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ABSTRACT

This paper presents a computationally tractable algorithm for
estimating the graph structure of graph signals is presented.
The algorithm is demonstrated on simulated and real network
time series datasets, and the performance of the new method
is compared to that of related methods for estimating graph
structure. The adjacency matrices estimated using the new
method are shown to be close to the true graph in the simu-
lated data and consistent with prior physical knowledge in the
real dataset.

Index Terms— Graph Signal Processing, Graph Struc-
ture, Adjacency Matrix, Network, Time Series

1. INTRODUCTION

Networked data are everywhere, from finance and social me-
dia to geology and biology. Interest in studying such net-
works is growing rapidly as data are generated at increasing
rates. While there are many methods for processing signals
that come from networks (see [1] for an overview of existing
techniques), often times, the graph structure underlying such
data is not known a priori and needs to be determined before
further analysis is performed.

In this paper we estimate network structure for time-
series data in the form of a directed, weighted adjacency
matrix A. Current work on estimating network structure
largely associates graph structure with the Markovian prop-
erty of the processes supported by the graph [2]. Our work
instead associates the graph with causal network effects, tak-
ing inspiration from the Discrete Signal Processing on Graphs
(DSPg) framework [3, 4].

We first provide a brief overview of related prior work as
well as relevant concepts and notations in section 2. Then we
introduce our new network process in section 3. Next, we
present algorithms to infer the network structure from data
generated by such processes in section 4. Finally, we show
simulation results in section 5.
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2. RELATION TO PRIOR WORK

2.1. Discrete Signal Processing on Graphs

DSPgprovides a framework with which to analyze data with
N elements for which relational information between ele-
ments is known.

2.1.1. Graph Signals

Consider a graph G = (V, A) where the vertex set V =
{vo,...,vny—1} and A is the weighted adjacency matrix of
the graph. Each data element corresponds to a node v,,, and
the weight A, ,,, is assigned to a directed edge from vy, to v,,.
A graph signal can be written as N length vectors supported
on),

x= (z0 . rn_1)T eclN

2.1.2. Graph Filters

A graph filter is a system H(+) that takes a graph signal x as
input and outputs another graph signal X = H(x). A basic
nontrivial graph filter on graph G = (), A) called the graph
shift is a local operation given by the product of the input
signal with the adjacency matrix X = Ax. Graph filters in
DSPg are matrix polynomials of the form

h(A) = hol + hiA + ...+ hp A"

The output of the filter is x = H(x) = h(A)x. Note that
graph filters are linear shift-invariant filters. For a linear com-
bination of inputs they output the same linear combination of
outputs, and consecutive application of multiple graph filters
does not depend on the order of application (i.e., graph filters
commute). Graph filters also have at most L < Na taps hy,
where Nao = degma (z) is the degree of the minimal poly-
nomial ma (z) of A.

2.2. Sparse Vector Autoregressive Estimation

For time series data, sparse vector autoregressive (SVAR) es-
timation [5, 6, 7] recovers matrix coefficients for multivariate
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processes. This problem assumes given data matrix of the
form

X = (x[0] x[1] x[K —1]) e RV*E (1)
which is generated by the dynamic equation with sparse evo-
lution matrices A (9,

M
x[k] = > AWx[k —i] + wlk]

where w(i] is a random noise process that is generated inde-
pendently from w{j] for all i # j, and A () all have the same
sparse structure. That is, there is some sparse structure matrix
A’ € {0,1}V*N such that A}, = 0 = AP = 0 for all k.
Then SVAR solves the optimization,

R 1 K-1 M
{AD} = argmin = x[k] =Y ADx[k -]
{AO} 2Ty i=1 2 (2)
A Al
0,J

T
where A” = (Agjl) AE;M) ) and the term HA'LjH2

promotes sparsity of the (i, j)-th entry of each A(Y) matrix
simultaneously. This optimization can be solved using Group
Lasso [8].

This SVAR model assumes the time series at each node
are conditionally independent from each other according to a
Markov Random Field (MRF) with adjacency structure given
by A’. SVAR estimation methods estimate multiple weighted
graphs A(?) with the same sparsity structure as A’ that can
be more challenging to interpret and analyze than a single
weighted graph. Also, it is not clear that the Markov prop-
erty holds between nodes for various applications that can be
described by graph processes. Our model produces a single
weighted graph and allows estimation of non-Markov pro-
cesses.

