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ABSTRACT

A problem of broad interest is the detection and localization of a
target or object from its generated field. In this paper, a detection and
localization strategy which exploits the structure of target fields is
designed and analyzed. In taking advantage of this structure, one is
able to reduce sample complexity requirements while maintaining
good performance. In particular, an exploration-exploitation approach
to target detection is proposed utilizing the theory of low-rank matrix
completion for a decaying separable target field. The assumptions on
the field are fairly generic and are applicable to many decay profiles.
Our approach does not require specific knowledge of the field, only
that it admits a rank-one representation. A performance analysis for
localization is presented that characterizes a trade-off with sample
complexity in the presence of noise.

Index Terms— target detection, localization, rank-one matrix
completion, side-scan sonar, exploration-exploitation tradeoff

1. INTRODUCTION

Target detection from samples of a field, is a generic problem of
interest in a wide variety of applications including environmental
monitoring, cyber-security, medical diagnosis and military surveil-
lance. The ubiquity and importance of this problem has led to the
development of a rich literature utilizing ideas from statistics, signal
processing, information theory, machine learning and data mining,
and addressing numerous application specific variations. In this paper,
we shall consider the problem of target detection and localization
from highly incomplete samples of the target field. As a simple il-
lustrative example, consider the side-scan sonar image in Figure 1,
acquired by an autonomous underwater vehicle (AUV) with the goal
of locating the position of the target (marked by region of high inten-
sity reflection) amongst background clutter (reflections from the sea
bed). Depending on the specific application, the target fields could be
highly structured (as in Figure 1), thus enabling good detection algo-
rithms from an incomplete set of samples of the field, following the
philosophy of compressed sensing [1]. Beside theoretical interest, a
possibility of reduced sample complexity of target detection is highly
beneficial for applications where speed of acquisition is a bottleneck,
like magnetic resonance imaging and underwater sonar imaging.

1.1. Contributions

Herein, we shall assume a static separable target field whose mag-
nitude decays monotonically with increasing distance from the true
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Fig. 1. An underwater side-scan sonar image with pseudo-synthetic
target signature. The background noise and artifacts are due to reflec-
tions from the seabed.

location of the target. We employ an approach based on low-rank ma-
trix completion [2] that allows us to derive an algorithm that does not
need the knowledge of the target field decay profile. In particular, the
algorithm can be viewed as a solution to the exploration-exploitation
problem wherein the possible location of the target is unknown a
priori and the sampling strategy enables the coarse learning of the
location and presence of target, resulting in subsequent sampling in
more informed locations. The main contribution of this paper over
our prior works [3,4] is the development of an analytical trade-off
between the sampling complexity and the target localization error in
the presence of noise when employing a uniformly random spatial
pixel sampling strategy. Our approach is general and as such does
not exploit specialized models for the background clutter. Thus, fur-
ther improvement in performance would be possible by taking this
information into consideration. For example, the sonar images of the
form in Figure 1 suffer from imaging artifacts.

1.2. Related Work

For an early survey of active target detection, we refer the reader
to [5] consisting of statistical and signal processing approaches that
assume availability of the full target field/signature (see also [6, 7]).
The field of anomaly detection [8] further generalizes the scope of
target detection and employs tools from machine learning, e.g. [9—14]
perform window based target detection in full sonar images. General
theoretical analysis on either of these problems is plagued by the
lack of good models for experimental scenarios that are amenable to
tractable analysis. In [15-18] there is a focus on path planning for
active sensing (in particular, [18] uses compressed sensing) with an
explicit consideration of the navigation cost and stopping time, in
contrast to the goals of this paper. Early work [19] focusing on target
detection in multiple-in-multiple-out (MIMO) radar used a statistical
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approach, which was refined in [20-22] using a combination of joint
sparse sensing and low-rank matrix completion ideas, relying on the
strong theoretical guarantees of low-rank matrix completion from
random samples [2,23,24]. The focus in the papers [20-22] is to adapt
the design of the MIMO radar array to optimize coherence, which
is also very different from our goal here of studying the detection
and localization error performance of low-rank matrix completion.
Finally, we note that distilled sensing [25-27] has a somewhat similar
algorithmic philosophy as ours for target detection but therein the
field is assumed to be sparse rather than low-rank, thus facing basis
mismatch challenges that we can avoid completely.

