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Abstract—We present a novel framework for detection and
recognition of deformable objects undergoing geometric defor-
mations. Assuming the geometric deformations belong to some
finite dimensional family, it is shown that there exists a set of
nonlinear operators that universally maps each of the different
manifolds, where each manifold is generated by the set all of
possible appearances of a single object, into a unique linear
subspace. In this paper we concentrate on the case where the
deformations are affine. Thus, all affine deformations of some
object are mapped by the above universal manifold embedding
into the same linear subspace, while any affine deformation of
some other object is mapped by the above universal manifold
embedding into a different subspace. It is therefore shown that
the highly nonlinear problems of detection and recognition of
deformable objects can be formulated in terms of evaluating
distances between linear subspaces. The performance of the
proposed detection and recognition solutions is evaluated in
various settings.

I. INTRODUCTION

Solutions to many problems in image and signal analysis
have to cope with the effects of the multiplicity of appearances
of objects. In the problem of object recognition the “same” ob-
ject may have a huge family of different appearances, and the
first problem one needs to confront with, is the understanding
of the set of all possible appearances of that single object. One
of the main reasons for the huge variability in the appearance
of an object is due to changes in its underlying geometry.

In general, we are given a set of observations (for example,
images) of different objects, each undergoing a different
geometric deformation. As a result of the action of the
deformations, the set of different realizations for each object is
generally a manifold in the space of observations. Therefore,
the recognition problem is strongly related to the problems
of manifold learning and dimensionality reduction of high
dimensional data that have attracted considerable interest in
recent years, see e.g., [6]. The common underlying idea unify-
ing existing manifold learning approaches is that although the
data is sampled and presented in a high-dimensional space, for
example because of the high resolution of the camera sensing
the scene, in fact the intrinsic complexity and dimensionality
of the observed physical phenomenon is very low.

As indicated in [7] linear methods for dimensionality re-
duction such as PCA and MDS generate faithful projections
when the inputs are mainly confined to a single low dimen-
sional subspace, while they fail in case the inputs lie on
a manifold. Hence, one of the dominant approaches among
existing dimensionality reduction methods is to expand the
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principles of the linear spectral methods to more complex low-
dimensional structures than a single subspace, by assuming
the existence of a smooth and invertible isometric mapping
from the original manifold to some other manifold which lies
in a lower dimensional space, [1]-[3]. These dimensionality
reduction methods make very modest assumptions on the
reasons for the variability in the appearances of the object. The
common general assumption is that the degrees of freedom
act continuously on the objects and therefore the set of
appearances of a single object is some continuous entity —
the manifold. Additional assumptions on its smoothness and
local properties are well explored [4], [5]. As a result of
the very mild assumptions made, the only way to determine
the structure of the manifold generated by a single object
is to densely sample it such that any other appearance of
the object can be approximated locally and linearly by the
collected samples. In many cases this implies the collection
of a very large number of samples. An additional family of
widely adopted methods aims at piecewise approximating,
the manifold or a set of manifolds, as a union of linear
subspaces [10] in what is known as the subspace clustering
problem. A different assumption, namely that the data has a
sufficiently sparse representation as a linear combination of the
elements of an a-priori known basis or of an over-complete
dictionary [8], [9] leads to the framework of linear dictionary
approximations of the manifolds, as well as to the widely used
framework of compressed sensing, [11].

Indeed, there are many cases where no prior knowledge on
the reasons for the variability in the appearances of an object
is available. On the other hand, there are many scenarios in
which such information is inherently available, and hence can
be efficiently exploited. One of the simplest examples is the
case of a three dimensional object undergoing rigid motions
in space. Here, one clearly knows the source of the variability,
and this knowledge can be exploited in order to understand the
structure of the manifolds before any sample is being collected.
In this work we present a method that exploits this type of
a priori knowledge in order to enable efficient detection and
recognition of multiple and deformable objects.

