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ABSTRACT

The approximation of linear time-invariant (LTI) systems by sam-
pling series is an important topic in signal processing. However, the
convergence of the approximation series is not guaranteed: there ex-
ist stable LTI systems and bandlimited input signals such that the
approximation series diverges, regardless of the oversampling factor
and the sampling pattern. Recently, it has been shown that this di-
vergence can be overcome by using measurement functionals instead
of pointwise sampling. However, the bandwidth of the approxima-
tion series needs to be strictly larger than the signal bandwidth. In
this paper we derive a two channel system approximation approach
based on measurement functionals that converges for all stable LTI
systems and all signals in the Paley—Wiener space PW%. Thanks to
the two channel structure it is possible to achieve an approximation
bandwidth that is equal to the signal bandwidth.

Index Terms— bandlimited signal, linear time-invariant system,
approximation, measurement functional, two channel approach

1. INTRODUCTION

Sampling theory plays a fundamental role in modern signal and in-
formation processing, because it is the basis for today’s digital world.
In his seminal work [1] Shannon started this theory. The reconstruc-
tion of bandlimited signals from their samples is also widely used in
other applications and theoretical concepts [2—4]. For an overview
of existing sampling theorems see for example [2, 5], and [6].

Although the sampling theorems are very important on their
own, they do not reflect the actual purpose of signal processing. The
core task of signal processing is to process data. This means that,
usually, the interest is not in a reconstruction of the sampled signal
itself, but in some processed version of it. This might be the deriva-
tive, the Hilbert transform or the output of any other stable linear
system 7. Thus, the goal is to approximate the desired transform 7" f
of a signal f by an approximation process which uses only finitely
many, not necessarily equidistant, samples of the signal f.

A common approach to do this approximation is to use

S ft)(Tor)(t), teR, )

where {1 }rez denotes the sequence of sampling points, and the ¢,
are certain reconstruction functions. Exactly as in the case of signal
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reconstruction, the convergence and approximation behavior of (1)
is important for practical applications [7].

In [8] it was shown that (1) is not always stable, i.e, that there
exist stable LTI systems 7" and bandlimited signals f such that (1)
diverges, regardless of the oversampling factor. However, as proved
in [9], if suitable measurement functionals are used instead of point-
wise sampling, then the divergence can be overcome and the ob-
tained system approximation process is convergent for all systems
and signals. It is important to note that in the approach of [9], the
bandwidth of the reconstruction functions and thus the bandwidth of
the approximation process needs to be strictly larger than the band-
width of the input signal f.

In this paper we will develop a two channel system approxima-
tion process that is based on measurement functionals, and which
has, in contrast to the approach in [9], exactly the same bandwidth
as the input signal. Such a behavior is desirable for practical applica-
tions, where out-of-band noise due to an increase of the bandwidth
by the system approximation process may not be permissible.

Before we describe the measurement functionals and the pro-
posed method in more detail, we need to introduce some notation.

2. NOTATION

Let f denote the Fourier transform of a function f, where f is
to be understood in the distributional sense. LP(R), 1 < p <
oo, is the space of all measurable, pth-power Lebesgue inte-
grable functions on R, with the usual norm || -||,, and L>°(R)
the space of all functions for which the essential supremum norm
|| |oo is finite. For ¢ > 0 and 1 < p < oo we denote by
PWE the Paley-Wiener space of functions f with a represen-
tation f(z) = 1/(27) [7 g(w)e”™ dw, z € C, for some
g € LP[—0,0]. The norm for PW%, 1 < p < oo, is given by
Ifllpwe = (1/(2m) [7, | F(@)]? dw)'/?.

