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On the Null Space Constant for £,, Minimization

Laming Chen, Student Member, IEEE, and Yuantao Gu, Member, IEEE

Abstract—The literature on sparse recovery often adopts the £,
“norm” (p € [0, 1]) as the penalty to induce sparsity of the signal
satisfying an underdetermined linear system. The performance of
the corresponding £, minimization problem can be characterized
by its null space constant. In spite of the NP-hardness of computing
the constant, its properties can still help in illustrating the perfor-
mance of £, minimization. In this letter, we show the strict increase
of the null space constant in the sparsity level k& and its continuity
in the exponent p. We also indicate that the constant is strictly in-
creasing in p with probability 1 when the sensing matrix A is ran-
domly generated. Finally, we show how these properties can help in
demonstrating the performance of £, minimization, mainly in the
relationship between the the exponent p and the sparsity level k.

Index Terms—Continuity, £,, minimization , monotonicity, null
space constant, sparse recovery.

I. INTRODUCTION

N IMPORTANT problem that often arises in signal pro-
cessing, machine learning, and statistics is sparse recovery
[1]-[3]. It is in general formulated in the standard form

argmin ||x|lp subjectto Ax =y (1)

where the sensing matrix A € R™*¥ has more columns than
rows and the £, “norm” ||x|| denotes the number of nonzero
entries of the vector x. The combinatorial optimization (1) is
NP-hard and therefore cannot be solved efficiently [4]. A stan-
dard method to solve this problem is by relaxing the non-convex
discontinuous £y “norm” to the convex £; norm [5], i.e.,

argmin ||x|[; subjectto Ax=y. )

It is theoretically proved that under some certain conditions [5],
[6], the optimum solution of (2) is identical to that of (1).

Some works try to bridge the gap between £y “norm” and £
norm by non-convex but continuous £, “norm” (0 < p < 1)
[7]-{10], and consider the £, minimization problem

argmin ||x||} subjectto Ax =y 3)

where x5 = Ef;l |;|P. Though finding the global optimal
solution of £, minimization is still NP-hard, computing a local
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minimizer can be done in polynomial time [11]. The global opti-
mality of (3) has been studied and various conditions have been
derived, for example, those based on restricted isometry prop-
erty [7]-[9], [12] and null space property [10], [13]. Among
them, a necessary and sufficient condition is based on the null
space property and its constant [10], [13], [14].

Definition 1: For any 0 < p < 1, define null space constant
v(€p, A, k) as the smallest quantity such that

D olal <Al AR D Jal” 4)
ics 28
holds for any set S C {1,2,..., N} with #5 < k and for any
vector z € N (A) which denotes the null space of A.

It has been shown that for any p € [0, 1], v(¢,, A, k) < 1lisa
necessary and sufficient condition such that for any k-sparse x*
andy = Ax",x" is the unique solution of ¢, minimization [10].
Therefore, ¥({,, A, k) is a tight quantity in indicating the per-
formance of £, minimization (0 < p < 1) in sparse recovery.
However, it has been shown that calculating y({p, A, k) is in
general NP-hard [15], which makes it difficult to check whether
the condition is satisfied or violated. Despite this, properties of
v(£,, A, k) are of tremendous help in illustrating the perfor-
mance of £, minimization, e.g., non-decrease of y(£,, A, k) in
p € [0,1] shows that if £, minimization guarantees successful
recovery of all k-sparse signal and 0 < ¢ < p, then £, mini-
mization also does [10].

In this letter, we give some new properties of the null space
constant (£, A, k). Specifically, we prove that v(£,, A, k)
is strictly increasing in & and is continuous in p. For random
sensing matrix A, the non-decrease of v(¢,, A, k) in p can
be improved to strict increase with probability 1. Based on
them, the performance of ¢, minimization can be intuitively
demonstrated and understood.

II. MAIN CONTRIBUTION

This section introduces some properties of null space con-
stant y((,, A, k)(0 < p < 1). We begin with a lemma about
v({p, A, k) which will play a central role in the theoretical anal-
ysis. The spark of a matrix A, denoted as Spark({A)[16], is the
smallest number of columns from A that are linearly dependent.

Lemma 1: Suppose Spark(A) =L+ 1. Forp € [0,1],

1) v(€p, A, k) is finite if and only if k < L;

2) For k < L, there exist §' C {1,2,..., N} with #5’ < k
and z' € N'(A)\{0} such that

Z |lelp = '7(€p7A7 k) Z lzi‘p (5)
ies igs
Proof: See Section III-A. [ |
First, we show the strict increase of y(¢,,, A, k) in k.
Theorem 1: Suppose Spark(A) = L+1. Then forp € [0, 1],
v(€p, A, k) is strictly increasing in k£ when k < L.
Proof: See Section III-B. ]

1070-9908 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This paper previously published in IEEE Signal Processing Letters



CHEN AND GU: ON THE NULL SPACE CONSTANT FOR £, MINIMIZATION

Remark 1: For any p € [0, 1], we can define a set K, (A) of
all positive integers k that every k—sparse x* can be recovered
as the unique solution of £, minimization (3) with y = Ax".
According to Theorem 1, K,(A) contains successive integers
starting from 1 to some integer &y (A) and is possibly empty.

