1 −s2
−s∗4 −s∗3 s∗2 s∗1






. (4)

3.2. Equivalent System Model

Denotesi = [si1, . . . , siK ]T as theK × 1 complex symbol vector
for thei-th user withK ≤ N andK ∈ {4, 8} in accordance with the
dimension of QOSTBC matrices. Instead of weighting each symbol
by a beamforming vector as in (1), a QOSTBC matrixX (si) is trans-
mitted for each user by usingK beamformers of lengthN , denoted
aswi1, . . . ,wiK . In this case, each of theK beams can be regarded
as a virtual antenna from which QOSTBC is transmitted. In our sce-
nario, we consider a block fading channel model where the channels
remain constant overK time slots. The received signalyik at thei-th
user in thek-th time slot is given by

yik =

M
∑

m=1

K
∑

k′=1

[X (sm)]kk′w
H
mk′hi(t) + nik (5)

wherenik is the noise of thei-th user in thek-th time slot. The
received signal vectoryi,[yi1, . . . , yiK ]T at thei-th user within the
transmission period ofK time slots can be written in matrix form as

yi = X (si)W
H
i hi(t) +

M
∑

m=1,m 6=i

X (sm)WH
mhi(t) + ni (6)

whereWi , [wi1, . . . ,wiK ] is the beamforming matrix, and the
noise vectorni,[ni1, . . . , niK ]T . The above system model can be
reformulated in the following equivalent form [26]

ỹi = X (WH
i hi(t))si + ĩi + ñi (7)

whereX (WH
i hi(t)) denotes the quasi-orthogonal equivalent chan-

nel matrix and
ỹi ,

[

yi1,−yi2, . . . ,−yiK
]T

, (8)

ĩi ,

M
∑

m=1,m 6=i

X (WH
mhi(t)) sm, (9)

ñi ,
[

ni1,−ni2, . . . ,−niK

]T
. (10)

Employing the4 × 4 QOSTBC matrix in (4) and multiplying
XH (WH

i
hi(t))

‖WH

i
hi(t)‖

2

2

on both sides of (7), we have

ŝi ,
1

‖WH
i hi(t)‖22

XH(WH
i hi(t))ỹi

= Gisi +
1

‖WH
i hi‖22

XH(WH
i hi)(̃ii + ñi) (11)
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where

Gi,
XH(WH

i hi)X (WH
i hi)

‖WH
i hi(t)‖22

=







1 0 −gi 0
0 1 0 gi
gi 0 1 0
0 −gi 0 1






, (12)

gi ,
2Im{wH

i1hi(t)hi(t)
Hwi3−wH

i2hi(t)h
H
i (t)wi4}

‖WH
i hi(t)‖22

j, (13)

Im{·} denotes the imaginary part of a complex scalar andj =
√
−1.

We observe in (12) thatgi and−gi represent inter-symbol interfer-
ence terms for̂si. Due to the quasi-orthogonal property of the equiv-
alent channel matrix as in (12), pairwise ML detection is the opti-
mum detection for information symbols transmitted with QOSTBC,
however, it is associated with a decoding complexity increase as
compared to symbol-wise decoding [26]. To enhance the character-
istics of the equivalent MIMO channel in (7) and reduce the decod-
ing complexity by enabling simple symbol-by-symbol detection, we
design the beamforming matricesWi such that the quasi-orthogonal
equivalent channel matrix is further orthogonalized. The orthogonal-
ization of (12) requires knowledge of instantaneous CSI, i.e.,hi(t),
which is not known at the transmitter. Therefore, here we consider
the average inter-symbol interference power defined as

ḡi , E{gi} =
2Im{wH

i1Riwi3−wH
i2Riwi4}

Tr(WH
i RiWi)

j. (14)

In order to achieve the best decoding performance, the average inter-
symbol interference in̂si should be adjusted to null, i.e.,

|ḡi|2 = 0. (15)

For a given beamformerW⋆
i ,

[

w⋆
i1, . . . ,w

⋆
iK

]

, a sufficient but
not necessary condition for satisfying (15) is

{

Im{w⋆H
i1 Riw

⋆
i3} = 0

Im{w⋆H
i2 Riw

⋆
i4} = 0.

(16)

To satisfy (16), phase rotation can be performed on beamformerW⋆
i

in various ways, e.g.,
{

w′⋆
i1 , w⋆

i1 exp(j∠(w
⋆H
i1 Riw

⋆
i3))

w′⋆
i2 , w⋆

i2 exp(j∠(w
⋆H
i2 Riw

⋆
i4))

(17)

where∠(·) denotes the argument of a complex scalar.
Based on (11), the covariance matrix of the received multiuser

interference contained in̂si is given by

C
(I)
i ,

1

‖WH
i hi(t)‖42

XH(WH
i hi(t))E{̃iĩiHi }X (WH

i hi(t))

=
1

‖WH
i hi(t)‖42

[

M
∑

m=1,m 6=i

XH(WH
i hi(t))X (WH

mhi(t))×

XH(WH
mhi(t))X (WH

i hi(t))]. (18)

Note thatC(I)
i exhibits the same sparsity structure asGi in (12).