II. OBJECT RECOGNITION UNDER AFFINE
DEFORMATIONS: PROBLEM DEFINITION

The basic problem addressed in this paper is the following:
Given two bounded, Lebesgue measurable functions g, h with
compact support such that A : R" — R, g : R” — R, find
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if there is a matrix A € GL,(R) and a vector ¢ € R" such
that:

g(x)=h(Ax+c) VxeR" (1)
In the following, we show that the problem of determining
whether such A, c exist, whose direct solution requires a
highly complex search in the product space of GL,,(R) x R,
can be formulated as a problem of classifying subspaces of a
low dimensional linear space.

More specifically, let O be the space of observations (for
example, images), let (Q be the set of possible geometric
deformations with N degrees of freedom, and let S be a
set of known objects. We assume that the observations are
constructed by the following procedure: we first choose an
object s € S and an arbitrary geometric deformation ¢ € Q.
Next, we define an operator ¢ : S x Q — O that acts on an
object and a geometric deformation, producing an observation.
The observation is o = (s, ¢). For a specific object s € S
we will denote by ¥s : @ — O the restriction of the map to
this object. We assume that the N parameters characterizing
() are embedded in some linear space. For example, if () is the
set of functions describing invertible two dimensional affine
deformations then () is of dimension 6 and each geometric
deformation is given by ¢(z,y) = (ax+by +c,dz +ey+ f).
For any object (function) g € S the set of all possible
observations on this particular function is denoted by S,. We
refer to this subset as the orbit of g under (). In general,
since ¢ is not linear, this subset is a non linear manifold in
the space of observations. The orbit of each function forms
a different manifold. Since in general O has a very high
dimension (the number of pixels), one must find an accurate
description of S, in order to enable any further analysis of it.
Dimensionality reduction methods rely on dense sampling of
S, to achieve this description using low dimensional patches.
We next show that under the above assumptions and for some
specific choices of () there exists a map 7T’ O — H
such that H is a linear space, which we call the reduced
space. Moreover, the map 7" o 1), Q — H is linear and
invertible. These properties hold for every object s € S and
the map T is independent of the object. We call such a map
T, universal manifold embedding as it universally maps each
of the different manifolds, where each manifold corresponds
to a single object, into a unique linear subspace such that the
overall map T o, : (Q — H is linear. In other words, each
manifold is uniquely mapped into a linear subspace of H. The
map ¥s : @ — O maps @ non-linearly and represents the
physical relation between the object and the observations on
it. The map T : O — H, maps O non-linearly such that the
overall map T o1y : Q — H is linear. This universal map
allows us to represent the (mapped) observation in a space
where the action of () is linear.

A universal manifold embedding 7" is a map from the
space of observations into a low dimensional linear space,
such that the set T'(S,) is linearly dependent with a low
dimensional basis for any g € S and the restriction of T to
the manifold S, which we denote by T' \Sg, is invertible from
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Fig. 1. Universal manifold embedding: Observations from the same manifold
are mapped to the same subspace.

Sg to T(S,). In those cases where the universal embedding
T : O — H exists, one can solve many problems
concerning the multiplicity of appearances of an object directly
in H using classical linear theory, instead of being forced
to employ non-linear analysis. Thus for example, in order
to characterize the mapped manifold of some object in the
reduced linear space H all one needs to do is to take a few
samples of its appearances on the linear subspace in H, and to
find the desired manifold by describing this linear subspace.
Figure 1 schematically illustrates the concept of the universal
manifold embedding. We next describe the implementation
of the concept of universal manifold embedding for the case
where the geometric deformations are affine.

Consider the case where h is an observation of g un-
dergoing an affine transformation. Let x,y € R" , ie,
X = [v1,29,...,7,)T, ¥y = [y1,92,--.,yn]’, such that
y=Ax+c, x=Aly+b Lety = [Ly,...,un)".
Thus, x = Dy where D is an n X (n + 1) matrix given by
D= [b A‘l].

