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ABSTRACT The ADMM algorithm was originally introduced in early 1970s

In this paper, we analyze the behavior of the alternatingotion [, 2], and has since been studied extensively [3-5]. Récitiitas
method of multipliers (ADMM), for solving a family of nonceex ~ become popular in big data related problems arising in uaréngi-
problems. Our focus is given to the well-knowonsensuandshar- ~ Neering domains; see, e.g., [6-13].

ing problems, both of which have wide applications in signal-pro There is a vast literature that applies the ADMM algorithm fo
cessing. We show that in the presence of nonconvex objeciee  solving problems in the form of (1.1). Most of its convergeramaly-
tion, classical ADMM is able to reach the set of stationarysons  sis is done for certain special form of problem (1.1) —tive-block
for these problems, if the stepsize is chosen large enoughintdr-  convex separablproblems, wherd = 2, ¢ = 0 andg;, g- are both
esting consequence of our analysis is that the ADMM is cgyer@r  convex. In this case, ADMM is known to converge under verydmil
for a family of sharing problems, regardless of the numbéilo¢k-  conditions; see [6]. Recent analysis on its rate of convergean
s or the convexity of the objective function. Our analysibrisadly  be found in [14-18]. For theulti-blockseparable convex problems
applicable to many ADMM variants involving proximal updatdes ~ whereK > 3, it is known that the original ADMM can diverge for

and various flexible block selection rules. certain pathological problems [19]. Therefore, most regeaffort
in this direction has been focused on analyzing the converyef
1. INTRODUCTION variants of the ADMM; see for example [19-25]. When the otiyec

function is no longer separable among the variables, thestgance
of the ADMM is still open, even in the case whefé = 2 and f(+)
is convex. Recent works of [22, 26] have shown that when prabl

Consider the following linearly constrained (possibly somoth
or/and nonconvex) problem with' blocks of variablegz }5_;:

K (1.1) is convex but not necessarily separable, and whenioest-
min  f(x1, - ,zK) = ng(xk) + (1, TK) ror bound condition is satisfied, then the ADMM iteration veryes
k=1 1.1) to the set of primal-dual optimal solutions, provided thHze dual
K ’ stepsize is decreasing.
s.t. ZAkak =q xx € Xy, VE=1,--- | K Unlike the convex case, the behaviour of the ADMM is rarely
k=1 analyzed when it is applied to solve nonconvex problems. eNev

whereA, € RM*Nk andg € RM; X, C RV is a closed convex theless, it has been observed by many researchers that tReIAD
P works well for various applications involving nonconvexettives,
such as the nonnegative matrix factorization, phase vetrielis-
tributed matrix factorization; see [27—36] and the refesmntherein.
However, to the best of our knowledge, existing convergearcs-

K ysis of ADMM for nonconvex problems is limited — most of the
Lz, wwy) = ng(xk) + (w1, k) known global convergence analysis needs to impose ovestyice

k=1 (1.2) tive conditions on the sequence generated by the algoritefier-

set; /(-) is a smooth (possibly nonconvex) function; eagli-) can
be either a smooth function, or a convex nonsmooth functidre
augmented Lagrangian for problem (1.1) is given by

K p K ) ence [37] analyzes a family of splitting algorithms (whicitludes
+(y,q— > Armi) + 5\\4 = Aga?, the ADMM as a special case) for certain nonconvex quadratic o
k=1 k=1 timization problem, and shows that they converge to theostaty
wherep > 0 is a constant representing the primal step-size. solution when certain condition on the dual stepsize is met.
~ To solve problem (1.1), consider the popular alternatingai In this paper, we analyze the convergence of ADMM for two
tion method of multipliers (ADMM) displayed below: special types of nonconvex problems in the form of (1.1) —naifa
) ly of nonconvex consensus and sharing problems. We shoviathat
.Algor.lthm 0. ADMM for Pr'oblem (_1'1) those problems ADMM converges without any assumptions en th
Att+e1ach iteratiort +t&1update }E? primal variables: iterates. That is, as long as the problem (1.1) satisfiesineneg-
@y, =argmin L(zy - @0, Tk, Ty, 0, TE5Y ), Ve | ularity conditions, and the stepsigeis chosen large enough (with
7€ X computable bounds), then the algorithm is guaranteed teecge to
Update the dual variable: the set of stationary solutions. Further, we generalizeAD®IM to
K allow per-block proximal update as well as flexible bloclkesébn.
' =yt + p(g - Z Apzith). An interes_ting consequence of our analysi; is that for aiquear
=1 reformulation of the sharing problem, theulti-block ADMM con-
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verges, regardless of the convexity of the objective famcti

2. THE NONCONVEX CONSENSUSPROBLEM

Consider the following nonconvex consensus problem

ng

where eaclyy, is a smooth but possibly nonconvex functidi(;z)
is a convex possibly nonsmooth function. This problem iatesl to
the convex consensus problem discussed in [6, Section Tyitu
the important difference thaj, can be nonconvex.