3. CAUSAL GRAPH PROCESSES

Here we present our new model for graph processes. Consider
xn [k], a discrete time series on node v,, in graph G = (V, A),
where n indexes the nodes of the graph and & indexes the time
samples. Let NV be the total number of nodes and K be the
total number of time samples, and
T
X = (volk] @1lk] ... oy-alk])” €CY

represents the graph signal at time sample k.

We consider a Causal Graph Process (CGP) to be a dis-
crete time series x[k] on a graph G = (V, A) of the following

%

M
=wlk]+ > [ D AT | x[k— 1] )

i=1 \j=0
+ (c10l + c11A)x[k — 1]
+ (CQOI + 1A + 622A2) x[k—2]+...
+ (earol+ ... + crunr AM) x[k — M]

= wlK]

where P;(A) is a matrix polynomial in A, ¢;; are scalar poly-
nomial coefficients, and w|[k] is statistical noise. The P;(A)
can be seen in the DSPg framework as causal graph filters.

Note that this model allows a signal on a node at the cur-
rent time to be affected through network effects by signals
on other nodes at past times. This can model delays across
the network, which is important for representing dynamics in
many real world processes. Matrix polynomial P;(A) is at
most of order min(i, Na ), reflecting that x[k] cannot be in-
fluenced by more than i-th order network effects from ¢ time
steps ago and in addition is limited by N4, the degree of the
minimum polynomial of A. Typically, we take the model or-
der M < Nj.

4. ESTIMATING ADJACENCY MATRICES

Given a time series x(t) on graph G = (V, A) with unknown
A, we wish to estimate the graph structure given by A. A first
approach to estimate A can be formulated as the following
optimization problem:

K-1 M
1 2112
(A, c) = argmin 3 Z [|x[k] — ZPi(A)x[k —1]||;
Ac fpom =1
+ A[vec(A)[l1 + Azlc]lx
“4)
wherec = (¢19 1y Cij - CMM)T is a vector

collecting all the ¢;;’s. Assuming that ¢;; # 0, then without
further loss of generality we can fix c;p = 0 and ¢1; = 1 to
ensure that A is uniquely recoverable.

In equation (4), the regularizing term ||vec(A)||; pro-
motes sparsity of the estimated adjacency matrix, and the
term ||c||; also promotes sparsity in the matrix polynomial
coefficients. Unfortunately, the matrix polynomial in the first
term makes this problem nonconvex and can be potentially
numerically unstable.

Instead, this estimation can be broken down into three
separate, more tractable steps:

1. Solve for R; = P;(A)
2. Recover structure of A
3. Estimate c;;
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4.1. Solving for P;(A)

As previously stated, the graph filters P;(A) are polynomials
of A and are thus shift-invariant and must mutually commute,

[Pi(A), Pi(A)] = Pi(A)P;(A) — P;(A)Pi(A) =0 Vi, j

This leads to the block-coordinate optimization problem,

2

N K-1 M
R, = ar%min 3 Z x[k] — ZRiX[k’ — 1]
K k=M i=1 2 ®))
+ Ar[[vec(Ra)[1 + A2 Y [I[Ri, Ry ]Il

J#i

where R, is an approximation for P;(A). While this is still
overall a non-convex problem, it is multi-convex. That is,
when R_; = {R; : j # i} (all R; except for R;) are held
constant, the optimization is convex in R,;. This can be solved
using standard methods for ¢; regularized least squares.

4.2. Recovering A

After obtaining estirAnatesAf{i, we find an estimate for A. One
approach is to take A = R . This appears to ignore the infor-
mation from the remaining R;. However, the information has
already been incorporated during the iterations when solving
for R;. A second approach is also possible, explicitly using
all the R; together to find A,

~

—~ 2
A = argmin HR1 - AH2 + A [[vee(A)
A

M
o3|
=2

This can be seen as running one additional step further in the
block coordinate descent to find R,;.