1.3. Notation and Organization

We use lowercase boldface alphabets to denote column vectors (e.g. 2)
and uppercase boldface alphabets to denote matrices (e.g. A). The
MATLAB® indexing rules will be used to denote parts of a vec-
tor/matrix (e.g. A(2: 3,4 : 6) denotes the sub-matrix of A formed
by the rows {2, 3} and columns {4, 5, 6}). The all zero, all one and
identity matrices shall be respectively denoted by 0, 1 and I with
dimensions dictated by context. (~)T denotes the transpose operation
and (-, -) denotes the standard inner product on R™. The functions
||-|| and ||-]|, respectively return the Frobenius and nuclear norms of
their matrix argument. The function |-| applied to a scalar (repectively
a set) returns its absolute value (respectively cardinality). R and Z 4
respectively denote the set of real numbers and the set of positive
integers. We shall use the O(+), ©(-) and ©(-) notations to denote
order of growth for functions.

Rest of the paper is organized as follows. Section 2 formulates
the problem by stating our assumptions on the target field and demon-
strating its rank one nature. Section 3 describes our sampling and
localization approach and develops a performance analysis for the
same in the presence of noise. Localization bounds are developed as
a function of signal-to-noise ratio (SNR) and sample complexity and
numerically demonstrated. Section 4 concludes the paper.

2. PROBLEM DESCRIPTION

2.1. Target Field Assumptions

We shall closely follow the system model described in [3]. Let the
search region (see Figure 1) be the two dimensional unit square, and
y = (Y, y) € [0, 1]2 denote an arbitrary location in the search space.
Let H: R? — R denote the scalar valued target signature. We shall
make the following key assumptions on the field H (y):

(A1) H(y) is separable in some known basis of R?, independent of
the true location of the target.

(A2) The magnitude of the field, |H (y)| is a monotonically non-
increasing function of the distance from the target in every
direction.

(A3) H(y) is spatially invariant relative to the target’s position.

We assume separability of H(y) in the y. and y: directions (i.e. in
the canonical basis {[1, 0], [0, 1]}) as per (A1). This means that there
exist functions F': R — R and G: R — R such that H(y) =
F(y)G(y), Y(ye, y:) € R%. Assumption (A2) is intuitively clear
and can be mathematically described by the inequality:

[H(t1(y — yo))| > |H(t2(y — yo))l, ¢))

holding Vy € R? ¢ > t; > 0, where yo represents the unknown
location of the target. Assumption (A3) implies that if the target were

moved from yo to a new position y{, then the new field at location y
would be given by H(y — y, + yo), thus ensuring that (A1) holds
in the canonical basis, regardless of the target’s position yo.

Scalar fields commonly correspond to intensity measurements
(like the sonar image in Figure 1). The following types of commonly
assumed intensity fields satisfy our assumptions:

1. Exponential fields: H(y) = Ho exp(—||2y\|z), for any

2 x 2 diagonal matrix ¥ € R?*2 and constants p, Ho > 0.
For p = 1 and p = 2, we respectively get two dimensional
Laplacian and Gaussian fields.

2. Power Law fields:
H(y) = Ho(ay + lyel™) " (a2 + ™) @)

for constants Ho, p1, p2,a1,az2,r1,r2 > 0. Withp; = p2 =
2and ry = r2 = 1, we get a field that is separable as a product
of two Cauchy fields H(y) = Ho (a1 + y2) -t (a2 +y7) -1

3. Any multiplicative combination of fields satisfying our as-
sumptions, e.g.

exp(—c1ye — calur|)
(1 + [y (1 + )

H(y) = Ho 3)
for some constants Ho, c1,c2 > 0. In particular, the set of
separable fields is closed under multiplication.