We briefly review some definitions and facts about stable linear
time-invariant (LTI) systems. A linear system 7" : PW.Z — PW?E,
1 < p < o0, is called stable if the operator 7" is bounded, i.e., if
T = supwupwpS1||Tf|\pwgr < oo. Furthermore, it is called

time-invariant if (T f(- — a))(¢t) = (Tf)(t — a) for all f € PWE
and t, a € R. For every stable LTI system T : PWL — PWL there
exists exactly one function hy € L [—m, 7] such that

(Th)#) =

:27r

" f@hr(w)e™ dw, teR, (2

-

for all f € PWL. Conversely, every function hy € L°[—n, ]
defines a stable LTI system 7' : PWL — PWZL. The operator
norm of a stable LTI system 7" is given by ||T|| = ||h||poo[—r,x]-

Furthermore, it can be shown that the representation (2) with hr €
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L>®[—m, 7] is also valid for all stable LTI systems 7' : PW?2 —
PW?2. Therefore, every stable LTI system that maps PWL in PWL
maps PW?2 in PW?2, and vice versa. Note that hr € L™ [, 7] C
L?[—7, 7], and consequently hr € PW?2.

3. BASICS OF NON-EQUIDISTANT SAMPLING

In classical non-equidistant sampling, the goal is to reconstruct a
bandlimited signal f from its non-equidistant samples { f (tx) }rez,
where {tx } ez is the sequence of sampling points. One possibility
to do the reconstruction is to use the sampling series

ST Ftk)er(t), teR, 3)

k=—o0

where the ¢, k € Z, are certain reconstruction functions.
If the sequence of sampling points {¢x }xcz is a real complete
interpolating sequence for PWW?2, which is ordered strictly increas-

ingly, then the product
tk
|k|<N

converges uniformly on |z| < R for all R < oo, and ¢ is an entire
function of exponential type 7 [10]. Without loss of generality, we
assumed in (4) that to = 0. It can be seen from (4) that ¢, which is
often called generating function, has the zeros {¢j }rcz. Moreover,
it follows that

(1)

0= G-

is the unique function in PW2 that solves the interpolation problem
@k (t1) = dk1, where 0y = 1 if k = [, and dx; = 0 otherwise.

Remark 1. Equidistant sampling with ¢, = k, k € Z, is a special
case of the more general non-equidistant setting. For equidistant
sampling we have ¢y (t) = sinc(t — k), k € Z, and (3) reduces to
the ordinary Shannon sampling series.

¢(z) = z lim

N — oo

4. GENERAL MEASUREMENT FUNCTIONALS

A key concept in signal processing is to process analog, i.e.,
continuous-time signals in the digital domain. The first step in this
procedure is to convert the continuous-time signal into a discrete-
time signal, i.e., into a sequence of numbers. As in (3), usually
the point evaluation functionals cx: f +— f(tx) are employed
to do this conversion. However, it is also possible to use more
general measurement functionals [11-15]. For example, function-
als that take the average of the signal over an interval, like in
et fer o5 t’:“j; (t) dt, where § is some small positive number.

The approximation of 7'f by the system approximation process
(1) can be seen as an approximation that uses the biorthogonal sys-
tem {e_i "tk ng}kez‘n Here, the measurement functionals are given
by eu(f) = f(te) = 5= [ f(w) €™ dw. Further, the functions

or(t) = o= [T dr(w)e™" dw serve as reconstruction functions
in the approximation process (1).

For f € PWL, even with oversampling, an approximation of
T f by using the process (1) is not possible in general, because there
are signals f € PWL and stable LTI systems T: PWL — PWL
such that (1) diverges [8]. In [9] more general measurement func-
tionals, which are based on a complete orthonormal system {én}nEN
in L?[—, w], were considered.

Before we treat the PW5 case, we quickly review the situation
for the space PW?2. For f € PW?2 the situation is simple. Let
{6, } nen be a complete orthonormal system in L?[—7, 7). Then,
the measurement functionals ¢, : PW?2 — C, n € N, are given by

) =5 [ F@h@) do= [ 108 ar

and the reconstruction functions by

1 ™

=2/ O (w) ™" dw.

