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ABSTRACT 

 

A novel method for signal subspace processing in the 

beamspace of a true time delay (TTD) beamformer bank is 

presented.  The method permits the directions of arrival of 

broadband sources to be estimated accurately, efficiently 

and non-iteratively.  This is achieved by exploiting the 

properties of the TTD beamformer bank, which 

simultaneously introduces spatial diversity into the data set 

while maintaining the broadband nature of the data.  The 

beamspace manifold is derived and simulation results are 

presented.  The method is shown to improve on the 

processing efficiency of previous broadband methods while 

maintaining source location estimation accuracy superior to 

conventional methods.  It is also shown to resolve closely 

spaced and disparately spaced sources in a single 

algorithmic pass. The method is compared to previous 

method in terms of bias and RMSE. 

 

Index Terms— Array signal processing, Direction-of-

arrival (DOA) estimation, beamspace processing, Phased 

arrays, True time delay, Wideband, MUSIC 

 

1.  INTRODUCTION 

 

This paper introduces a new method to perform source 

location processing at the output of a bank of TTD 

beamformers. Among the important work on wideband 

DOA estimation include the incoherent integration approach 

[1],  the Coherent Signal Subspace (CSS) method that 

coherently transforms data in multiple frequency bins to a 

reference frequency that can then be processed by a 

narrowband method [2], [3], [4].   Performance of CSS 

depends on the accuracy of the preliminary estimates to be 

used as focusing angles and may require multiple iterations. 

Frequency invariant beamforming for wideband 

direction finding in presented in [5] that uses reference 

beams.  The data is transformed to frequency invariant 

beamspace to perform CSS processing [5] without requiring 

preliminary DOA estimates. Bilinear transform and dense 

array approximation was used in [5] to overcome the need 

for preliminary DOA estimates. 

Gabriel had advocated the use of TTD beamforming to 

achieve wide bandwidth performance for high resolution 

large aperture sparse arrays [7].  A good overview of the 

TTD technology is given in [8].  Recent advances in RF 

Monolithic Microwave Integrated Circuit (MMIC) 

technology offer the promise of compact TTD beamforming 

architectures [9], [10].  Other developments include 

programmable architectures [11], [12], improvement in time 

delay resolution [13], and continuous variability [14].  

Phase shifters used in conventional beamformers are 

frequency dependent and suffer from the beam squint 

phenomenon.  TTD beamformers mitigate beam squint by 

preserving the pointing direction of the beamformers across 

multiple frequencies [15].  

This paper extends MUSIC class of signal subspace array 

processing to beamspace processing at the output of TTD 

beamformer bank. The proposed method combines spatial 

diversity and beamspace processing, alleviating the need for 

preliminary AOA estimation.  Improved bias and MSE 

performance is achieved at reduced computational expense.  

Unlike CSS, instantaneous source localization across the 

field of view is feasible, without requiring preliminary AOA 

estimation step or iterations to update AOA estimates.  Also 

unlike CSS and similar frequency domain methods, it is 

primarily a time and spatial domain based technique.  

 

2. PROBLEM FORMULATION 

 

Fig. 1. depicts a sensor array and beamformer bank system.  

The sensor array is comprised of M Uniform Linear Array 

(ULA) antenna elements, where L far-field RF sources 

impinge on the array as planar wavefronts. For a  -beam 

bank, the  th beamformer output is given by, 
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 is the TTD for the  th 

beamformer steered to beam direction
B

k  at the  th sensor 

element. The weights    together with the TTD’s define 

the beam pattern.         is the received response at the      
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 Fig. 1. Block diagram of element array and TTD beamformer bank system. 
 

array element, and  is the linear combination of the time 

delayed incident wavefront, 
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where, 
S

l is the Direction of Arrival (DOA) for the  th 

source,       denotes the   th source,       is the noise at  

 th element. 
,

S S

l m l
denotes the time delay for the  -th 

source at  th element, given by, 
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The wideband sources are modeled as, 
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with spectral coefficients,     ,        .    is the center 

frequency of j-th sub-band.  The  th beamformer response 

as given in (1) can be written as, 
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  1, ,k K  , where,       is the accumulated noise at each 

beamformer output. In matrix-vector form, the beamformer 

output snapshot
1
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2.1 Manifold Derivation for a Single Source (L=1) 

For a single source, i.e., with      ,         , and the 

DOA being denoted as   , the wideband signal model in 

equation (3) can be written as, 
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From (8), 
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From equation (5) the  th frequency component of the 

beamspace manifold for     is given by, 
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Using these in (5), it can be shown that the beamformer 

output vector with no noise is given by, 

               
1

( , )S
K B A  αy f                                              (12) 

where,             

1 2
1

22 2
1 2

Ji f ti f t i f t
J

T

e e eα     
  and  (13a) 

1
( , ) ( , ) ( , )

S S S
B B B Jf fA   a af                         (13b) 

where, ( , )S
B A f represents the beam-space array manifold 

for a single source. The beamspace autocorrelation matrix 

for a single source is, 
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where,
1 11

[ ]
H

EΛ α α is diagonal if the   's are  

uncorrelated. 
(1)

BR  has 
H

R AΛA decomposition,  but  

( , )S
B A f does not have typical Vandermonde structure. 

Also, the theoretical rank of 
(1)

BR is not unity even if a single 

wideband source without any noise is present.  However, it 

is important to note that the columns of ( , )S
B A f within 

the signal bandwidth           define the signal subspace 

of Ky , and ( , )S
B jf a  defined in (11)-(12) represents the 

spatio-spectral beamspace steering vectors. 

 

2.2. Multiple Wideband Sources 
Assuming multiple uncorrelated sources having beamspace 

autocorrelation of the form in (14), the overall noiseless 
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Fig. 2: Eigenvalues of beamspace correlation matrix, L = 2. 