Remark 2: If Spark(A) = L+1,then k}(A) = | L/2] [16].
Therefore, if L > 2, k5(A) > 1.

Remark 3: For A with identical column norms, if
Spark(A) = L+ 1and L > 2, then k5(A) > 1. To show
this, we only need to prove that y(£;,A,1) < 1. First, for
any 1 < ¢ < N and z € N(AN{0}, since Az = 0,

zi@; = — > .; #ja; where a; is the ith column of A.. Since
il - Nlaslla = llzaailla = 1Y ziaglla < Y %] - lajlla
i JFi

with equality holds only when z;a,(j # i) are all on the same
ray, which cannot be true since Spark(A) = L + 1 > 3. Since
A has identical column norms, |z;| < 3_; ., |2;| holds, which
leads to y(¢1, A, 1) < 1 because of Lemma 1.2).

Now we turn to the properties of v(¢,,, A, k) as a function of
p. The following result reveals the continuity of y(£{,, A, k) in
D.

Theorem 2: Suppose Spark(A) = L + 1. Then for k < L,
v(€y, A, k) is a continuous function in p € [0, 1].
Proof: See Section III-C. ]

Remark 4: Some works have discussed the equivalence of
{y and £, minimizations. In [17], it is shown that the sufficient
condition for the equivalence of these two minimization prob-
lems approaches the necessary and sufficient condition for the
uniqueness of solutions of £y minimization. In [7], it is shown
that for any k-sparse x* and y = Ax™, if §o5+1 < 1, then there
is p > 0 such that x* is the unique solution of £,, minimization.
This result is improved to d2;, < 1 which is optimal since it is
exactly the necessary and sufficient condition for x* being the
unique solution of ¢, minimization [12]. [18] shows the equiva-
lence of the £y - and the £,-norm minimization problem for suffi-
ciently small p. According to Theorem 2, we can also justify this
result: For any k-sparse x* and y = Ax*, if v(4y, A, k) < 1,
then there is p > 0 such that y({,, A, k) < 1 and x* is the
unique solution of £, minimization.

Remark 5: In [10], the author defines a set Py (A} of recon-
struction exponents, that is the set of all exponents 0 < p <1
for which every k-sparse x* is recovered as the unique solution
of ¢, minimization with y = Ax*. It is shown that P, (A) is a
(possibly empty) open interval (0, pj,(A))[10]. This result can
be easily shown by Theorem 2. Since ¥(£,, A, k) is a non-de-
creasing [13] continuous function in p € [0, 1], the inverse
image of the open interval (—oc, 1) is also an open interval of
[0, 1]. Therefore, the requirement that (¢, A, k) < 1 is equiv-
alent to p € [0, p;(A)).

Remark 6: For any A, we can plot k;(A) as a function of
p, as shown in Fig. 1. For concision, we omit the argument A
in the figure. It is obvious that k;(A) is a step function de-
creasing from & (A) to k3 (A). Three facts needs to be pointed
out. First, k;(A) is right-continuous, which is an easy conse-
quence of Theorem 2. Second, the points (pg, ko) corresponding
to the hollow circles in Fig. 1 satisfy ¥(£,,, A, ko) = 1. Third,
for the p-axis py of the points of discontinuity, the one-sided
limits satisfy limp%pof ky(A) — limp%’pg ki(A) = 1. This
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Fig. 1. The figure shows k% (A) as a function of p, where the argument A is
omitted for concision.
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Fig. 2. This figure shows a diagrammatic sketch of v(£,,, A, k) as a function
of p for different & when A is a random matrix.

can be proved by Theorem 1 that if y(€,,, A, ko) = 1, then
Y(lp,, Ayko — 1) < 1.

Finally, we introduce an important property of y(£,, A, k) as
a function of p with regard to random matrix A.

Theorem 3: Suppose the entries of A € R¥*¥ arei.i.d. and
satisfy a continuous probability distribution. Then for & < M,
¥{£y, A, k) is strictly increasing in p € [0, 1] with probability
one.

Proof: See Section III-D. [ |

Remark 7: It needs to be noted that there exists A such that
v{€p, A, k) is a constant number for all p € [0, 1]. For example,

for
1 11 1
A=l
Spark(A) = 2. Since N'(A) = span([1, —1]T), it is easy to
check that for all p € [0, 1], v(¢,, A, 1) = 1.

