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ABSTRACT

Univariate densities can be modeled accurately and efficiently
using nonparametric kernel density estimators, which unfor-
tunately cannot be easily extended to the multivariate case.
As an alternative, Gaussian mixture model is used to approxi-
mate underlying multivariate distributions, especially because
its estimation is relatively straight forward through EM algo-
rithm. However, the multivariate Gaussian mixture model im-
poses a particular form on the marginal, a Gaussian mixture
model. This is a strong assumption on the marginal and is
violated in many practical applications.

We propose a simple generative classification model
based on the copula model that takes advantage of the ac-
curacy of the nonparametric univariate density estimator and
the multivariate dependencies captured in the Gaussian mix-
ture model, thus alleviating the aforementioned limitations.
We compare the performance of our models with previous
classification benchmarks from UCI repository and show
that for the same number of parameters the proposed models
consistently outperforms Gaussian mixture models. We find
that these generative models perform as well or better than
Support Vector Machine (SVM).

Index Terms— copula model, Gaussian mixture model,
generative model, multivariate

1. INTRODUCTION

The need to model continuous multivariate distributions arise
in numerous applications when the random variables are sen-
sor measurements or features extracted from a time series [1,
2, 3, 4]. By far the most popular family of distribution em-
ployed in these applications are multivariate Gaussian mix-
ture models (GMM) [5]. They are particularly attractive for
their flexibility and the simplicity. The parameters of a GMM
can be learned efficiently using an Expectation-Maximization
algorithm, which scales linearly with both the input vector
dimension and the size of the corpus. Other families of con-
tinuous multivariate distributions such as Dirichlet, inverted
Dirichlet, Liouville, Rayleigh, and Gamma require signifi-
cantly more complex algorithms for their parameter estima-
tion [6].

One common weakness of these distributions is that the
multivariate dependence is tightly coupled with the marginal
distributions. The choice of the joint distribution automat-
ically dictates the specific form of marginal distributions,
which may be inappropriate for the given data. There is no
flexibility in picking a different distribution for the marginals
even when such a misfit is known a priori. Often, this weak-
ness is overcome by employing a large number of Gaussian
components and the consequential model overfitting is allevi-
ated by resorting to diagonal covariances, which in turn limits
their representational power.

Except for the mathematical convenience, there is no real
reason to tolerate this misfit. This can be a serious problem in
many applications and considerable effort has been dedicated
to compensate for this mismatch. For example, in acoustic
modeling for speech recognition, where GMMs are widely
employed, linear and non-linear transforms are employed to
pre-process the input features [7]. These transformations are
estimated to maximize likelihood over all the input data with-
out considering their class specific distribution.

Copula model is an elegant alternative that allows de-
coupling of the marginal distributions from the dependency
model. The copula modeling comprises of univariate marginals
and a joint dependence function – the copula function. There
are well-studied family of distributions for modeling depen-
dence between two continuous variables. Recent work has
focused on extending these models to multivariate contin-
uous variables. For example, Kishner constructed complex
multivariate dependencies from pairwise dependencies over
the links of trees, either by averaging over an ensemble of
trees [8] or using trees with latent variables [9]. Tewari and
colleagues focus on Gaussian mixture copula and show how
the parameters of the dependencies and the marginals can
be learned using an Expectation maximization or a gradient-
based method [10]. However, the task of estimating the
marginals and the dependencies simultaneously is complex
and computationally expensive. Elidan decomposed the joint
copula function into parent-child factors on a Bayesian net-
work [11], whose structure is learned concurrently and hence
computationally expensive. Elidan also proposes Copula Net-
work Classifiers (CNC) whose class conditional distributions
are computed by copula Bayesian networks [12].
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In this paper, we propose a simple approach to estimate
copula function that is computationally cheaper than previ-
ous methods while performing as well or better than them
specifically [12]. The main contributions of our method are
that it is computationally same as that of learning GMMs, it
can be applied to already estimated GMMs and unlike the
pre-processing such as Gaussianization, the copula functions
allow us to apply class-specific corrections to the continu-
ous multivariate dependencies. Through a series of empiri-
cal evaluations, we show the advantage of our approach over
alternatives and demonstrate classification performance com-
parable to support vector machines.

2. COPULA FUNCTIONS

Copula functions have gained considerable attention in the
machine learning literature recently [11, 8, 9, 10, 13], so we
restrict our discussion to a brief overview.