On ()

Further, we have

N 2

F) = en(f)bn(t)

n=1

o)

lim dt =0
N—oco | _

e}

forall f € PW?2. Since T: PW?2 — PW?2 is a stable LTI system,
it follows that the system approximation process

D oelf)(TO)(), tER, )

converges in the L2-norm, and consequently uniformly on the whole
real axis.
For signals in PW2 the situation is more difficult. In order that

enlf) = o=

=5- F (W), (w) dw 6)

-

is also a reasonable measurement procedure for f € PWL, we
need the functionals ¢, : PWL — C, defined by (6), to be contin-
uous and uniformly bounded in n. Since SUp||f| <1 len ()] =

16]| oo [ ], this means we additionally have to require that the
functions of the complete orthonormal system {6, }nen satisfy

supH@AnHLoc[,m,r] < 0. @)
neN

In [9] it was proved that for every 0 < o < 7 there exist a
complete orthonormal system {6, }nen in L?[—7, 7] satisfying (7)
and an associated sequence of measurement functionals {cy }nen as
defined by (6), such that, for all stable LTI systems 7': PWL —
PWL and all signals f € PWS, the system approximation process
(5) converges uniformly to 7' f.

Thus, using oversampling and more general measurement func-
tionals, it is possible to have a stable system approximation with the
process (5). Note that the system approximation process in this re-
sult has the bandwidth 7, because the functions 6,, are in PW?2, but
the input signal f has bandwidth o < , because f € PWL. Thus,
the approximation process requires a larger bandwidth than the input
signal. In the next section we will present a two-channel approach
that does not require this increased bandwidth.

5. REDUCED BANDWIDTH APPROXIMATION

We first study the behavior of the two-channel system approximation
process, which is depicted in Figure 1, for signals in PW?2. The
analysis for PW?2 is simple, but will provide some useful insights
for the PW5 case.
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Fig. 1. Two-channel approach for system approximation with mea-
surement functionals.

Let PT and P~ be the stable LTI systems defined by the transfer
functions hp+ (w) = 1jg,7(w) and hp— (w) = 1{_ ) (w). Clearly,

(PTH() =

and

’ f(w)]-[o,ﬂ'] (w) eth dw = /(:T f(w) eiwt dw

-/ flwn

are the projections of f onto the positive and negative frequencies.
Further, let {0, },en and {0, }nen be two complete orthonor-

. 0 ~ .
@ do= [ et do

mal systems in L?[—,7]. We will apply {6 }nen to f+\f and
{0; }nen to P—f. The coefficient functionals associated with the
bases {0, }.en and {0, }nen are given by

™

) =5n [ F@)w)
and

_ 1

) = 5= [ F@)i ) do.

Based on the projection operators and the coefficient functionals, we
define the measurement functionals as

a0 =t P = o [ PTH@IE W) de
1 [T . =
=5 ; Fw)oif (w) dw (8)
and
e (f) = (P ) = oo [ (P )(w)fa (@) do
1 % . ==
= [ @@ ©

For signals f € PW?2 itis easy to show, using the fact that {0; },.cx

and {0}, }nen are bases for L?[—, 7], that the approximation pro-

CEssS
oo

DAL (N(TO)(8) + dy (F)(T6;)(¢)

n=1

converges in the L?-norm, and consequently uniformly on the real
axis, to T'f.

Remark 2. Note that both {9+}neN and {0}, }nen are bases for

L?[—n, 7], whereas P+ f and P~ f are supported on [0, 7] and
[—, 0], respectively. This fact will be important for the proof of
Theorem 1 below. Although for the illustrating PWW?2 example here
every complete orthonormal system will work, we need to use a
special complete orthonormal system with specific properties later
in the proof of the PW?} result.

Remark 3. Note that the measurement functionals d* and d~ can-
not be implemented as a time-invariant system with subsequent sam-
pling. This is a difference to classical multichannel sampling, where
the signal is filtered by LTI systems and sampled subsequently.

The next theorem shows that the two-channel approach with
sampling functionals, as depicted in Figure 1, provides a stable sys-
tem approximation process with bandwidth equal to the input signal
bandwidth that converges uniformly to 7" f for all stable LTI systems
T and all signals f € PWL.