2.2. Formulation

By virtue of assumption (A2), detecting the target is synonymous with
locating the peak of the induced field. In light of our assumptions,
we can state the target detection problem as the following task: 7o
determine the location of the peak in the field H (y) from its values in
only a few locations y € [0, 1]2. We’ll use the lifting technique from
optimization [28] to demonstrate that the separability assumption
(A1) implies a rank one structure on the field. This key observation
allows large reductions in sample complexity for target detection by
utilizing existing theoretical results for high-dimensional low-rank
matrix completion algorithms [2,23].

Let H(y) = F(y.)G(y:r) be the canonical separable represen-
tation of the target field and let H denote a high resolution dis-
cretized version of H(y) on the n x n regular grid V € [0,1]%.
Let V = {y',v7,...,u"'} x {wd,%2,...,yl"} be the representa-
tion of the grid for y, y2, ..., v, ve, ¥, - -,y € [0,1]. The set
of all possible sampled values of the field on the set V is given by
{H(yé, y,]) ’ (yé, yf) € V} and can be arranged in the form of the

rank one matrix H € R™*™, whose (4, j)™ entry H (i, j) is
H(i,j) = H(yi,ul) = F(u) (). @)

where (y¢,y?) is the physical location of the (i, 7)™ point in V. The
matrix H is clearly of rank one since we can express it as the outer
product H = fgT where f = [F(ycl)7 F(y?), R F(y?)]T and
g=[Gw).G¥),-...Gy")] T Without loss of generality, we
assume that both 3}, y2,...,y" and vy, y2,...,y" are sorted in
ascending order, corresponding respectively to traversing the grid
from top to bottom and from left to right. Because of the preceding
derivation, we can refer to H as the target field with a slight abuse of
terminology. Consequently, we can consider V in a rescaled sense to
refer to the set of index pairs {1, 2, ..., n}2 for the matrix H.
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3. SAMPLING AND RECONSTRUCTION APPROACH

3.1. The Algorithm

We use a standard low-rank noisy matrix completion followed by a
subsequent peak detection with some margin of error. The algorithm
starts with n? possible locations of the peak and after execution,
returns a smaller set of index pairs that are guaranteed to contain
the peak, provided the sampling density is high enough. This can
be considered as the “first pass” over the search region, giving us
a coarse segmentation of the region into an area of interest that
contains the peak, and its complement region which can be discarded.
The algorithmic procedure can be repeated on this smaller region of
interest, giving rise to the exploration-exploitation interpretation of
our approach. The key steps for the first pass are described below.

Algorithm Inputs:
1. The regular grid V = {1,2,... ,n}2.
2. Upper bound on noise power per sample (averaged across
samples), €2,

Algorithm Output: Localization index bounds I&, IR, IF, I} € Z,

such that the target is located within the rectangular region formed by
the index pairsin {l¢,I6 +1,..., I8} x {ir, iy + 1,..., I} }.

Algorithm Steps:

(S1) Select a subset V' C V of O(nlog®n) points uniformly and
independently at random from the n? points in V, and mea-
sure the (possibly noisy) samples H (i, j) for every index pair
(i,7) € V', i.e. record the projection Py (H).

(82) Solve the convex nuclear norm heuristic to stable low-rank
matrix completion [2]

minimize ||Q)],
Q ) P1)
subjectto  [|Py(Q) — Py (H)|lp < €]V'|,

to obtain the solution H € R™*™.

(S3) Compute the top singular value and corresponding singular
vectors of H as the triplet (u, o, v).

(S4) Compute the lower bounding index I € {1,2,...,n} for
localization as the solution to the optimization problem
minimize [
z,l
subjectto [ € {1,2,...,n},

zj+1)<z(); j=L1+1,...,n—1,

Z(]—l)gz(_]), j:2737"-7l7
(z,v) 2 [[zl,v1 = ¢?/0?,
z(5) >0; j7=1,2,...,n,

(P2)
where ( is an upper bound on HH -H HF form the theory of
low-rank matrix completion and depends only on n, € and ||
(see Section 3.2). If necessary, replace v by —v in Problem (P»)
to make it feasible.

(S5) Compute the upper bounding index I} € {1,2,...,n} for
localization as the solution to Problem (P») with the objective
function changed from [ to —I.

