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ABSTRACT

The abundance of shipping noise sources in ocean littoral
zones provides a great opportunity to estimate ocean envi-
ronmental parameters. The waveguide invariant parameter
B, defined as the ratio of inverse group and phase velocities
between modes, has been used in a variety of applications
including ranging of passive sources. Previous work utiliz-
ing the waveguide invariant in passive sonar has relied on
processing the time-frequency intensity striations of broad-
band sources. In this paper, the reception of strong tonal
components from transiting commercial ships of known lo-
cation (e.g., from AIS data) are used for estimating /3 over the
source-receiver path. A maximum likelihood estimate of 3 is
derived by relating the fading characteristics of different tonal
components over range. The method is verified on simulated
data using a Pekeris waveguide model.

Index Terms— Maximum Likelihood, Waveguide Invari-
ant

1. INTRODUCTION

The waveguide invariant parameter encapsulates the disper-
sive propagation properties of an environment with a scalar
parameter. The parameter is approximately constant over
large areas in many environments, including shallow water
that is often dominated by anthropogenic noise at lower fre-
quencies (less than several kHz) [1]. While previous methods
have focused on exploiting broadband data to estimate the
waveguide invariant parameter or source range, this paper
considers tonal sources. Merchant ships in littoral zones cre-
ate acoustic noise with strong tonal components that can be
exploited to both separate sources in frequency and estimate
propagation parameters [2].

Traditionally, waveguide invariance has been analyzed in
terms of the patterns that emerge in intensity plots of the spec-
trogram of acoustic data. The interference patterns from the
superposition of direct-path and multi-path waves within the
waveguide form lines of constant intensity in range and fre-
quency, commonly called striation patterns. These striations
patterns for broadband sources are well documented and can
be interpreted using various waveguide models [3]. Using
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normal mode theory, the striations are a result of a nearly lin-
ear relationship between group and phase slowness for neigh-
boring modes. The parameter of interest is called the waveg-
uide invariant parameter and denoted by /. It is defined as
the ratio of group to phase slowness, which is approximately
constant across modes and space. In terms of range r and fre-
quency w, [ is defined through lines of constant intensity

determined by
g—iéw + %& =0. (1)

The striation patterns occur at ranges as close as several water
column depths away, which is particularly important in shal-
low water [4]. Previous work has shown that source range
can be estimated with very little environmental knowledge
since only a single scalar parameter must be known instead
of entire sound speed profiles [5]. Recent work has consid-
ered broadband and tonal data to estimate range using cross-
correlations in terms of the closest point of arrival [6], beam-
forming [7], and active sonar [8]. However, passive estima-
tion of 5 has primarily relied on image processing techniques
such as Hough transforms or integrating along estimated stri-
ation lines [9] or wavenumber integration techniques [10].

Cargo ships generate strong narrowband components that,
in principle, can be separated based on their frequency con-
tent [2]. To leverage such opportunistic sources, this paper
considers tonal sources, where multiple narrowband frequen-
cies are simultaneously emitted by a single source that is mov-
ing away from the receiver. The relative range and range
rate between the source and receiver are assumed known at
constant depth. Waveguide invariant theory and the resulting
model are summarized in Section 2. The proposed waveg-
uide invariant parameter estimate is derived in Section 3, and
simulation of a Pekeris waveguide is used to demonstrate the
feasibility of estimating the waveguide invariant using tonal
sources in a noisy environment in Section 4.

2. THE WAVEGUIDE INVARIANT

The waveguide invariant phenomena was first investigated
in [3] and further analyzed in [4]. We briefly summarize
the phenomena in the context of a normal mode propagation
model after first setting up the tonal source signal model.
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2.1. Source Signal Model

A source at depth z; generates an acoustic pressure signal
s(t) of constant (frequency-dependent) amplitude a(w) with
an unknown, uniformly distributed phase ¢(w) ~ U(—m, 7]
that is constant over time:

s(t) = Z a(w)ed WtHe@)), 2

weN

The frequency index set 2 is continuous in the case of broad-
band sources, but in this paper we consider a finite discrete
set to model a tonal source.