Theorem 1. There exist two complete orthonormal systems {é;f }neN
and {0y, }nen in L?|—, 7| satisfying (7), two associated sequences
of measurement functionals {d,} Ynen and {d;, Ynen as defined by
(8) and (9), and a constant C such that for all stable LTI systems
T: PWL — PWL and all f € PWL we have

N
Tf-> di(f)
n=1

Theorem 1 is not only an abstract existence result. The com-

plete orthonormal systems {9 }nen and {0 }nen, which are used
in Theorem 1, can be explicitly constructed by a procedure given
in [16, 17].
Remark 4. It is necessary to use two different orthonormal systems.
If we had only one single orthonormal system, we would have the
situation that was analyzed in [9], for which divergence has been
proved.

=0.

e’}

lim
N —o0

TO) +d, (f)T6,

For the proof we need the following theorem from [16, 17].

Theorem 2 (Olevskii). Let 0 < § < 1. There exists an orthonormal
system {1y }nen of real-valued functions that is closed in C[0, 1]
such that sup,, cy||tn|lLeof0,1] < o0 and such that there exists a
constant C'y such that for all x € [9, 1] and all N € N we have

/ an

Remark 5. In the above theorem, we adopted the notion of “closed”
from [18]. In [18] a system {¢n }nen is called closed in C[0, 1] if
every function in C0, 1] can be uniformly approximated by finite
linear combinations of the system {1, }nen, that is if for every € >
0 and every f € C]0,1] there exists an N € N and a sequence

{an YAy C Csuchthat || f — S0, anPn | Looqo,1) < €

d7'<02

Proof of Theorem 1. Using the functions 1),, from Theorem 2 we
define 6, (w) = ¥ (%5£2) and 0, (w) = ¥ (52), w € [~m, 7).
Due to the properties of ¢y, it follows that {0; },.en and {0}, }nen
are two complete orthonormal systems for L*[—m, 7] and that

supneNHé:{HLm[_mﬁ] = supneNHé;HLm[_mﬂ] < 00. Moreover,

forw € [O,ﬂ],we have
T+ w
dw1—/ ( ) Yn(T)|d

< C2, 10)

9+ wl
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according to Theorem 2, because for w € [0,7] we have (7 +
w)/(27) € [1/2,1], and for w € [—m, 0], we have

dwl < CQ, (11)

according to the same consideration, because for w € [—m,0] we
have (7 — w)/(27) € [1/2,1]. Next, for f € PW%, we study the
expression

(Unf)(w) =D di (5O (W) + D du (£)br (w)

n=1 ne1
1 T N R
~or flwr) Z 0:% (W) (w1) duwn
T Jo n=1
1 (U N R .
ton ) Jln ;9; (@)By (wn) den

Applying Fubini’s theorem, (10), and (11), it follows that

1 f (O )] d

< CZHfHPW}, (12)

Let f € PWE and € > 0 be arbitrary but fixed. There exists an
fe € PW?2 such that || f — fellpwi < e. We have

1 ™

o | If(w) — (Unf) (@) dw

1 /™ . R
< 5 | F@)=fulder+ - [ 1)~ O )] o

+g/_ﬂ\<UN<f—f€>><w>| e

<e+026+( W/ | fe(w) — (UNfe)(w)\de)27 (13)

where we used (12) and the Cauchy—Schwarz inequality in the last
step. Let fj = 1[0,,,]]6E and f; = 1[,,,,0]]65. Since fj and f;
are in L*[—, ], and since {6, }nen and {0, }nen are complete
orthonormal systems in L?[—, 7], there exists a natural number
No = No(e) such that

271' |f€ (W) = (UNfE) (@) dw
2177 Z(Qﬂ/ fH @)t ( w1)dw1) 0, (w ) dw
< 2 -

and, by the same considerations,

1

o UN I @) dur < &

Ife()

for all N > Np. It follows that

CINCE <UNﬂ>(w>|2dw)é
< (5 [ 15 @ - @i w)

+(5 [l @ - oniner dw)é

Hence, we see from (13), (14) that 5~ f:r|f(w)—(UNfA)(w)| dw <
(34 Ca)eforall N > Ny. Since € > 0 was arbitrary, this shows
that

2

< 2. (14)

lim i/7r |f(w) = (Unf)(w)| dw = 0. (15)