Let m € Nand let w; [ =1,...,m be a set of bounded,
Lebesgue measurable functions w; : R — R. Let Dy denote
the kth row of the matrix D. Then, [12],

[ nxix = a7 [ Do gy @
]R"’ Rn

Let f be some observation on a deformable object and let

an wi o f(y) R[L 1w o f(y) R[L ynwi o f(y)
T(f) = : .
R‘[L Wm © f(Y) Rj'; Yy1wm o f(y) R‘[’r YnWm © f()’)

3

Denote D = [e; D?] where e; = [1,0,...,0]7. Then,

if h is an observation of g undergoing an affine deformation
represented by the matrix D, then from (2) we get:

T(g)|A~'|D =T(h) 0))

Since the deformations at hand are invertible, this implies that
the column space of T(g) and the column space of T'(h) are
the same subspace. Thus, after applying the mapping T to
the space of observations, the problem of object recognition
becomes a problem of classifying subspaces.
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III. CLASSIFYING SUBSPACES

Measuring the distance between two subspaces of a larger
subspace is a well explored problem. One way of measur-
ing distance between subspaces is by principal angles. Let
A € R™*P and B € R™*? be real matrices with the same
number of rows and assume for convenience that A, B have
full column rank and that p > g. We denote the range (column
space) of A by range (A).
The ¢ principal angles 6, € [0

, 2] between range (A) and

range (B) are recursively defined for k = 1,2,...,q as
TAT
‘z A By|

cos(fr) = max ——————
R” ||A B

2288 AT, Bl

TATB
__|mATBul 5)

[Azkly Byl

subject to 27 ATAz;, = 0 and y/BTBy, = 0 for i =
1,...,k — 1. Note that all of the principal angles are in the
interval [0, 7]

A. Using Principal Angles for Classification

Since principal angles measure how “close” two subspaces
are to each other, we employ them in the universal manifold
embedding framework to distinguish between two hypothe-
ses: Given two observations on affine deformed objects, one
hypothesis is that the observations are on the same object
(regardless of what the object is) while the alternative hy-
pothesis is that the observations come from different objects.
More specifically we wish to design a linear classifier to
discriminate between the distance of a deformed object from
other deformed observations on it, and its distances from
observations on other objects. In order to design the classifier
we first collect observations of the different objects. We next
calculate the empirical distributions of the principal angles
when any two observations are on the same object, and
when any two observations are on different objects. These
distributions are then employed to design a linear classifier
(discriminant function), as illustrated in the next section.

B. Projection Matrices for Subspace Classification

Another way for classifying subspaces is to use the fact
that projection matrices have a one-to-one correspondence to
subspaces. That is, given two matrices A, B whose column
spaces are the same, we get that the projection matrix onto
the column space of A is identical to the projection matrix
onto the column space of B. This enables us to measure the
distance between subspaces by measuring the norm of the
difference between the projection matrices onto the different
object subspaces.

IV. CLASSIFICATION OF DEFORMED OBJECTS

In this section we provide a concrete example detailing
how the concept of deformed object classification using the
universal manifold embedding can be implemented in practice.

Consider a set of non-linear operators w; ¢ = 1,...,1, (as
defined in (2)) such that:

L we (4]
0 w¢ (1]
with I = 10. The collection of objects for the classification test
is a set of 250 images of objects. In the experiment, one object
was chosen at random and 1000 observations of the object
were created (using random affine deformations). Additional
1000 observations of other objects were also generated. All of
the observations were of resolution 400 x 400. The operator
T(f) defined in (3) was applied to each of the 2000 generated
images in order to map each observation into a subspace. Note

that since images are two-dimensional, the column space of
T(f) is of dimension 3.

©)

w; (z) =

A. Classification Based on the Frobenius Norm Between Pro-
Jjection Matrices

In this implementation we consider two types of distances:
One is the set of pairwise distances between all the subspaces
corresponding to the observations. The second is the set of
distances between a subspace and its nearest subspace.