Furthermore, it can be shown that as the number of users increases
C

(I)
i converges to a scaled identity matrix, i.e., the interference co-

variance matrix becomes spatially white. Applying Lemma 1 in [15],
the average multiuser interference power of thei-th user in thek-th
time slot can be expressed as

[C
(I)
i ]kk ,

1

Tr(WH
i RiWi)

M
∑

m=1,m 6=i

Tr(WH
mRiWm). (19)

Based on (11), the covariance matrix of the noise inŝi is given by

C
(N)
i ,

1

‖WH
i hi(t)‖42

XH(WH
i hi(t))E{ñiñ

H
i }X (WH

i hi(t))

=
σ2
i

‖WH
i hi(t)‖22

IK . (20)

The average noise power of thei-th user in thek-th time slot can be
expressed as

[C
(N)
i ]kk ,

σ2
i

Tr(WH
i RiWi)

. (21)

Then, the average post detection SINR corresponding to symbolsik
in the proposed general rank beamforming approach is given by

SINRg,i(sik) ,
E{siks∗ik}

|ḡi|2 E{sik′s∗
ik′}+ [C

(I)
i ]kk + [C

(N)
i ]kk

=
Tr(WH

i RiWi)
M
∑

m=1,m 6=i

Tr(WH
mRiWm) + σ2

i

, (22)

wherek′ is the index number of the entrygi or −gi in thek-th row
of Gi in (12). Note that the designed average orthogonality prop-
erty resulting from (15) is used in deriving SINRg,i(sik). Since the
expression of SINRg,i(sik) in (22) is independent of the time index
k, the average post detection SINR for thei-th user is identical for
all symbols in the QOSTBC block. The total transmit power in each

time slot equals
M
∑

i=1

Tr(WiW
H
i ) which can be computed in a sim-

ilar way as in [15]. With multiple beamformers designed for each
user, the additional shaping constraints in (3c) can be expressed as

M
∑

m=1

Tr(AlmWmW
H
m)Dl bl, ∀l = 1, . . . , L. (23)

4. BEAMFORMER OPTIMIZATION

The optimization problem of maximizing the minimum average
SINR in (22) of all users subject to the power constraint and addi-
tional shaping constraints can be formulated as

max
{Wi}

M

i=1
,t

t s.t.
Tr(WH

i RiWi)
M
∑

m=1,m 6=i

Tr(WH
mRiWm)+σ2

i

≥ t, ∀i=1, ...,M (24a)

M
∑

i=1

Tr(WiW
H
i ) ≤ Pmax (24b)

M
∑

m=1

Tr(AlmWmW
H
m)Dl bl, ∀l= 1, ..., L. (24c)

To solve problem (24), let us employ the SDR approach and define
Xi,WiW

H
i . By substitutingXi and omitting the rank constraints

rank(Xi) ≤ K, a relaxed optimization problem is obtained as

max
{Xi}

M

i=1
,t

t s.t.
Tr(XiRi)

M
∑

m=1,m 6=i

Tr(XmRi)+σ2
i

≥ t, ∀i=1, . . . ,M (25a)

M
∑

i=1

Tr(Xi) ≤ Pmax (25b)

M
∑

m=1

Tr(AlmXm)Dlbl, ∀l= 1, . . . , L (25c)

Xi � 0, ∀i = 1, . . . ,M (25d)
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which can be solved efficiently by performing a one-dimensional
bisection search overt as in [5] using convex optimization solvers
such as CVX [28]. Denote{X⋆

i }Mi=1 as an optimal solution to prob-
lem (25). Then we can apply the rank reduction algorithm in [15]
with the input{X⋆

i }Mi=1 to reduce the rank of the optimal solution.
If the updated{X⋆

i }Mi=1 after the rank reduction procedure satisfies
4< max

1≤i≤M
rank(X⋆

i )≤8, we chooseK=8; if max
1≤i≤M

rank(X⋆
i )≤4,

we chooseK=4. Note that if max
1≤i≤M

rank(X⋆
i )≤2, the proposed ap-

proach is equivalent to the rank-one or rank-two approaches. The
corresponding beamforming matrices are calculated by eigenvalue
decomposition on{X⋆

i }Mi=1 followed by the proposed phase rotation
procedure as defined in (17). In the case thatmax

1≤i≤M
rank(X⋆

i )>8,

we chooseK=8 and a randomization procedure can be used to ob-
tain a suboptimal solution to problem (24). Similar as the general
rank beamforming approach in [15], each user is served with up to
eight beamformers in the proposed general rank beamforming, and
a maximum number of79 additional shaping constraints can be ac-
commodated for which an optimal solution can be obtained.