In many practical applications, eagh is handled by a single
agent, such as a thread or processor. This motivates thmvfoll
ing consensus formulation. Let us introduce a set of nevalites
{xx}1,, and transform problem (2.3) equivalently to the following
linearly constrained problem

min f(x )+ h(z), st. zeX (2.3)

K

> gr(zx) + h(z)

— (2.4)

st. xp=x,Vk=1,--- K, ze€lX.
The augmented Lagrangian function is given by
K
Lz}, z5y) = ng xk) + h(x +Zyk,xk—x
k=1
S~ p
k 2
+ sz o llzk — . 2.5)

Problem (2.4) can be solved distributedly by applying traes<l
sical ADMM algorithm. The details are given in the table lvelo

Algorithm 1. Theclassical ADMM for Problem (2.4)
At each iteratiort + 1, compute:

t4+1

27 = argmin L({zk}, z:y").

Each nodé: computesey, in parallel, by solving:

wi#»l t+1> t+1H2~

:argrgingk(xk)—&-(y}i,mk—x +%ka —x
k

Each nodé: updates the dual variable:

t+1

t+1
Yk

=y + ok (z =2

the blocks are updated irflexiblemanner; see Algorithm 2. Specif-
ically, letk = 1,--- , K denote the indices for the primal variables
z1,-+-,zx andk = 0 be the index for primal block:. Use an
index setC* C {0,---, K} to denote the set of variables updated
in iterationt. We consider the following two types of index update
rules:

1. Randomized update ruléAt each iteratiort + 1, the index
set C'T! is chosen randomly so that

. i i t
Pr (k e Cc| {xl,y ,{xk}}_ 1) =i > pmin > 0.
i

2. Essentially cyclic (EC) update ruleThere exists a period
T > 1 during which each index is updated at least once, i.e.,

T
et ={01,--- K}, vt. (2.7)
i=1
We call this update rule period-I" EC rule.
Algorithm 2. The Flexible ADMM for Problem (2.4)
At each iterationt + 1, pick an index setC't! C
{Oa o 7K}-
If0 e C'', compute:
@'t = argmin L({w}}, 23y"). (2.8)
Elsez!™! = z'.
If 0 +# k € C'', nodek computest;, by solving:
2™ = argmin gi (@x) + (b, oi —2") + Bflar — 2"
T
Update the dual variable:
vt =k e (2 -2t
Elsezit! = o), yit! = ok,

The randomized version of Algorithm 2 is similar to that oé th
convex consensus algorithms studied in [38, 39]. It is adéated to
therandomized BSUM-Nlgorithm studied in [22]. The difference
with the latter is that in the randomized BSUM-M, the dualivar
able is viewed as an additional block that can be randomligegic
(independent of the way that the primal blocks are pickedhigne-
as in Algorithm 2, the dual variablg, is always updated whenever
the corresponding primal variable, is updated. To the best of our
knowledge, the period- essentially cyclic update rule is a new vari-
ant of the ADMM.

Clearly Algorithm 1 is simply Algorithm 2 with period-1 EC

In Algorithm 1, thex update step can be usually expressed in closedule. Therefore we will focus on analyzing Algorithm 2. Tdsth

form (depending on the choice of and h). For example when
h = 0, then it is a simple projection

25:1 pkﬂﬁi + Zszl ?/12
25:1 Pk
where proj is the projection operatoron to the setX. If h is

present, then the projection operator can be replaced byéfie
known proximity operator. Note that can be viewed as the first

t+1
l‘+

= projy (2.6)

block and{z } £, together is the second block. Therefore the two

primal blocks are updated in a sequential (i.e., Gausse§aitan-
ner. In this paper we will analyze a more general version, hirciv

3837

end, we make the following assumption.
Assumption A.
Al. There exists a positive constaht > 0 such that

IVige(ze) = Vigr(ze)|| < Lillze — 2ill, Y 2k, 21, YV k.