N—oo 27 o

For arbitrary stable LTI systems T': PWL — PW2. we have

(Tt Zd* PTO) () + dry (£)(T;)(t)
—;T/:<f<w>“ ()™
- L A @0 )¢ +d, (f)hTw)én(w)e’“) dw
L (Un ) (@) (w) €™ dw

I
3
—
=
S
=

prs

and consequently

dn (F)(T0,)(t)

ZN: WTO)(t) —

R 1 R
< Worllimionmrge [ 15(0) -

-

(Unf)w) dw  (16)

for all t € R. Combining (16) and (15) yields the assertion. O

6. RELATION TO PRIOR WORK

The approximation of LTI systems by sampling series is a well-
studied field [7,19-23]. The instability of the approximation process,
which was observed in [8] for signals in PW%, can be overcome
by using more general measurement functionals, as it was recently
shown [9]. The result in [9] can be interpreted as a one channel
approach, where we only have one sequence of measurement func-
tionals, consisting of the identity operator P = Id as pre-filter and a
single orthonormal basis. Using this approach, oversampling is nec-
essary to obtain a stable approximation, without oversampling we do
not have convergence in general.

General measurement functionals have been analyzed be-
fore [11-15], but only for the signal reconstruction problem and
not for the system approximation problem. In [24] a filter bank
approach has been presented for sampling in atomic spaces, and
in [25] sparsity has been considered for these spaces.

In this paper we show that, using a two channel approach and
suitably chosen measurement functionals, it is possible to reduce the
bandwidth of the approximation process to the bandwidth of the in-
put signal. The proposed approach improves the result in [9] and ex-
tends the usual multichannel sampling setting [5,20,26-29] to incor-
porate the measurement functional idea. Interestingly, the transition
from a one channel to a two channel approach is already sufficient
for a stable implementation with minimum bandwidth.

3884



(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(1]

[12]

(13]

[14]

7. REFERENCES

Claude E. Shannon, “Communication in the presence of
noise,” in Proceedings of the IRE, Jan. 1949, vol. 37, pp. 10—
21.

Abdul J. Jerri, “The Shannon sampling theorem—its various
extensions and applications: A tutorial review,” Proc. IEEE,
vol. 65, no. 11, pp. 1565-1596, Nov. 1977.

John R. Higgins, “Five short stories about the cardinal series,”
Bull. Amer. Math. Soc., vol. 12, no. 1, pp. 45-89, 1985.

Farokh Marvasti, Ed., Nonuniform Sampling: Theory and
Practice, Kluwer Academic / Plenum Publishers, 2001.

John R. Higgins, Sampling Theory in Fourier and Signal Anal-
ysis — Foundations, Oxford University Press, 1996.

P. L. Butzer, W. SplettstéBer, and R. L. Stens, “The sampling
theorem and linear prediction in signal analysis,” Jahresbericht
der Deutschen Mathematiker-Vereinigung, vol. 90, no. 1, pp.
1-70, Jan. 1988.

Paul L. Butzer, Gerhard Schmeisser, and Rudolf L. Stens,
“Shannon’s sampling theorem for bandlimited signals and
their Hilbert transform, Boas-type formulae for higher order
derivative—the aliasing error involved by their extensions from
bandlimited to non-bandlimited signals,” Entropy, vol. 14, no.
11, pp. 2192-2226, Nov. 2012.

Holger Boche and Ullrich J. Ménich, “No-go theorem for
sampling-based signal processing,” in Proceedings of the IEEE
International Conference on Acoustics, Speech, and Signal
Processing (ICASSP ’14), May 2014, pp. 56—60.

Holger Boche and Ullrich J. Monich, “System approximation
with general measurement functionals,” in Proceedings of the
IEEE International Conference on Acoustics, Speech, and Sig-
nal Processing (ICASSP ’14), May 2014, pp. 4180-4184.

Boris Yakovlevich Levin, Lectures on Entire Functions, AMS,
1996.