(S6) Repeat steps (S4) and (S5) with v replaced by w in Problem (P»)
to respectively obtain the remaining two indices I~ and I} (both
in{1,2,...,n}).

In the algorithm above, Py (-) denotes the projection operator on
the set of index pairs in V’. This algorithm differs from the one
presented in [3] on account of the explicit computation of the noise
dependent localization bounding region in steps (S4) through (S6).
We remark that for every fixed value of | € {1,2,...,n}, it is
clear that Problem (P») reduces to a convex feasibility problem [29]
and is efficiently solvable. Since [ admits at most n distinct values,
Problem (P,) as whole is efficiently solvable.

Results from low-rank matrix completion [2,23] guarantee that
the sample complexity of |V'| = O(nlog? n) is sufficient for a good
mean-squared error (MSE) reconstruction of H as the solution to
Problem (P;) with high probability (w.h.p.) over the realizations of
V', and that the hidden constant depends on the coherence [23] of
H with the canonical basis for matrices. It is intuitive to reason that
a good MSE reconstruction should also lead to a good estimate for
peak localization in H. Next, we will make this intuition precise.

3.2. Correctness and Localization Performance

We shall assume that the sampling budget [V'| = Q(nlog®n) is
sufficient, i.e. with the right constants as given by [23] or [2], so
that the corresponding result on the MSE of reconstruction holds
w.h.p. over realizations of V. In particular, we have a bound on the
reconstruction error of the form HH - H HF < ¢ for ¢ depending
only on n, € and |V'|, where H is the solution to Problem (P;).
Let H = gouovg and H = ocuv™ + di—a oju;v; respectively
denote singular value decompositions, where ¢ is the largest singular

value of the matrix H (in agreement with step (S3) of the algorithm).
Let Z denote the reconstruction error matrix, so that

n
Z=H - H = UouovOT —ouv® — Zajujv;-r. (®)]
Jj=2
Both, the correctness of the proposed algorithm and the localization

performance analysis follow from the theorem and lemma below.

Theorem 1. Let u, uo, v, vo, 0,00 be as described above and the
bound |H — H||F < (¢ be satisfied. Then (uo,u)(vo,v) >
n(o, 00, ) where

(o, 00,€) 2 (1 - 010) +\/(1— ;‘0)2+ (;)2_ ((f)

Lemma 1. 7(o,00,() > /1 —(2?/0? is satisfied under the as-

sumptions of Theorem 1.

The main purpose of Lemma 1 is to bound 7(o, 09, ¢) in terms
of quantities that are known to the algorithm during execution, and
this is utilized in Problem (P»). We shall defer the proof of Lemma 1
to a future publication. Theorem 1 essentially utilizes error bounds on
low-rank matrix completion and translates them into direction error
bound on the estimated singular vectors. Thereafter, it is ideologically
straightforward to compute localization error bounds both numeri-
cally (by solving Problem (P,)) and analytically (see Section 3.4).
Note that all the dependence on sample complexity has been captured
in the quantity ¢. This level of abstraction also allows us to compare
localization performance for different decay profiles under a fixed
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sampling budget that is high enough for all the decay profiles in
question.

3.3. Proof of Theorem 1

We let P, = wu’ and P, = v’ respectively denote the matrices
projecting onto the vectors w and v, and let P,. = I — P, and
P, =1— P, denote the projection matrices onto the respective
orthogonal complement spaces. We have,

I1Z1% = I(Pu+ Py1)Z(Py + P,1)|; (7a)
=||PuZP, + P.ZP,, + P, . ZP,+ P, . ZP, . H% (7b)
= |PuZPy| + |PuZP, .||y

+HPuJ-ZPU||i“+||PuJ-ZPvJ-H§ (70)

> |PuZPy|2 + |PuZP,. |2 + ||Pur ZP,|2. (7d)
where (7c) follows from (7b) since each term within the ||-|Z expres-
sion in (7b) is orthogonal to the other three terms w.zt. the standard

trace inner product over the vector space of n X n real matrices. We
can evaluate each of the terms on the r.A.s. of (7d) as below.

|PuZ Py = H(Uo(uo7u><’007"’> —o)uv’ + OHF (8a)

= |oo(uo, u){ve, v) — o|.

|PuZ P, | = Hao<uo7u>uvoTPv¢ —l—OHF

= |{ua, wloo| |0 Py | = (w0, w)[o0] Py (w0

= (w0, u)|ooy/1 — |(vo, v)|?. (8b)

|Pyr ZP,| = HaopuL (u0)<v0,v>vT—|—0HF (8¢)

= [(vo,v)|o0][ Py (wo)lp = |(vo, v)|o0\/ 1 — [(uo, u)|*.

