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Abstract—This paper analyzes the performance of Tyler’s M-estimator
of the scatter matrix in elliptical populations. We focus on non-asymptotic
performance analysis of Tyler’s estimator. Given n samples of dimension
p < n, we show that the squared Frobenius norm of the error of the
inverse estimator is proportional to p? /(1 — c?)?n with high probability,
where c is the coherence coefficient of the properly scaled estimator.
Under additional group symmetry conditions we improve the obtained
bound, utilizing the inherent sparsity properties of group symmetry.

Index Terms—Elliptical distribution shape matrix estimation, scatter
matrix M-estimators, Tyler’s scatter estimator, concentration bounds.

I. INTRODUCTION

Estimation of large covariance matrices, particularly in the high-
dimensional regime, when the data dimension p and the sample
size n are of close magnitudes has recently attracted considerable
attention. Estimators in this field can be classified based on the
underlying distribution and the additional structure assumptions. Most
of the research is traditionally devoted to the multivariate Gaussian
setting which is currently well understood. When the number of
samples is greater than the dimension, the Maximum Likelihood
Estimator (MLE) of the covariance exists with probability one and
coincides with the Sample Covariance Matrix (SCM). During the last
decade there has emerged a great amount of literature on regularized
versions of this estimator, their parameter tuning and performance
analysis, such as shrinkage-estimator, see e.g. [1, 2]. Recently, similar
challenges have appeared in the more ambitious setting of non-
Gaussian and robust estimation. A prominent approach in this area
is Tyler’s scatter estimator [3]. The goal of this paper is to analyze
its non-asymptotic behavior as defined below more rigorously.

In many applications the underlying multivariate distribution is
non-Gaussian and robust covariance estimation methods are required.
This occurs whenever the probability distribution of the measure-
ments is heavy-tailed or a small proportion of the samples represents
outlier behavior, [4, 5]. A common robust estimator of scatter is due to
Tyler [3]. Given n independent, identically distributed (i.i.d.) proper

measurements x;, € C?, i = 1,...,n, Tyler’s shape matrix estimator
is defined as the solution to the fixed point equation
n H
~ X %!
o=y F5 )
niS x0T Ix;

When x; are Generalized Elliptically (GE) distributed [6], their shape
matrix @y is positive definite and n > p, Tyler’s estimator exists
with probability one and is a consistent estimator of ®g up to a
positive scaling factor. The GE family includes as particular cases
generalized Gaussian distribution, compound Gaussian, elliptical and
many others [6]. Therefore, it has been successfully used to replace
the SCM in many applications such as anomaly detection in wireless
sensor networks [7], antenna array processing [8] and radar detection
[9-12].

Recently there is an increasing interest in non-asymptotic analysis
of high-dimensional estimators, providing their high probability error
bounds as functions of n and p. In the case of Gaussian populations,
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such error bounds for the SCM estimator were thoroughly studied
[13-15] and tight sample complexity bounds were achieved. Regular-
ized covariance estimation in the Gaussian case and its performance
analysis have also been addressed in [2, 16, 17]. A common thread
to all of these works is that the estimators are defined as solutions
to convex optimization problems, and the analysis is directly related
to the notion of strong convexity.

In this article we focus on the non-asymptotic behavior of Tyler’s
estimator for moderate values of n and p based on the concentration
of measure phenomenon. The estimator is not given in closed form
and has to be iteratively computed using the fixed point iteration
(1). In order to exploit the optimization based machinery mentioned
above, we rely on an alternative derivation of Tyler’s estimator.
In particular, the estimator can also be obtained as an MLE of
normalized GE distributed vectors defined as ”’;—:”, [6]. The solution
to this optimization problem exists with probability one and is scale
invariant, which makes Tyler’s estimator unidentifiable [18]. In order
to restrict this invariance some constraints should be imposed dimin-
ish the number of degrees of freedom. Interestingly, introduction of
such constraints makes the behavior of the estimator dependent on
the coherence coefficient

2 Tr (ﬂ()) 2
c(ﬂo):1—<7 , )
[Tl (€20l
where Qo = O . Our non-asymptotic performance bounds are

therefore based on the analysis of the restricted Negative Log-
Likelihood (NLL) function of the normalized GE distribution. In
particular, we prove that as long as n is larger than p the Frobenius
norm of the error in inverse matrices decays like m with
high probability. We also show that our performance bounds exhibit
correct asymptotic behavior when n and p grow large together.