For each of the 1000 observations on the deformed target
object (each under a different deformation), we record its
distance from all other observations on the target (meaning
one measurement for each pair of observations, and a total
of % measurements). Also, for each observation on the
target object we record its minimal distance from all of the
other 999 observations on the target (1000 measurements in
total). Similarly, for each observation on a non-target object,
we collected its distance from all of the 1000 observations of
the target object (a total of 1000-1000 measurements) and also
its minimal distance from observations on the target object
(1000 measurements in total). Here, we used the Frobenius
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Fig. 2. Frobenius norm distribution. Blue: Distribution where each pair of
observations is on deformations of the same object. Red: Distribution where
each pair of observations is on deformations of different objects.

norm of the difference between projection matrices to measure
distance between subspaces. The experiment was repeated
20 times for randomly selected objects from the set of 250
objects. Figure 2 shows a typical result from this experiment.
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It can be seen that while there is a small overlap between
the distributions when taking all of the pairwise distances
into consideration, when using the distance to the nearest
subspace, the supports of the distributions are disjoint and
perfect classification is achievable.

B. Principle Angles Based Classification

In Section III-A we described the approach of directly
using principle angles for subspace classification. Next, we
adapt this approach for the classification of observations on
deformed objects, using the universal manifolds embedding. In
this experiment we evaluate the performance of a classifier that
employs principal angles between the subspaces computed by
the universal manifold embedding of each image. The results
are compared to those of an alternative procedure where we
estimate the affine deformation that relates the observations,
apply it to the appropriate image and calculate the 2-norm
of the difference image. An observation was created from an
object and then its distances (using both methods described
above) were calculated from both its own template and from
those of the other objects. Figure 3 shows scatter plots of each
of the principal angles in comparison with the 2-norm distance
between the observation and the estimated deformed template.
It can be seen that although classification is possible using both
methods, the principal angles method is more stable.
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Fig. 3. Classification based on evaluating the principal angles in comparison
with a direct deformation estimation

V. DETECTION OF A DEFORMED OBJECT

In this section, we evaluate the performance of the proposed
approach in the context of an object detection problem, where
the observation is an unknown affine deformation of the
object of interest. In real-world applications, the object we
are trying to detect is surrounded by background. Thus, the
object detector is implemented by sliding a window over the
observed image and testing for each position of the window
for the existence of the object, using the universal manifold
embedding approach described above. Clearly, as the amount
of pixels in the observation that do not belong to the object

\,
Object embedded in background, and the detection result (green
square): window position with minimal distance to the target template

Fig. 4.

decreases, the background effect declines, and vice-versa. In
each test, two objects from the set of 250 objects were chosen
at random. One was used as background and the other one
was deformed by a random affine deformation and placed on
the background image (see for example, Figure 4). For each
position of the sliding window, the distance from the image
bounded by the window to the known template was measured.
The output of the procedure is the bounding window that
bounds the square image patch that is closest to the template.
The Frobenius norm between the projection matrices was used
to measure distance between subspaces, with the nonlinear
operators defined as in (6).

VI. CONCLUSIONS

We have presented a novel framework for detection and
recognition of deformable objects undergoing geometric de-
formations. Assuming the geometric deformations belong to
some finite dimensional family, it is shown that there exists
a set of nonlinear operators that universally maps each of
the different manifolds, where each manifold is generated by
the set all of possible appearances of a single object, into
a unique linear subspace. It has been shown that the highly
nonlinear problems of detection and recognition of deformable
objects can be formulated in terms of evaluating distances
between linear subspaces. Two classification schemes, one
based on evaluating the principal angles between the subspaces
generated by the universal manifold embedding of the objects
to be classified, and one based on evaluating the Frobenius
norm between the projection matrices on these subspace have
been derived and their performance has been experimentally
demonstrated. Similar recognition and detection procedures,
to those derived here for the case where the deformations are
affine, can be adopted when dealing with elastic deformations,
using the universal manifold embedding for the framework
derived in [13].
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