Remark 8: To sum up, we can schematically show
v(€p, A, k) as a function of p for different k in Fig. 2. According
to Theorem 1, these curves are strictly in order without intersec-
tions. Theorem 2 reveals that y(¢,, A, k) is continuous in p. For
a random matrix A with i.i.d. entries satisfying a continuous
probability distribution, y(¢p, A, k) is strictly increasing in p
with probability 1 by Theorem 3. According to the definition
of k;(A), the curves intersecting y(¢,, A, k) = 1(0 < p < 1)
are those with kj(A) + 1 < k < kj(A). According to the
definition of p}(A), the p-axis of these intersections are pj.,
Phs 1> -+ Ppryy from left to right. Therefore, it is easy to
derive Fig. 1 based on Fig. 2 when A is a random matrix.

Q)
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III. PROOFS

A. Proof of Lemma 1

Proof: 1) Since Spark(A) = L + 1, N(A) contains an
(L + 1)-sparse signal, and it is easy to show that for any k >
L+ 1,~(¢,,A k) = 400 according to Definition 1. Next we
prove that for k < L, y(£,, A, k) is finite. Define

Yies |ul”
Digs =l
and V1 (A) = N(A)N{z: ||z]|; = 1} which is a compact set.
Then it is easy to see that the definition of null space constant is
equivalent to

0(p,2,5) = (M

v(¢,, A k) = max sup 8(p,z,S). ®)
(£p ) b2 ( )

If v(¢,, A, k) is not finite, then there exists 5" with #5' < k
such that sup,¢ v, (a) 0(p, 2, ") is not finite. Therefore, for any
n € N¥, there exists 2 € A7 (A) such that

6(p, 2™, 8") > n. ©)

If p = 0, since (™) is at least (L + 1)-sparse, it is easy to see
that 8(0,2(), §") < k holds for any n € N*. This contradicts
(9) when n > k. If p € (0, 1], according to Lemma 4.5 in [10],
12|, < N7~ #||z(™||y = N* %, and (9) implies

Z |Z(71)|p < lef

b n+1"

(10)

Due to the compactness of N (A), the sequence {z(™},, has
a convergent subsequence {z(”m)}m, and its limit z’ also lies
in V1(A). Then (10) implies 2. = 0 fori ¢ S, i.e., Ni(A)
contains a k-sparse element z’. This contradicts the assumption
that Spark(A) = L+ 1 > k.

2)Ifp = 0, for any S with #5 < k and any z € N (A)\{0},
it holds that

k
< —.
T L+1-k (1

On the other hand, since Spark(A) = L + 1, A'(A) contains
an (L + 1)-sparse signal z’ with T as its support set. For any
S' ¢ T with #8' = k, 6(0,2',5") = k/(L + 1 — k), and
therefore (5) holds.

If p € (0,1], recalling the equivalent definition (8), there
exists S’ with #5’ < k such that

0(0,2,.5)

v(ly, A k) = 8(p,z,S"). (12)

sup
zeN1(A)

Since Ai{A) is compact and the function é(p,z, S’) is con-
tinuous in z on N7(A), it is easy to show that there exists
z' € Ni(A) such that v(¢,, A, k) = 8(p,2', S"). ]

B. Proof of Theorem 1
Proof: We prove that when p € [0,1] and2 < k < L,
vy, Ak — 1) < v({,, A k). (13)

According to Lemma 1.2), there exist §’ with #5’ < k—1 and
z' € Ni(A) such that

vy, Ak —1) = 8(p,2', 5). (14)
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Since z' is at least (L + 1)-sparse, there exists an index s’ €
{1,2,...,N}\5 such that z, # 0. Let S = 5" U {s'}, then

DolEP < I 1EP Y EP > Y P >0 (19)
ics’ ies! ¢S’ igsr
and hence
0(p.2 . 5') < 0(p.2',S"). (16)

Recalling (14) and the equivalent definition (8), we can get (13)
and complete the proof. ]

C. Proof of Theorem 2

Proof: According to Theorem 5 in [13], y(£,, A, k) is non-
decreasing in p € [0,1] and therefore can only have jump dis-
continuities. We show this is impossible by two steps.

First, for any p € (0, 1], we prove the one-sided limit from
the negative direction satisfies

L™ := lim (g, A k) = v(lp, A k).

q=p

According to Lemma 1.2), there exist S’ with #£5’ < k and
z' ¢ N1(A) satisfying

vy, AL k) = 08(p, 7, S"). (18)
According to the definition of 8(p, z, S), it is easy to show that
(19)

(17

lim 6(q,2',5') = 6(p, 2, 5),
q=p-

and then (17) holds obviously.
Second, for any p € [0, 1), we prove the one-sided limit from
the positive direction satisfies

LT = lim v(€,, A k) = v(£,, A k).
q—pt

Since p < 1, there exists Ny € NT such that p + N; ' < 1.