At the end of the paper we extend the proposed analysis to high-
dimensional non-Gaussian settings with group symmetric constraints.
Robust models with a priori known structure have recently attracted
considerable attention due to significant engineering advances and
necessity to deal with high-dimensional data. The a priori knowledge
is usually introduced to diminish the number of degrees of freedom
in a model and improve the estimators performance. Usually such
knowledge is given as convex constraints, such as Toeplitz, sparse,
banded, circulant, proper, group symmetric, etc, [16, 19-22]. It was
recently discovered that both Tyler’s target function [23] and group
symmetric constraints [24] are g-convex, which allowed us to develop
a new STyler estimator incorporating group symmetric structure into
non-Gaussian models, [24]. Interestingly group symmetry is closely
related to block diagonal structure, [25]. Using this phenomenon we
derive high probability error bounds for the STyler estimator.

The paper is organized as following: first we introduce notations,
state the problem, the main result and provide a discussion of it. Then
we outline the proof. Finally we extend the obtained result to the
group symmetric case and provide numerical simulations illustrating
the derived bounds. The body of the article contains only sketches
of proof due to lack of space, the full proofs can be found in [26].

Denote by S(p) the linear space of p X p hermitian matrices and
by P(p) C S(p) the open cone of positive definite matrices. I stands
for the identity matrix of a proper dimension. We endow S(p) with
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the scalar product (A, B) = Tr (AB), which induces the Frobenius
norm on it. ||-|| will denote the Euclidean norm for vectors, ||-|| » - the
Frobenius norm and ||-||, - the spectral norm for matrices. Given a
matrix A we denote by vec (A ) a column vector obtained by stacking
the columns of A. For a matrix A € P(p) denote by Amin(A)
and Amax(A) its minimal and maximal eigenvalues, correspondingly,
and by k(A) = i'“*i"((:)) its condition number. |A| stands for the
determinant of A. For n instances ai,...,a, of scalars, vectors,
matrices or functions we denote by @ their arithmetic average, when
the index of summation is obvious from the context.

II. TYLER’S ESTIMATOR AS A MLE AND THE MAIN RESULT

We define Tyler’s estimator as an MLE of a covariance matrix
parameter of a specific complex spherical p-dimensional distribution.

Definition 1. Assume ©¢ € P(p), the function

(p—1) 1
" [@ol (10, )7

p(x) = 3
is a probability density function of a vector x € CP lying on a unit
sphere. This distribution is usually referred to as the Angular Central
Gaussian (ACG) distribution on a sphere [27] and we denote it as
x ~ U(Oy). The matrix O is referred to as a shape matrix of the
distribution and is a multiple of the covariance matrix of x.

The ACG distribution is closely related to the class of GE distribu-
tions, which includes Gaussian, compound Gaussian, elliptical, skew-
elliptical, ACG and other distributions, [28]. An important property
of the GE family is that the shape matrix of a population does not
change when the vector is divided by its Euclidean norm [6, 28].
After normalization, any GE vector becomes ACG distributed. This
allows us to treat all these distributions together using a single robust
estimator.

Assuming © € P(p) and given n > p ii.d. copies of a vector
x ~U(O): x;,1 = 1,...,n we derive the MLE estimator of the
shape matrix. For this sake introduce the NLL function:

f(©;x) =log|®| + plog(x" ©~'x). 4)

The function (4) is non-convex in . Nevertheless, its critical
points, given as the solution to (1), provide the global minima with
probability one, [23, 29, 30].

The NLL (4) is invariant under multiplication of the shape matrix
by a positive constant, thus we are only interested in the estimation
of the shape matrix up to a positive scalar factor. In order to obtain
a unique MLE we fix the scale of the estimator by assuming that
Tr (@a 1) of the true covariance matrix is known (or arbitrarily
fixed). Specifically, we define Tyler’s estimator to be the solution
to the program

~ min

O =arg¢ ©

subject to

1 n .

= [(©;x;)
" o
Tr (@) =Tr(8,").

and state the following

Theorem 1. Assume we are given n > p i.i.d. copies of x ~ U(Oy),
then for 6 > 0 with probability at least

—p?
1= 2exp <2(1 + 1.2%))
n(1 - c*(Q))

. 8-10%(1 4 1)*
— 2p” exp —W 1+

n?(1 = c($20))*

Tyler’s estimator (5) satisfies

< 150 p+1
F = Amin(©0)(1 — c2(Q0)) vn

Note that for the Gaussian populations the same technique provides
a similar up to a constant factor bound for the SCM estimator,
suggesting that both estimators are bounded by a multiple of \}’ﬁ
with high probability. Actually, in the Gaussian case stronger bounds
can be obtained with the spectral norm. In fact it can be shown that
the rate of convergence of the SCM matrix to the true covariance is
of order \/g in the spectral norm, see [13] and references therein.
In our case the problem of obtaining spectral norm non-asymptotic
bounds is much more involved and remains an open question.