For brevity of notation we let « = (uo,u) < land 8 = (vo,v) < 1.

From the assumptions of the theorem, || Z ||z < ¢ and combining this
with (7) and (8) implies

¢* > (00af — 0)* + 050’ (1 = %) + 005 (1 - a”) (%)

= 0% — 200008 — oo’ + of (a2 + 62) (9b)

> 0?2 — 200008 — caa B + 203|a6|, (9¢)

where (9¢) was obtained from (9b) using the relation a? 452 >

2|a3|. Because the signs of u and v can be switched globally without

changing the estimate cuv™, w.Lo.g. we assume o = (u, uo) > 0.
‘We have

oo’ B + 200a(0B — 00|B]) + ¢ —o* > 0, (10

which is a quadratic inequality in 3 and hence, using the quadratic
formula we get

o> (00f”) {(00|5| —of) + \/(crow\ —0f)? - B2 - 02)].

an
Since a < 1, (11) has a solution only if 5 > 0 and yields the joint
bound

o2 (-2l ()& oo
oo oo 0o oo

0.25- Gaussian 7 P
= = = Laplacian Ry ,/
== = Cauchy R /7
° 0.2- Re / il
3 ‘.' //
[+1] R4
>0.15 " £
] . 7
g R
(3] o*
L . 7 i
g o1 R
. -
.* -~
051 s - i
0.05 o
107 107" 10’

Localization Bound

Fig. 2. Tradeoff showing the (continuous) Localization Bound I*
achievable for a given Accuracy Bound /1 — (2 /02 (and hence
for a given sampling budget) for standard Gaussian, Laplacian and
Cauchy fields.

thus proving the theorem.

3.4. Numerical Results

It is instructive to study the localization bound vs. accuracy trade-off
for some known decay profiles from the exponential and power law
families. Figure 2 shows the results for the standard Gaussian, Lapla-
cian (F(z) = 0.5exp(—|z|)) and Cauchy (F(z) = 1/(r + 7z?))
fields, using the continuous analogue of Problem (P»), i.e. v is consid-
ered as the discretization of a one dimensional continuous function.
For the fields mentioned, a closed form solution exists and takes the
form of

l
® = —I" = sup {z ‘ %/0 F(z)dz > +/1— §2/02}. (13)

We see that for a given accuracy level /1 — (2 /02 (which translates
to a fixed sampling budget), the Laplacian field admits the best lo-
calization bound [X. This is somewhat surprising at first sight since
Gaussian fields are inherently far more localized than Laplacian fields.
However, the same phenomenon was confirmed via simulation exper-
iments in [3]. Intuitively, good localization requires the right balance
of “spread” and support of the “gradient” of the field which seems
to be better in case of Laplacian fields and hence they show the best
localization performance for a given sample complexity budget.

4. CONCLUSIONS

In this paper, we presented a target localization strategy from in-
complete samples of the induced field. An algorithm was presented
that exploited separability of the decaying field around the target to
use a low-rank matrix completion based approach accompanied by
a reduction in sample complexity of target detection. Knowledge
of exact decay profiles was shown to be unnecessary. We also de-
rived theoretical performance guarantees for the proposed algorithm
and demonstrated a somewhat surprising phenomenon that Laplacian
fields achieve better localization vs accuracy trade-off under a fixed
sampling budget, as compared to Gaussian or Cauchy fields. As a
matter of future work, we plan to relax the assumption of strict field
decay to consider decaying envelopes and also investigate robust
approaches to handle imaging artifacts like those in Figure 1.
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