5. SIMULATIONS

In the simulation, we consider the downlink beamformer design that
limits the interference to co-channel users which is similar to Exam-
ple 2 in Sec. VI in [15]. The base station is equipped with a uniform
linear array ofN=15 antennas spaced half a wavelength apart. There
are three downlink users located atθ1=−7◦, θ2=10◦ andθ3=27◦ rel-
ative to the array broadside. The downlink users are assumed to be
surrounded by a large number of local scatterers corresponding to an
angular spread ofσθ, as seen from the base station. The channel co-
variance matricesRi are calculated in the same way as in [2]. More-
over, there are 19 co-channel users connected to a neighboring base
station which are located atµ1,...,19 = [−89.375◦,−80◦,−70.625◦,
−61.25◦, −51.875◦, −42.5◦, −33.125◦, −30◦, −23.75◦, −15◦,
2◦, 18◦, 36◦, 43.75◦, 49◦, 53.125◦, 62.5◦, 71.875◦, 81.25◦]. The
interference power at the directionµl in each time slotf(µl) =

3
∑

m=1

Tr(hµl
hH
µl
Xm) is upper bounded bybl = 0.5, andhµl

is

the channel vector corresponding toµl. In addition to these con-
straints, the interference power atµl is ensured to obtain a local
minimum value by adding interference derivative constraints, i.e.,

−ǫa ≤ df(µl)
dµl

≤ ǫa and d2f(µl)

dµ2

l

> 0 ∀l where the threshold is set

to ǫa = 10−5, and df(µl)
dµl

and d2f(µl)

dµ2

l

are computed in the same

way as in Example 2 in Sec. VI in [15]. We assumeσ2
i =0.1 ∀i

andPmax=1. The results are averaged over 100 independent Monte-
Carlo runs in which all angles of departures are subject to variations
defined in the same way as in Example 1 in Sec. VI in [15]. In
each run, 200 instantaneous channel realizations are generated for
each downlink user obeying the distribution corresponding toRi,
and 100 symbols are transmitted within each instantaneous channel
realization. The number of randomization samples in each run is set
to 100 for all approaches if necessary and QPSK modulation is used.

In this example, we compare the proposed approach with the
existing ones. The code dimensionK in the proposed approach is
chosen asK = 4 since2< max

1≤i≤M
rank(X⋆

i )≤4. In Fig. 1, the worst

SINR for different spread angles is displayed. As shown in Fig. 1,
the proposed approach achieves much higher SINR than that of the
rank-one and rank-two approaches which is zero for all spread an-
gles which can be understood as infeasible in practice. In Fig. 2,
the worst-user symbol-error-rate (SER) for different spread angles is
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5

6

W
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 S

IN
R

 

 

Proposed approach
Rank−one approach
Rank−two approach

σθ (degree)
Fig. 1: Worst SINR versus varying spread angles

displayed. In the legend of Fig. 2, ‘GR’ refers to the general rank ap-
proach; ‘qs’ and ‘rl’ refer to the use of QOSTBC and real-valued OS-
TBC, respectively; ‘PCR’ refers to the phase rotation whenRi is ap-
proximated by its principal componenth(p)

i and the phases of beam-
formers are rotated to fulfillIm{WH

i h
(p)
i }=0 ∀i as in [15]; ‘PR’,

‘RR’ and ‘AR’ refer to the proposed phase rotation in (17), random
phase rotation, and the phase rotation of using instantaneous CSI
which is an ideal case, respectively; ‘SW’ and ‘ML’ refer to symbol-
wise and ML decoder, respectively. As shown in Fig. 2, QOSTBC
based beamforming approaches achieve much better performance
than real-valued OSTBC based beamforming approaches. ‘GR (qs
PR ML)’ achieves only slightly worse performance than ‘GR (qs
AR SW)’ which serves as the unachievable lower bound, and is bet-
ter than all other approaches. ‘GR (qs PR SW)’ achieves better per-
formance than all other symbol-wise decoders.
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Fig. 2: Worst-user SER versus varying spread angles

6. CONCLUSION

In this paper, we propose a general rank beamforming approach for
the multiuser downlink beamforming problem with additional shap-
ing constraints exploiting covariance based CSI at the transmitter.
The proposed general rank beamforming approach increases the de-
grees of freedom in the beamformer design by using QOSTBC. Be-
sides the pairwise decoding for QOSTBC, a phase rotation proce-
dure on beamformers is proposed to enable simplified symbol-wise
decoding. The proposed general rank beamforming approach sig-
nificantly outperforms the conventional rank-one and rank-two ap-
proaches and real-valued OSTBC based general rank approach.
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