The presence of the coherence ¢(£20) in the denominator appears
to be quite natural due to the way the bound is obtained. Indeed, the
derivation below is based on the convexity properties of the Fisher
Information Matrix (FIM) reflected by 1 — ¢?(€p). It easily follows
from (2) that

oo

©6)

2 1
1—c Qo > —
() > g
thus the coherence is close to 0 if the condition number x(@®q) is
close to 1 and gets closer to 1 if the matrix ®( has many small
eigenvalues and few large ones. As we know the estimation of the
matrix becomes less stable in the latter case, as the theorem suggests.

III. THE PROOF OUTLINE

The proof of Theorem 1 follows a technique similar to that of
[2, 17, 31] and is based on the second-order Taylor expansion of
the sample average NLL. More exactly, our aim is to show that
the average NLL is positive on a boundary of some ball around
the true parameter and is strongly convex inside this ball, with high
probability. It can be shown by means of g-convexity that our target
possesses a unique minimum [23]. The method we propose ensures
that this minimum belongs to the interior of the ball. The analysis
becomes easier if the NLL is parametrized by the inverse shape
matrix. We denote 2 = ® ' and write

F(%) = F(27"ix) = ~log|€ + plog(x" 2x).
Denote

fo= 3" (%), ™
i=1

and note that fn is invariant under the linear map " defined as
£ =elre)?
b

applied to matrices €2, AQ followed by a change of random vectors
from x; ~ U(Op) to x; ~ U(I) for i = 1,...,n. This linear
transformation relocates the domain under consideration from the
vicinity of €2 into a vicinity of I and the Taylor polynomial formula
with remainder in the Lagrange form near I reads as

Jor = i = VRAR) + 592 T (AR), ®)

where Q' =T+ AQ Q' =1+ aAQ,AQ € L', a € [0,1]. Since
" is a tension-compression map, the maximal and minimal distance
changes are known and we can use an inequality

Aot -eg! ©

to establish high probability bounds for inverse Tyler’s estimator
given the respective bounds on its ‘-image.

Our strategy is therefore to show that the linear term is close to
zero and the quadratic term is strongly convex with high probability.
These together will provide the desired result. First, consider the

-1 1
< H@, -6
F F
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linear term in (8), using Bernstein’s concentration inequalities it can
be shown that it sharply concentrates around its mean value zero,
more exactly we have

Lemma 1. Uniformly over U’ € £’

(VA2 Vo U],) < 2esp (e

) ,Vt > 0.
(10)

Using matrix concentration inequalities, we can shown that with
exponentially in n decaying probability the empirical Hessian in the
second term of (8), considered as a quadratic form, is close to its

mean
B x?Ux\*
xHQx
When €2 is not far from o, Ho(U) only slightly differs from its
value at the true point Hg, (U)

Ho(U)=Tr ((Q7'U)%) -

Heaw (U = P ((B0U)%) = (Tr (8,0)”
' p+1
PH@1/2U@1/2 . ( (91/2U®1/2>>2

p+1

Note that Hq,(U) coincides with the Fisher Information Matrix
(FIM), also viewed as a quadratic form. The exact statements
quantifying the behavior of the derivatives at hand can be found
in [26]. Here we only describe qualitatively the main properties of
Hq, (U). It can be easily shown that Hq, (U) has a one-dimensional
kernel spanned by €2¢. The mission of the trace constraint in (5) is to
eliminate this direction and make the Hessian strongly convex in the
vicinity of ¢ with high probability. The following simple lemma
will help us to further quantify the strong convexity properties of the
Ha, (U)

Lemma 2. Let V be a Euclidean space and S C V be its subspace
of codimension one with normal vector n, then for any v € V

sin?(Zu,v) > cos®(£n,v) = H( m )”

Consider its subspace £ C S(p) defined by the condition

Tr (U) = 0. Apply to this subspace the following linear transfor-
mation:

Yu € S.

an
Tr (U) =

£ =elrel?.

Qy is a normal vector of £, since (@é/QUGé/Q, Q) =
0,YU € L. Recall that

T <®1/2U®1/2> = (©)*Uel/* 1)
o

and set n = o, v =1 to apply Lemma 2 and get

1/2H cos(£O@LPUBY 1),

P 2
Hay (U) = 2 sin?(£©Y/°Uel/? 1) H@)é/QU(a(l,/2 .
> L cos®(41,6) ‘@3/%@”2 WU € L.

We define the coherence from the identity

Tr (Q0) Tr (o)

—(Qp) = cos® (LI, Q) = <

as was already introduced in (2). This identity basically says that
the convexity properties of the Hessian restricted to £ near the true
parameter are defined by the coherence ¢(€20) naturally appearing in
the bound (6).