Moreover, h is convex (possible nonsmooth is a closed
convex set.
A2. For allk, the stepsize;, is chosen large enough such that:

1. Thez, subproblem is strongly convex with the strongly
convexity coefficient being (px);



2. pk’}/k(pk) > 2[% andpk > L.
A3. f(z) is lower bounded for alt € X.
We have the following remarks regarding to Assumption A.
e If we are able to increasg, to make thexr) subproblem

strongly convex with respect to (w.r.t3, then the modu-
lus v (pr) is @ monotonic increasing function pf.
e Whenevergx(+) is nonconvex (thereforg, > ~i(px)), the
conditionpyi (px) > 2L% impliespy > L.
By Assumption A2.,L({zx}, z;y) is strongly convex w.r.t.
xr for all k, with modulus~i(pr); and L({zx}, ;y) is
strongly convex w.r.tz, with modulusy := Zszl Pk
e Assumption A does not impose any restriction oniteeates

generated by the algorithm. This is in contrast to the engsti
analysis of the nonconvex ADMM algorithms [27, 33, 35].

The augmented Lagrangian for this problem is given by

ng (k) + £(x <erAkxk,y>

Bl — Z | (3.11)
k=1

L({zk},z;y) =

3

Note that (3.10) is a special reformulation of (3.9). When ap
plying classical ADMM to this reformulation leads to the called
multi-block ADMM algorithm. That is, in classical ADMM, there
are K + 1 blocks of primal variablegz, {zx}£_,} to be sequen-
tially updated. As mentioned in the introduction, even ia tase
where the objective is convex, it is not known whether thetimul
block ADMM converges. Interestingly, we will show that thes
sical ADMM, together with several of its extensions usinfiedent

Now we state the first main result of this paper. Due to spacélock selection rules, converges for a special form offthe 1 block

limitation, we refer the readers to [40] for detailed prodfe briefly
mention that the key of the proof is to use tieeluction of the aug-
mented Lagrangiato measure the progress of the algorithm.

Theorem 2.1 Assume that Assumption A is satisfied. Then the fol
lowing is true for Algorithm 2:
1. limeeo flzi™ — 2| = 0, V, k, deterministically for the
EC rule and almost surely (a.s.) for randomized rule.

2. Let ({x;}, =", y") denote any limit point of the sequence
{{at Y 2Tyt generated by Algorithm 2. Then the
following statement is true (deterministically for the E@e
and a.s. for the randomized update rule)

0=Vor(zi) +yr, zr=2", k=1 K
K
S arg mln Z Yhs Th —
That is, any limit point of Algorithm 2 is a stationary soluri
of problem(2.4).
3. If X is a compact set, then Algorithm 2 converges to the se

of stationary solutions of probleii2.4).

3. THE NONCONVEX SHARING PROBLEM

Consider the following well-known sharing problem (se@. €6,
Section 7.3] for motivation)
> (3.9

wherez, € RM* is the variable associated with a given agént
and A, € RM*Nr is some data matrix. The variables are coupled
through the functiorf(-).

To facilitate distributed computation, this problem careleiv-
alently formulated into a linearly constrained problem biroduc-
ing an additional variable € R :

K

k=1

min  f(z1, - ,2K) = ng(mk) +4 <
k=1

st. xp € Xg, k=1,--- | K

K

> gklar) + ()

k=1

x (3.10)
s.t. ZAk:ﬂfk:m> rp € X, k=1, K.

k=1
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sharing problem (3.10). The table below shows the flexibldVAD
M algorithm for the sharing problem, wher@'*! again denotes a
flexible block update rule.

tAlgorithm 3. The Flexible ADMM for the Sharing Problem (3.10)
At each iteratiort > 1, pick an index seC**! € {0, --- , K}.
Fork=1,--- | K
If k € C'™1, then agenk updatest;, by:

o, = arg min gi(ar) — (y', Arz)
x Xy,
2
+ g Jl’t - ZA]'JL‘;Jrl — ZAJ$; — Akxk (312)
i<k i>k
Elsex)™ = 2}.
If 0 € C'!, update the variable by:
2
41, : t E t+1
' = arg mwlnf(a:) +{(y',x) 2 ZAkw . (3.13)
t .
Update the dual variable:
K
Yt =yt 4 p <xt+1 -3 AkItk*l) : (3.14)
k=1
Elsez!™ =z, y' T = 4.

Clearly, when the update rulé'*" = {0, --- , K'}, we recover
the classical ADMM, which ha&” + 1 blocks of variables.

The analysis of Algorithm 3 follows similar argument as tbat
Algorithm 2. We again refer the readers to [40] for details.

First, we make the following assumptions in this section.

Assumption B.
B1. There exists a positive constant> 0 such that

V()

Moreover, X's are closed convex sets; eadh is full col-
umn rank, Withomin (AL Ag) > 0.