Sklar’s theorem forms the theoretical foundation that de-
couples the joint dependency model from the marginal dis-
tributions [14]. The theorem states that any joint distribution
can be uniquely factorized into its univariate marginal distri-
butions and a copula distribution. The copula distribution is
a joint distribution with uniform marginal distributions on the
interval [0, 1]. More formally, Sklar’s theorem states that any
continuous Cumulative Distribution Function (CDF) can be
uniquely represented by a Copula CDF:

F (x1, x2, . . . , xn) = C(F1(x1), F2(x2), ..., Fn(xn)) (1)

where F is an n-dimensional CDF with the marginal CDFs
F1(x1), . . . , Fn(xn) and C is a CDF from the unit hypercube
[0, 1]n to the unit interval [0, 1] called Copula CDF. Taking
derivatives of the joint CDF, the density function can be com-
puted by taking the n-th derivative of Equation (1):

f(X) =
∂nC(F1(x1), . . . , Fn(xn))

∂x1 · · · ∂xn
(2)

where X = [x1, x2, . . . , xn]T . By applying the chain rule to
Equation (2):

f(X) =
∂nC(F1(x1), . . . , Fn(xn))

∂F1(x1) · · · ∂Fn(xn)

n∏
i=1

dFi(xi)

dxi

= c(F1(x1), F2(x2), . . . , Fn(xn))

n∏
i=1

fi(xi) (3)

where f1(x1), . . . , fn(xn) are the marginal densities of f and
c(·) is the Copula density function.

Equation (3) shows that any continuous density function
can be constructed by combining a Copula function and a set
of marginal distributions. As mentioned before, the Copula
function can be chosen independent of the marginal distribu-
tion. For example, though the marginal distributions are the
same in the two distributions illustrated in the Figure 1, their

joint distribution are markedly different. Figure 2 also shows
two different distributions with the same Copula density while
their Marginal Density Functions (MDF) are different.
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Fig. 1: Multivariate distributions may have similar marginal,
as in (a) and (b), but distinctly different joint distributions due
to different copula densities, as in (c) and (d) respectively.

Equation (3) suggests a method for estimating the multi-
variate density. Since the estimation of the marginal densities
are straightforward, the problem of density estimation can be
reduced to the estimation of the Copula density function.

3. GAUSSIAN MIXTURE COPULA(GMC)

Using a running example, shown in Figure 3, we illustrate the
mismatch between marginals from GMMs and the empirical
distribution and the correction using our proposed model.

We propose a simple post-processing step based on Cop-
ula to modify the marginal density functions of GMM and
show that it can lead to significant improvements in the clas-
sification error. Based on the copula model in Equation (3),
any joint distribution including GMM can be factored into
the copula density c(·) and the marginals {fj(xj)}, where
{uj = Fj(xj)} are the cumulative functions.

log

M∑
i=1

wiN(X;µi,Σi) = log cgm(u1, u2, ..., un)

+

n∑
j=1

log fj(xj) (4)

Marginal density function fj(xj) in GMM can be com-
puted by integrating outX\xj in terms of the j-th component
of the mean vector, µi

j , and diagonal of the covariance matrix,
Σi

jj , respectively :

fj(xj) =

M∑
i=1

wiN(xj ;µ
i
j ,Σ

i
jj)

where µi
j and Σi

jj are the j-th component of the mean vec-
tor diagonal of the covariance matrix respectively. Since
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Fig. 2: Multivariate distributions with (a) the same Copula density but (b,c) different joint distributions from different marginals.

marginal density in GMMs has a closed-form, we can com-
pute the Copula density from Equation (4) by removing the
effect of Marginals:

log cgm(u1, . . . , un) = log

M∑
i=1

wiN(X;µi,Σi)

−
n∑

j=1

log

M∑
i=1

wiN(xj ;µ
i
j ,Σ

i
jj)(5)

Thus, the Copula density can be computed easily from
the estimated joint GMM by removing the effect of the as-
sociated univariate GMM marginals. Now that we have the
Copula density, we can easily construct a new joint distribu-
tion with the correct univariate marginals uj = F̂j(xj), as in
Equation (6). The continuous univariate marginals f̂j(xj) can
be estimated using non-parametric kernel density estimators.

log fnew(X) = log cgm(u1, u2, . . . , un) +

n∑
j=1

log f̂j(xj)

(6)
The new joint distribution in the case of our running ex-

ample is illustrated in the Figure 3. Clearly, both the new
GMC marginals and the joint densities are better matched
than in the GMM case.

For the purpose of computation, we first map a test sam-
ple Xtest to U = (ui, . . . , un) using the univariate non-
parametric cumulative distributions {F̂j(xj)} and then com-
pute the Copula density at the point U using the original
GMMs with Equation (5). The simplest way for the evalu-
ation of the Copula density is to map U to X using inverse
CDFs {F−1j (uj)} and use the standard form of GMM and its
Marginal densities as shown 4. This improves the joint den-
sities by combining the dependencies modeled in the Copula
density of the GMM with the more accurate marginals.

4. EMPIRICAL EVALUATIONS

We evaluated our proposed model by constructing a genera-
tive classifier and comparing its performance with four other
classifiers, namely, naive non-parametric classifier, Gaussian
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Fig. 3: Comparison of bivariate joint densities between GMM
and GMC. The GMMs with (a) one and (b) two component
mixtures are significantly poor fit compared to the new GMC
with (a) one and (b) two component mixtures respectively.

mixture classifier, support vector machine and Copula Net-
work Classifiers. For comparison with results in the litera-
ture, we evaluate our models on tasks reported in previous
work, specifically Elidan [12].