(6)

2
‘ F

4.3. Estimating c;;

With A and the data X, we can now estimate ¢;; ,
~ 1 2
€ = argming 'Y — Be|% + Aslc|l
C
where Y = vec (X/),

B= (VCC (Xar—1) ... vec (KiXM,j) ... vec (KMXO))

X, = (x[m] x[m+1] xm+K-M-1]),

which can also be solved using standard ¢ -regularized least
squares methods [9].
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Fig. 1. Synthetic simulated adjacency matrix

5. EXPERIMENTS

The algorithm was tested on a simulated example (varying N
and K) and a temperature sensor network dataset (N = 150
and K = 365). To solve the regularized least squares itera-
tions for estimating the CGP matrices, we used Gradient Pro-
jection for Sparse Reconstruction [9]. To estimate the MRF
matrices, we implemented a proximal gradient descent algo-
rithm. Although the estimated matrices are directed, undi-
rected graphs are shown in this section for the sake of presen-
tation.

5.1. Simulated Network

The simulated dataset was generated by first creating a ran-
dom sparse A matrix for a graph with IV nodes and c coeffi-
cients that corresponded to a stable system. The A in our sim-

5497



—N=75

x 10

MSE
e @ & O

0" 10° 10
K

Fig. 2. MSE vs number of Samples K for simulated data
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ulations had each off-diagonal element independently drawn
from a unit Normal distribution and made sparse by thresh-
olding 1.6 < A;; < 1.8. The diagonal elements were gener-
ated from a uniform distribution /(0.5, 1). Then data matrix
X was formed by generating random initial states and addi-
tive white Gaussian noise w|k], and computing K samples of
x[k] according to (3).

In figure la, we see the structure of the A matrix with
N = 35 nodes used in the simulated graph to generate X with
K = 100 samples according to a CGP. In figure 1b, we wee
the structure of the A matrix estimated from the data X. We
see that the estimated A matrix has almost the same support
as the true A matrix visually. The MSE computed as

1 ~
MSE = 5 A — A%

for the estimate shown in figure 1 is 0.004. R

In figure 2, we see mean squared error (MSE) for A across
different numbers of time samples K on the same graph, as
well as across different numbers of nodes N corresponding
to distinct graphs with the same level of sparsity. The MSE
is averaged over 50 Monte-Carlo simulations of data matrix
X for each problem size. As expected, the MSE for each
problem size decreases as the number of samples K increases.

5.2. Temperature Sensor Network

The temperature dataset is a collection of daily average tem-
perature measurements taken over 365 days in 2003 at 150
locations around the continental United States [10].

In figure 3, we compare the temperature networks esti-
mated using CGP and MRF models. We first detrend the time
signals at each sensor for seasonal effects and then recover the
A matrix using a model order M = 2 and the same level of
sparsity (Ng/N? = 0.05, where Nj is the number of zero el-
ements in A) for both models. We see that the CGP model
clearly picks out the predominant west-to-east direction of
wind in the x > —95 portion of the country, as single points in
this region are seen to predict multiple eastward points. It also
shows the influence of the roughly north-northwest-to-south-
southeast Rocky Mountain chain at —110 < = < —100.
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(b) Graph Estimated using MRF

Fig. 3. Estimated temperature network using order M = 2
model

This easy interpretation is consistent with knowledge of ge-
ographic and meteorological features. In contrast, while the
MRF model also captures this overall geographic structure,
the weights are much weaker at the same fixed sparsity level.

We have demonstrated that our method is able to esti-
mate graphs from simulated data and shown its behavior when
varying the dataset size. We have also empirically shown that
adjacency matrices estimated from our CGP model can repre-
sent real processes better than those estimated from the MRF
model.

6. CONCLUSIONS

We have presented a new method to estimate the graph struc-
ture capturing dependence in networked data and a compu-
tationally tractable algorithm for estimating such causal net-
works. The algorithm was demonstrated on a small simulated
example and a real temperature sensor network dataset. The
estimated adjacency matrix in the small example was shown
to be close to the true graph, and in the real dataset consistent
with prior physical knowledge.

Future work includes studying the convergence conditions
and properties of the multi-convex optimization, as well as
relation of estimation errors to time series length, number of
nodes, and graph sparsity or structure.
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