2.2. Normal Mode Propagation Model

The normal-mode acoustic pressure field
)= p(rwt) (3)

can be broken into pieces that are a function of range (from
source to receiver), frequency, and time:

Z Z

( oI (b (w)r —wt—d(w)) 4)
m OJ

p(ryw,t) =

where k,,(w) is the horizontal wavenumber (mode eigen-
value) and A,,(z) = VU,,(2)U,,(2s) is the mode eigen-
function (at the source and receiver) for the m‘" mode. In
the remainder of this paper, we assume that the source and
receiver are at a constant depth so that A,,,(z) are constant.
The intensity of the received acoustic pressure field is

I(r,w) :p*(r w t) (r,w t)

Z ) jAkmn(w)r (5)
m,n=1 V

where Ak, (w) = (b (w) — Ky (w)) is the wavenumber dif-
ference. Notice the intensity does not depend on time.

2.3. Intensity Fading Patterns

The waveguide invariant describes the interference pattern of
the received intensity of the sound pressure field. Loci of con-
stant intensity occur when the total derivative vanishes, i.e.,
dI = 0. Considering frequency w and range r, we have

0I(r,w) S+ OI(r,w)

I =
dI(r,w) Ow or

or =0. ©6)

Substituting (5) into (6) and considering two modes, we
get [4, Equation (12)]

or r 0Dk, (w)/0w  r1
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Fig. 1: Received intensity in dB as a function of frequency
and range from a broadband source. The striations, or lines of
constant intensity, follow (11) with § = 1.

The quantity

1 0Akpn(w)/0w @)
B Ak (w) /w

is the ratio of inverse group velocity to inverse phase veloc-
ity and is approximately invariant for a group of propagating
modes, i.e., (8) is approximately constant for all m, n [4]. The
relation (7) therefore holds for each term of the sum in (5)
and defines the conditions for the loci of constant intensity,
dI = 0. Rearranging (7) yields (6r/r)5 = (dw/w), and we
integrate both sides to get

B
W= wy (;) ©)

where wg and 7o are a reference frequency and range. For
sources consisting of tonal signals with known, or well-
estimated, frequencies, an equivalent form is more relevant:

/B
r=rg (fjo) . (10)

The intensity at an arbitrary range and frequency can be re-
lated to the intensity at a reference range and frequency:

1/B
I(r,w)=1 <r0 (:;) ,w0> ) an

Relation (11) defines the loci of constant intensity, which
are lines for 5 = 1. Fig. 1 shows an example intensity plot
as a function of frequency and range for a broadband noise
source in a Pekeris waveguide, for which § ~ 1 [1]. The
lines of constant intensity seen in the plot follow (11). Fig. 2
shows the intensity for a source emitting three tones.
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Fig. 2: Received intensity as a function of range from a source
generating three tones in a Pekeris waveguide. The three in-
tensities are placed on the same relative scale and each is off-
set by 50 dB. Several lines are drawn between the curves to
show the points of equal intensity that satisfy (11).

3. ESTIMATING THE WAVEGUIDE INVARIANT

In this section, we propose an estimator for the waveguide in-
variant parameter 3 using intensity data from a discrete set of
known frequencies. The key is the appropriate scaling of the
range axis at each frequency in the intensity data according
to (11). Because the frequencies are known, the scaling is en-
tirely dependent on 8. The estimator uses a joint maximum
likelihood (ML) and (empirical) minimum mean-squared er-
ror (MMSE) criterion to find the best value of § that explains
the intensity data. We first introduce the noise model before
describing the estimator.

3.1. Noise Model for Intensity Data

The noise model introduces complex circularly symmetric
Gaussian noise into the pressure field (3). Let n(r,t) ~
CN (0, 0?) be the noise added to the pressure field (3):

Proisy (75 1) = p(r,t) + n(r, ). (12)
The noisy intensity is

= pzoisy (r, t)pHOiS)’(T’ t)

= [VI(r,w) +n(r,w)|* (13)

where I(r,w) is the intensity without noise and n(r,w) ~
CN(0,0?%). The noisy intensity is a scaled non-central chi-
squared distributed random variable with non-centrality pa-
rameter A = I(r,w)/o%. To be more precise, let Y =
(TQInOiSy (r,w) with distribution

1 —(+i(rw) I(r,
@J%=2e22m<y£””>(M)

where Iy(-) is a modified Bessel function of the first kind.