The classifiers are constructed from class-conditional gen-
erative models using Bayes’ rule, where the priors for each
class p(C = k) are estimated from the training data. The per-
formance of the classifiers were evaluated for classification
accuracy using 5-fold cross validation on 4 data sets from the
UCI repository [15]– Red Wine, Pima, Magic and Glass.

The naive classifier assumes that the variables for each
class-conditional density are independent and hence the joint
probability is simply the product of the marginals. In the case
of naive non-parametric model, the univariate marginal densi-
ties are modeled by Gaussian kernel density estimation. The
bandwidth of the Gaussian kernel h was set using the empiri-
cal standard deviation σ̂.
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Fig. 4: The procedure for evaluating the GMC. The true CDFs
are computed using the non-parametric method and utilized to
map a xtest to the copula domain u. Then the inverse CDFs
of GMM are applied to u in order to obtain the x that is used
the evaluation of copula density function.

Table 1: Average classification accuracy on 4 UCI tasks
with standard deviations, where † denotes use of Ledoit-
Wolf method for estimating covariances and ∗ denotes
[max:min] [12].

Method Wine Glass Pima Magic
Non-Param 57.0 (3.3) 92.2 (4.4) 76.0 (4.0) 75.7 (0.3)
GMM+Diag 53.3 (4.3) - 74.9 (3.0)
GMM+Full 53.3 (4.7) 91.2 (5.9)† 74.5 (2.4) 84.5 (0.6)
SVM+Poly 57.1 (3.1) 78.7 (6.5) - -
SVM+RBF 62.0 (2.0) 91.7 (3.9) 77.1 (2.8) 85.0 (0.5)
CNC [12] 59 [56:61]∗ 70 [52:86]∗ 76 [73:79]∗ 81 [80:82]∗

GMC 58.7 (1.4) 94.4 (3.6) 77.3(3.7) 85.8 (0.6)

In Gaussian mixture classifier, the class-conditional
density were modeled using GMMs with full or diagonal
covariances. The parameters of the GMMs were estimated
by Expectation Maximization (EM). The number of compo-
nents Mk were set using Akaike information criterion (AIC),
measured on the train set. For the suport vector machine,
we employed two different types of kernel, namely, the radial
and the polynomial basis functions. The optimal parameters
of the SVM were set using a grid search on a 5-Fold cross
validation over train set. One-against-one strategy was cho-
sen to construct classifiers when the number of classes were
more than two.
4.1. Results

For the Red Wine data set, as reported in Table 1, the non-
parametric naive classifier performs better than GMMs with
diagonal or full covariance matrices. The proposed GMC
model outperforms all the classifiers except for SVMs with
radial basis functions and is comparable with CNC.

For the Glass data set, since the number of samples for
each class is insufficient to estimate the covariance robustly,
we set the number of components to one and use Ledoit-Wolf
method to estimate the covariances matrix [16]. In this case,

Table 2: Average classification accuracy on Parkinson
Speech Dataset

KNN-7 SVM-lin SVM-rbf GMM GMC
57.5 52.5 55 57.5 67.5

our proposed GMC-based classifier outperforms all the other
classifiers significantly.

In the case of Pima task, as reported in forth column of
Table 1, the performance of GMC-based classifier is compa-
rable to the performance of the SVM.

For the Magic task, the results show that the GMMs out-
perform non-parametric naive classifier, implying that the ef-
fect of dependencies are more important than the marginals.
By combining this dependency model with better marginals,
the GMC outperforms both models significantly. The inter-
esting point is that combination of non-parametric marginal
(naive) and the GMM through the GMC performs better than
each one by itself.

There has been considerable interest for automatically in-
ferring the severity of diseases such as Parkinson, Autism and
Depression from speech [17, 18, 19, 20, 21]. In this experi-
ment, we evaluate the performance of the proposed GMC on
diagnosing the Parkinson’s disease using Parkinson Speech
Dataset[22]. The results in Table 2 are average classification
accuracies for the leave-one-subject-out cross-validation and
show that our method outperforms significantly the K-Nearest
Neighbor (KNN) and SVM.

5. CONCLUSION

The main contribution of this paper is a simple method to con-
struct a joint multivariate density for continuous random vari-
ables that improves upon GMMs. We exploit Sklar’s theorem
to separate the joint dependencies from the implicit marginals
– the univariate Gaussian mixture models. The resulting cop-
ula density can be combined with more accurate marginal
distributions such as univariate non-parametric kernel densi-
ties. Since these marginals can be computed separately for
each class, the resulting class-conditional multivariate distri-
butions form better classifiers than their corresponding con-
ditional GMM counterparts with same number of parameters.
Our proposed model performs consistently better than GMMs
for different settings on five classification tasks from the UCI
repository. The performance of our model is comparable to
the SVM in many cases, even though it is a generative model.
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