Paul L. Butzer and Junjiang Lei, “Errors in truncated sampling
series with measured sampled values for not-necessarily ban-
dlimited functions,” Functiones et Approximatio Commentarii
Mathematici, vol. 26, pp. 25-39, 1998.

Paul L. Butzer and Junjiang Lei, “Approximation of signals us-
ing measured sampled values and error analysis,” Communica-
tions in Applied Analysis. An International Journal for Theory
and Applications, vol. 4, no. 2, pp. 245-255, 2000.

Wenchang Sun and Xingwei Zhou, “Reconstruction of band-
limited signals from local averages,” IEEE Trans. Inf. Theory,
vol. 48, no. 11, pp. 2955-2963, Nov. 2002.

Wenchang Sun and Xingwei Zhou, “Average sampling in
shift invariant subspaces with symmetric averaging functions,”
Journal of Mathematical Analysis and Applications, vol. 287,
no. 1, pp. 279-295, Nov. 2003.

3885

[15]

[16]

[17]

[18]

[19]

[20]

(21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

Zhanjie Song, Shouyuan Yang, and Xingwei Zhou, “Approx-
imation of signals from local averages,” Applied Mathematics
Letter, vol. 19, no. 12, pp. 1414-1420, Dec. 2006.

A. M. Olevskii, “Fourier series of continuous functions with
respect to bounded orthonormal systems,” Izv. Akad. Nauk
SSSR Ser. Mat., vol. 30, no. 2, pp. 387-432, 1966.

A. M. Olevskii, “An orthonormal system and its applications,”
Mat. Sb. (N.S.), vol. 71, no. 113, pp. 297-336, 1966.

A. M. Olevskii, Fourier Series with Respect to General Or-
thogonal Systems, vol. 86 of Ergebnisse der Mathematik und
ihrer Grenzgebiete. 2. Folge, Springer-Verlag, 1975.

Henry P. Kramer, “The digital form of operators on band-
limited functions,” Journal of Mathematical Analysis and Ap-
plications, vol. 44, no. 2, pp. 275-287, Nov. 1973.

Athanasios Papoulis, “Generalized sampling expansion,” I[EEE
Trans. Circuits Syst., vol. 24, no. 11, pp. 652-654, Nov. 1977.

Rudolf L. Stens, “A unified approach to sampling theorems for
derivatives and Hilbert transforms,” Signal Processing, vol. 5,
pp- 139-151, 1983.

Alan V. Oppenheim and Ronald W. Schafer, Discrete-Time
Signal Processing, Prentice Hall, 3 edition, 2009.

Muhammad K. Habib, “Digital representations of operators on
band-limited random signals,” IEEE Trans. Inf. Theory, vol.
47, no. 1, pp. 173-177, Jan. 2001.

Volker Pohl and Holger Boche, “U-invariant sampling and re-
construction in atomic spaces with multiple generators,” IEEE
Trans. Signal Process., vol. 60, no. 7, pp. 3506-3519, July
2012.

Volker Pohl, Ezra Tampubolon, and Holger Boche, “Sampling
and reconstruction in sparse atomic spaces,” in Proceedings of
the IEEE International Conference on Acoustics, Speech, and
Signal Processing (ICASSP ’13), May 2013, pp. 6053-6057.

J. L. Brown, Jr., “Multi-channel sampling of low-pass signals,”
IEEE Trans. Circuits Syst., vol. 28, no. 2, pp. 101-106, Feb.
1981.

Michael Unser and Josiane Zerubia, “Generalized sampling:
stability and performance analysis,” IEEE Trans. Signal Pro-
cess., vol. 45, no. 12, pp. 2941-2950, Dec. 1997.

Michael Unser and Josiane Zerubia, “A generalized sampling
theory without band-limiting constraints,” IEEE Trans. Cir-
cuits Syst. 11, vol. 45, no. 8, pp. 959-969, Aug. 1998.

A.G. Garcia, M.A. Hernandez-Medina, and A. Portal, “An es-
timation of the truncation error for the two-channel sampling
formulas,” Journal of Fourier Analysis and Applications, vol.
11, no. 2, pp. 203-213, Apr. 2005.