Then for n > Ny, Lemma 1.2) reveals that there exist S (") with

#8) < kand 2™ € N1(A) such that

Y(lpyn-1, A k) = O(p+n~1,2" M), 21

Since there are only finite different S satisfying #S5 < k,
there exists §* with #.S5’ < k such that an infinite subsequence
of {z(™}, is associated with S’. Due to the compactness
of Ni(A), this subsequence has a convergent subsequence
{z("n)},, and its limit 2’ also lies in A (A). According to the
definition of #(p, z, S) and (21),

6(p,2',S") = lim O6(p+n, 2™, 8)=L",

m—toc

(20)

(22)

and consequently ¥(¢,, A, k) > L". Since v({,, A, k) is non-
decreasing in p, ¥(£p, A, k) < LT and (20) is proved. [

D. Proof of Theorem 3

Proof: First, we show that Spark(A) = M + 1 with prob-
ability 1. Let M(M) denote the M?-dimensional vector space
of M x M real matrices. For any 0 < k < M, let My (M)
denote the subset of M (M) consisting of matrices of rank k. It
can be proved that M (M) is an embedded submanifold of di-
mension k(2M — k) in M(M)[19]. Consequently, for M x M
matrices with i.i.d. entries drawn from a continuous distribu-
tion, the M 2-dimensional volume of the set of singular ma-
trices Uﬁigl M. (M) is zero. In other words, any M, or fewer,
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random vectors in R with i.i.d. entries drawn from a contin-
uous distribution are linearly independent with probability 1. On
the other hand, more than M vectors in RM are always linearly
dependent. Therefore, Spark(A) = M + 1 with probability 1.

Next, with the equivalent definition (8), we prove that for k&
< Mand 0 <p< g <1,

sup 0(q,2,5)

max sup 0O(p,z,5) < max
p 0(p,z>5) L

(23)

#5<E ze Ny (A)
holds with probability 1. According to Lemma 1.2), there exist
S’ with #5’ < k and 2’ € N1(A) such that

8(p,z’,58") = max sup 8(p,z5). 24)
( ) e, s ( )

Suppose z’ has N, nonzero entries with T as its support set,
then N, > M + 1 with probability 1. It is obvious that S’ C T,
and for any i € S’ and any [ € T\S', |2}| > |%/| > 0. Since

p < q,|z|97P > |z]|9"P and therefore

EAREAH e EA AR (25)
Summing (25) with ¢ in S’ and ! in T\ :S’, we can obtain
Dolalt Do P = Yo IEP Y sl (26)
€S 1eT\S' €8s’ leT\Ss'
which is equivalent to
0(p,2z',S") < 0(q,2',9"). 27

Since p < g, it is easy to check that the equality in (27) holds
only when |z}| = |z} foralli € S" and all ] € T\, i.e., the
nonzero entries of z’ have the same magnitude. We prove that
N1(A) contains such z’ with probability 0, which together with
(24) imply that

Y, A k) =0(p,2',S') < 0(q,2',5") <~v(ly, Ak) (28)

holds with probability 1.

To this end, let M(M,N) denote the M N-dimensional
vector space of M x N real matrices. For fixed z € RY with
|lz||2 = 1, it can be easily shown that the subset

Ma(M,N)={A ¢ M(M,N): Az=0} (29
is an M (N —1)-dimensional subspace in M (M, N). Therefore,
for A € M(M, N) with i.i.d. entries drawn from a continuous
probability distribution, A (A) contains z with probability 0.
In{z € R" : ||z|| = 1}, the number of vectors whose nonzero
entries have the same magnitude is

i(?f)?_ﬂq

i=1

(30)

which is a finite number. Therefore, with probability 0, A; (A)
contains a vector z’ which makes the equality in (27) hold. That
is, v(€,, A, k) is strictly increasing in p € [0,1] with proba-
bility 1. |
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IV. CONCLUSION

In characterizing the performance of £, minimization in
sparse recovery, null space constant y{£,,, A, k) can be served
as a necessary and sufficient condition for the perfect recovery
of all k-sparse signals. This letter derives some basic prop-
erties of y(¢p, A, k) in k and p. In particular, we show that
v(€p, A, k) is strictly increasing in k and is continuous in p,
meanwhile for random A, the constant is strictly increasing in p
with probability 1. Possible future works include the properties
of y(€,, A, k) in A, for example, the requirement of number
of measurements M to guarantee ¥(/,, A, k) < 1 with high
probability when A is randomly generated.
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