 

beamspace correlation matrix is given by [16, eqn.-(7)], 
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Assuming AWGN at each sensor, 
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Clearly, 
H

R AΛA  type decomposition does not hold for 

multiple wideband sources. However, as evidenced by (15), 

the signal subspace information are contained in the column 

spaces of ( , )
S

B lA f for source angles    over          . 

Therefore, the beamspace steering vector in (11) is valid for 

multiple sources. It is important to note that the null-spaces 

of RB are also the null spaces of individual 
( )l

BR 's [16].  

Therefore, it is necessary to find the overall noise 

eigenvectors of  ˆ
BR  only, and no need to find the 

eigenvectors of each 
( )l

BR  for individual sources. 

 

2.3. Eigen-Analysis of Beamspace Correlation Matrix 

The spatial beamspace correlation matrix is estimated as, 

                    ˆ .
K K
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  . Figure 2 shows the 

distribution of normalized eigenvalues of ˆ
BR for two 

sources at different SNR values. As expected, ˆ
BR is full 

rank even with no noise (SNR= ).  However, the two 

(L=2)  largest eigenvalues accounted for more than 99% 

energy for SNR ≥ 5dB, implying that L dominant 

eigenvectors retain significant signal subspace information. 

The weaker eigenvectors represent noise subspace, but may  

also contain small fraction of signal components. 

Accordingly, the orthogonality between ( , )S
B jf a  and 

noise eigenvectors is only weakly valid, i.e.,    

   0( , )H S

B j l kf va                                          (18) 

for         l = 1,..., L:   k = L+1, ..., K.  This work 

demonstrates that even with weak orthogonality, accurate 

wideband DOA estimation is feasible.        
 

3. COMPUTATIONAL ALGORITHM  
 

The approximate orthogonality of the steering vectors 

( , )S

B jfa   in (18) is utilized to define the proposed 

beamspace MUSIC-like spatial pseudo-spectra: 
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  a
  (19) 

where, ˆ kv ’s are the eigenvectors corresponding to the 

smaller K L  eigenvalues of ˆ
BR .  The spectral footprint 

           of the sources and the number of sources 

present are assumed to be known.  Notice that in (19), the 

summation is over signal bandwidth  , whereas, only the 

center frequency is used in narrowband MUSIC [17]. 
  

4. SIMULATION RESULTS 
 

Consider a 16-element ULA of spacing        ,where   is 

the wavelength of highest source frequency. For beamspace 

processing 8-beamformer bank was steered to 
                                    . The sources are 

wideband chirp waveforms of BW=400MHz and cf =1 

GHz. The Rayleigh resolution limit is 7.2   for M=16. 

       For the first experiment, two far-field chirp sources at 

72  and      were simulated.  For the 2nd experiment, an 

additional chirp source is at        4096 samples were 

collected for DOA processing. In case of CSS, the element 

space data are segmented into 64 blocks, and spectral 

covariance matrices were estimated at each FFT bin for 

focusing, etc..  For the proposed method a single beamspace 

correlation matrix was formed using (17) with the entire 

4096 snapshots.  The dashed vertical lines indicate the true 

DOA values in all figures. For CSS, an initial estimate of 

    was used to form the diagonal focusing matrices (see 

eq. (29) of [2]) and one iteration was used in both 

simulations. The proposed method does not require initial 

estimates, and the summation in (11) was evaluated over

30MHzcf  at 1MHz interval. The performance of both 

methods are comparable for 2 sources (Fig. 3). For the 3-

source case, the proposed method estimates all 3 DOAs 

correctly in a single pass (Fig. 4). In case of CSS, one of the 

sources is biased, and would require another pass of CSS 

with a new DOA estimate in the direction of the third DOA. 

 

4.1. Computation Cost Comparison 
The proposed TTD-based approach does not transform the 

data to the frequency domain and processes one K K  

beamspace correlation matrix in (17), as opposed to multiple 

M M spectral correlation matrices used by CSS [2], [3]. 

The overall computation cost analysis has been provided in 
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Fig. 3: Performance comparison for 2 Chirp sources at 0dB. 

 
Fig. 4: Performance comparison for 3 Chirp sources at 0dB. 

 

[18] where it is shown that the operations count for the TTD 

approach is               . Fig. 5 shows the 

theoretical and calculated computational expense vs. N, the 

data sequence lengths for 1000 runs for each method.  The 

calculations assume  M=16, CSS parameters from [2], [3] 

and K=8 for TTD signal subspace processing. 

 

4.2. Estimation Bias and RMSE Comparison 
The bias and RMSE with 100 independent runs are shown 

in Fig. 6 and Fig. 7, for one of the DOAs, which show 

consistent performance over a broad range of SNR values. 
 

5. CONCLUSION 

 

This paper presents a novel method of signal subspace 

processing in the beam space of a true time delay 

beamformer bank.  The proposed algorithm models the 

wideband data in terms of component frequencies [see (3)], 

which enables evaluating the MUSIC-like pseudo-spectrum 

[see (19)]   by searching over arbitrary number of 

frequencies  within  the  source  bandwidth.  The method  

  
Fig. 5.  Computational complexity comparison 

 
Fig. 6: Bias for DOA=78  over 100 independent runs. 

 
Fig. 7: RMSE for DOA=78  over 100 independent runs. 

 

performs high-resolution wide bandwidth RF source 

location estimation  that does not require preliminary DOA  
estimates. It performs the processing in a single pass of the 

algorithm for the entire field of view, and is capable of 

achieving significant savings in computational expense as 

compared to previous methods for cases when the number 

of beamformers in the true time delay beamformer bank is 

less than the number of array elements.  
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