2 2
”IHFHQOHF) _(\/13“90”1?) ’

IV. SYMMETRIC TYLER ESTIMATOR AND ITS ERROR BOUND

When high-dimensional settings are concerned, the performance
of an estimator can be improved by assuming some prior knowledge
on the true parameter value. Indeed, such prior structure reduces the
number of degrees of freedom in the model and allows more accurate
estimation with a small number of samples. Prior knowledge on the
structure can originate from the physics of the underlying phenomena
or from similar datasets, see e.g. [19-21]. Many covariance structures
are easily represented in a convex form, such as Toeplitz, sparse,
banded and others, [16, 19-22]. Another important example of linear
structure is group symmetry, which has played an important role in
statistics since 1940-s, see a broad exposition in [32].

Definition 2. Let G be a finite unitary matrix group (a finite set
containing the identity matrix and closed under matrix multiplication
and inversion). Given a set V C S(p) we denote by

9={MeV: ¢"Mg=M,Vg e G}.

its subset invariant under conjugation by G. We say V is group
symmetric if V = V9 for some group G.

In the recent paper [24] we have shown that such constraints are
g-convex sets, which together with the g-convexity of the target (7),
[23], allowed us to extend the work of [32] and to introduce a group
symmetric version of Tyler’s estimator, which we refer to as STyler.
The scale invariant STyler estimator is given by the following fixed
point equation

ng gXl

H[@g] 1XZ a2

ZZ

i=1g€g

which can be viewed as applying the standard Tyler fixed point
equation (1) to the original data plus additional synthetically rotated
copies of it. Alternatively, for the purposes of our analysis, this is the
solution of a program similar to (5) with additional group symmetric
constraints. Interestingly, the group symmetry structure is known to
be equivalent to a (possibly, block) diagonal structure in a certain
basis, [25]. For example, consider a well known circulant covariance
model, which is invariant under the action of the shift matrix

0100 ...0
0010 ...0

L e E a3)
0000 ... 1
1000 ... 0

and all its powers IT/,j = 1,...,p, forming a cyclic group. It is
known that rotation by the FFT matrix

1 1 o 1
wWo w1 Wp—1
1 . . .
Qc = \/;5 : : .. : ) (14)
p—2 p—2 p—2
w 1 v 1 wp_%
p— p— pP—
wy w) S Wy

where w; = e?™/P are the complex roots of unity, makes every
circulant matrix diagonal.

Other examples of group symmetry include important cases of
permutation-invariant [32], persymmetric [33] covariance matrices
and others. For each of these structures there exists a basis in which
the covariance is block diagonal. The specific sizes and multiplicities
of the blocks can be calculated using the tools of finite group
representation theory, [34, 35]. For any group G, denote by r(G) the
number of non-zero elements in the corresponding block diagonal
representation of G-invariant matrices, e.g., 7(G) = p in the circular
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Fig. 1. Tyler’s estimator performance bounds, p = 50, ®¢ = L.

case. In addition, note that the distribution ¢/(I) in invariant under
rotation of the basis. These properties allow us to obtain a group
symmetric variant of Lemma 1 with a tighter bound.

Lemma 3. Let ©¢ € P(p)9, then uniformly over U’ € L'°

n / / “7lt2
P (|VAU)| = V2@t |U']|,.) < 2exp i+ 1)

This result basically reduces the dimension of the estimation
A/ 7(G)

problem by the factor of , and, thus, improves the performance
bounds stated in Theorem 1. More exactly, we obtain

Theorem 2. Assume we are given n > p ii.d. copies of X ~
U(®y),O¢ € P(p)¥, then for > 0 with probability at least

—0?

2(1+1.2-2
( + \/T Q)n)

2 n(1— c*())
— W exp <801n(7p)(1+;)> <1+

STyler estimator (12) scaled by the condition Tr([@g]_l)
Tr (@51) satisfies

1 —2exp

8-10%(1 4 1)*
n(l- 02(90))4>

- 156 r(G)
F = Amin(©0)(1 — c2(20)) n’

V. NUMERICAL RESULTS

|17 - 85| (s)

In this section we provide numerical simulations supporting our
analysis. Figure 1 compares the behavior of Tyler’s estimator with
its 0.95 and 0.5-probability bounds for p = 50, ®, = I. Figure 2
verifies the dependence of the performance on the dimension.

Figure 3 compares the behavior of the Tyler’s estimator with the
STyler in the circulant model. As we have explained above in this
case the sparse structure is diagonal and r(G) = p, which is verified
by the empirical MSEs. For this experiment we set p = 8.
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