B2. The stepsize is chosen large enough such that:

= VL) < Lijz -2, V2

(1) eachr; subproblem (3.12) as well as thesubproblem
(3.13) is strongly convex, with modulugy. (p)}F_;
and~(p), respectively.



(2) py(p) > 2L?, and thatp > L.

B3. f(z1,---,xx) is lower bounded ovef[r_, X;.

B4. g, is either smooth nonconvex or convex (possibly nons-
mooth). For the former case, there exigts > 0 such that
g (zr) = gr(zr)ll < Lillze — 2, V 2k, 26 € X
Define an index sefC C {1, --- , K}, such thay;, is convex if
k € K, and nonconvex smooth otherwise. Note that the requiremer
that Ay, is full column rank is needed to make thg subproblem
(3.12) strongly convex. Our second main result is givenwelo

Theorem 3.1 Assume that Assumption B is satisfied. Then the fol
lowing is true for Algorithm 3:

1. limeoo ||l2hTt — 2| = 0, V k, deterministically for the

EC rule and a.s. for the randomized update rule.

2. Let ({z}}, =", y") denote any limit point of the sequence
{{zi}, 2Tyt generated by Algorithm 3. We have
zy € arg min  gi(zk) + (y°, —Axzr), k € K,

x €Xp,

(wr = i, Vor(eh) = ATy") >0, Var € Xi, k¢ K,
K

V(") +y" =0, ZAka =a".
k=1

That is, every limit point of Algorithm 3 is a stationary solu
tion of problem(3.10)

3. If X}, is a compact set for alt, then Algorithm 3 converges
to the set of stationary solutions of problé&10)

The following corollary specializes the previous conveigere-
sult to the case where ajl,’s as well as/ are convex (but not nec-
essarily strongly convex). We emphasize that this is stitbatrivial
result, as it is not known whether the classical ADMM conesrépr
the multi-block problem (3.10), even in the convex case.

Corollary 3.1 Suppose that assumptions B1 and B3 are true. Fur-

ther suppose that assumption B2 is weakened by the following
1. The stepsizgis chosen to satisfy > v/2L.

Then the flexible ADMM algorithm (i.e., Algorithm 3) conwsgo
the set optimal primal-dual solutions of problg&110), determinis-
tically for the EC rule and a.s. for the randomized updateerul

To close this section, we provide a remark related to theiposs
bility of generalizing Algorithm 2-3 to include proximalegts.

Remark 3.1 In certain applications it is beneficial to have cheap
updates for the subproblems. Algorithm 2 -3 can be furtheege
alized to the case where the subproblems are not solvedlgxact
only a single proximal update is sufficient for each subproblem.
Due to space limitations, we refer the readers to [40] forailed
discussion of the proximal versions of Algorithm 2 and 3.

4. NUMERICAL EXPERIMENTS

We consider a special case of the consensus problem (2.3)

K
min > "Bz + Azfi, st )3 <1, (4.15)

k=1
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Fig. 1. Top: The value ofL(x*; y*) for different algorithms. Bottom: The
value ofmax;, {||z} — «*||} for different algorithms.

where By € RY*¥ is a symmetric matrix, and > 0 is some
constant. This problem is related to the penalized version of the
sparse principal component analysis (PCA) problem, in ivc&se
—By = 0andK = 1. Suppose that there af€ agents in the sys-
tem, and agent possesses data mati¥,.. Then by introducing a
set of new variablgzy }, the above problem can be formulated simi-
larly as in (2.4). Note that when applying ADMM, each subpeof
can be solved in closed form.

In our experiment, we sé¥ = 1000, K = 10, A\ = 100. Each
By = — Z?Zl &¢€T, where¢; ~ N (0,1) is a standard Gaussian
vector of sizeN. Each stepsizg, is chosen according to Assump-
tion A.21. We run both the classical and the randomized versions
of Algorithm 1, and for the latter case we chogse= 0.9 for all
k,t. We also run the classical ADMM witsmallstepsizes that vio-
late the rule set in Assumption A.2, i.e., we fgt= p; /1000, V k.
The performance of different algorithms is shown in Fig. $.u8ing
the stepsize indicated by Assumption A.2, both algorithoreerge,
while the algorithm diverges when using the smaller stepditore-
over, we observe that when. = p/2, V k, both the violation and
the augmented Lagrangian diverge to infinity (although ot

in the figures). This experiment demonstrates one critifidrénce
between the nonconvex and convex ADMM — unlike the latteecas
the stepsize for the nonconvex ADMM needs to be picked careful-
ly to ensure convergence.

INote that the stepsizes can be easily calculated with clfised, as
Yk(Pk) = Pk — 2Amax (Bk), andL = 2Amax (By)-
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