Inoisy (7“, OJ)

Jy (y; I(r,
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Fig. 3: ML estimate of the intensity profile for hypothesized
8 = 0.93. The first three plots show the received intensity
profile at three frequencies with range scaling correspond-
ing to the hypothesized 8. The intensity is generated using
a Pekeris waveguide model and has noise added so that the
SNR is 10 dB. Visually, the matching is pretty good because
the peaks and valleys in each plot generally match.

3.2. ML Estimate of Intensity

The estimator consists of two steps. The first step is an ML
estimate of the signal intensity, based on the correct hypoth-
esized value of 3. For the correct hypothesized /3, the noise-
less intensity (at appropriately scaled ranges given by (11))
is constant. Fig. 2 provides a visualization of the (noiseless)
intensity at three frequencies, each separated by 50 Hz, for
a Pekeris waveguide model. The lines connecting the inten-
sity profiles are for 8 = 1 in (11), which is close to the true
value for a Pekeris waveguide. The peaks or valleys in the in-
tensity match pretty well along these lines at each frequency.
To make this more precise, consider a set of F' frequencies
denoted w; for 7+ = 1,..., F and a set of N range samples
referenced to the intensity profile at w; and denoted 71 (n) for
n = 1,...,N. The range values at every other frequency
with the same (noiseless) intensity are given by (11), i.e.,

ri(n) =r1(n) (wi/wl)l/ﬁ and

I&Nﬁwﬂz[@ﬂ@(ﬁ)uawq. (15)

Since the received intensity data is noisy, the correct value of
B in (15) means that the random variables across frequency
(i.e., across t) are independent identically distributed (IID).
Denote the noiseless intensity, appropriately scaled according
to (15), as I(n; 8) = I(r;(n),w;) Vi. The likelihood function
given noisy data y;(n) = Ihoisy (7:(n), w;) is

(I(n: B)| {i(n Hh% (n;8),0%) . (16)
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The ML estimate for a hypothesized value of [ is thus
I(n;B) = arg max £ (I(n: ) {gs(m)}). A7)

Fig. 3 shows an example of the ML estimate using received
noisy intensity data at three frequencies each at 10 dB signal-
to-noise ratio (SNR). The hypothesized 5 = 0.93 is close
to the true value, so the ML estimate visually matches each
received intensity pretty well. The mean squared error of the
three intensity curves to the ML estimate is approximately
—2dB.

3.3. MMSE-ML Estimate of 3

The ML intensity (17) is a function of n and . Each hy-
pothesized value of /3 results in a different ML estimate of the
intensity as a function of n (reference ranges) due to the dif-
ferent scalings of the range axis, given by (15). The second
step of the estimator calculates the mean-square error (MSE)
between the ML intensity I(n; ) and the received intensity
data y;(n) as a function of §, i.e.,

N F
1 . 2
MSE(8) = —— (1 - B8) — s ) .
SEE) = 7y 23 (I8 —wi) . a9)
The MMSE estimate minimizes this empirical error:

8= argmﬂinMSE(ﬂ). (19)

4. NUMERICAL RESULTS AND DISCUSSION

Monte Carlo simulations over noise realizations were per-
formed to test the ML-MMSE estimator of 3. Fig. 4 shows
the result of 5 simulations using three frequencies. The noise-
less intensites were generated using the normal mode model
from Section 2.2 for a Pekeris waveguide with a single source
at a depth of 54 m and receiver at a depth of 150 m. For this
scenario, it is known that S ~ 1 [4]. Table 1 summarizes the
results from 1000 Monte Carlo trials.

Table 1: Summary of Monte Carlo simulation results using
three frequencies (200 Hz, 250 Hz, and 300 Hz) and varying
SNR of the intensity data. The SNR indicated is per tone.

SNR (dB) | Mean § | Std. Dev. 3
0 0917 0.194
10 0.934 0.007
20 0.933 0.004
30 0.932 0.002
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