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Abstract—In this paper, we study the sensitivity of the spectral
clustering based community detection algorithm subject to a
Erdos-Renyi type random noise model. We prove phase transi-
tions in community detectability as a function of the external edge
connection probability and the noisy edge presence probability
under a general network model where two arbitrarily connected
communities are interconnected by random external edges.
Specifically, the community detection performance transitions
from almost perfect detectability to low detectability as the inter-
community edge connection probability exceeds some critical
value. We derive upper and lower bounds on the critical value and
show that the bounds are identical when the two communities
have the same size. The phase transition results are validated
using network simulations. Using the derived expressions for the
phase transition threshold we propose a method for estimating
this threshold from observed data.

Index Terms—community detectability, noisy graph

I. INTRODUCTION

Community detection is a graph signal processing problem [1]—
[9] where the goal is to cluster the nodes on a graph into different
communities by inspecting the connectivity structure of the graph.
Consider an undirected regular graph consisting of two node-disjoint
communities interconnected by some external edges. Let n denote
the total number of nodes in the network. The network topology can
be characterized by its symmetric adjacency matrix A, where A is
an n X n matrix, with A;; = 1 if an edge exists between nodes ¢
and j, and A;; = 0 otherwise.

Since community detection can be viewed as a graph partitioning
problem that can be solved by identifying the graph cut that correctly
separates the communities, spectral clustering [10], [11] approaches
to community detection are natural [12]-[15]. Spectral clustering
specifies a graph cut by inspecting the eigenstructure of the graph.
Let 1,”(0") be the n-dimensional all-one (all-zero) vector. Define
L = D — A as the graph Laplacian matrix of the graph, where
D = diag(A1,) is the diagonal degree matrix. Let A;(L) denote the
i-th smallest eigenvalue of L. It is well-known that A; (L) = 0 since
L1, =0, and L is a positive semidefinite (PSD) matrix [16], [17].
The second smallest eigenvalue, A2(L), is known as the algebraic
connectivity. The eigenvector associated with Ao(L) is called the
Fiedler vector [18]. A mathematical representation of the algebraic
connectivity is

A2(L) = min xTLx. (1)
Ixll2=1,1Tx=0

The principle underlying spectral clustering for community detec-
tion [12]-[15] is summarized as follows:

1) Compute the graph Laplacian matrix L = D — A.

2) Compute the Fiedler vector y.

3) Perform K-means clustering [19] on the entries of y to

cluster the nodes into two groups. To detect more than two

This work has been partially supported by the Army Research Office
(ARO), grant number W911NF-12-1-0443.

3402

communities, we can use successive spectral clustering on the
discovered communities [1], [20].

Most literature on community detectability [21]-[28] focuses on
the noiseless setting where the edges are not subject to random
insertions or deletions. However, in practice the network data can
be corrupted by incorrect measurements or background noises (e.g.,
bio-informatics data) that can produce such random insertions and
deletions. Consequently, analyzing the sensitivity of community
detection algorithms to noise is an important task. In this paper,
we prove the existence of abrupt phase transitions in community
detectability for spectral community detection under a Erdos-Renyi
type random noise model. Our network model includes the widely
used stochastic block model [29] as a special case. We show that at
some critical value of random external edge connection probability
the community detection performance transitions from almost perfect
detectability to low detectability in the large network limit (large n).
We provide asymptotic upper and lower bounds on this critical value.
The bounds become equal to each other when these two community
sizes are identical. This framework can be generalized to community
detection on more than two communities by aggregating multiple
communities into two larger communities.

We use simulated networks to validate the asymptotic expressions
for the phase transitions. Using our theory, we propose an empirical
estimator of the critical phase transition threshold that can be applied
to data. These empirical estimates are used to test whether the detector
is operating in a reliable detection regime, i.e., below the phase
transition threshold.

II. NETWORK MODEL AND RELATED WORKS

Consider two arbitrarily connected communities with internal
adjacency matrices A s, and Ag, and network sizes ni and na, re-
spectively. The external connections between these two communities
are characterized by an n; X mo adjacency matrix Cg, where each
entry in Cg is a Bernoulli(p) random variable. Let n = n1 + no.
The overall n x n adjacency matrix of the community structure can
be represented as

As, CS} @

As = |:Cg A52

The widely used stochastic block model [29] is a special case of
(2) when the two community structures are generated by connected
Erdos-Renyi random graphs parameterized by the within-community
connection probability p; (¢ = 1,2). Our network model is more
general since we only assume random connection probability p on
the external edges and we allow the within-community adjacency
matrices Ag; to be arbitrary. In this paper we consider the noisy
setting in which the adjacency matrix A is corrupted by a random
adjacency matrix Ay such that the observed adjacency matrix is
A = As+ An. The adjacency matrix Ay is generated by a Erdos-
Renyi random graph with edge connection probability g. Note that
this model only allows random insertions and not deletions of edges.

Community detectability has been studied under the stochastic
block model with restricted assumptions such as n; = na, p1 = p2
and fixed average degree as the network size n increases [23]-[26],
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[30]. The planted clique detection problem in [31] is a special case
of the stochastic block model when p;1 = 1 and p2 = p. A less
restricted stochastic block model is studied in [28] where a universal
phase transition in community detectability is established for which
the critical value does not depend on the community sizes. A similar
model to our network model is studied in [32] for interconnected
networks. However, in [32] the subnetworks are of equal size and
the external edges are known (i.e., non-random). Phase transitions
in spectral community detection under noiseless network setting is
studied in [27].

III. PHASE TRANSITION ANALYSIS

Let 1,, be the n;-dimensional all-one vector and let Dg, =
diag (Cs1n,) and Dg, = diag (C51,,). The graph Laplacian
matrix of the noiseless graph can be represented as

Ls — [le + Ds, —Cs } 7

-C% Ls, + Ds,
where Lg; is the graph Laplacian matrix of i-th community. Simi-
larly, the graph Laplacian matrix of the noise matrix can be repre-
sented as
|

where L ; is the graph Laplacian matrix of the noise matrix in é-th
community, Cy is the adjacency matrix of noisy edges between two
communities, Dy, = diag(Cn1n,) and Dy, = diag (C}1n,).
Therefore the overall graph Laplacian matrix is L = Lg + L.

Let x = [x1 xz]T, where x; € R™ and x2 € R™2. By (1) we
have A2 (L) = miny xTLx subject to the constraints xFx1+xixo =
1 and x3 1,, + xgln2 = 0. Using Lagrange multipliers p, v and
(3), the Fiedler vector y = [y1 y2]T of L, with y; € R™ and
y1 € R"2, satisfies y = arg min, I'(x), where

I'(x) = x; (Ls, + Ds, + Ly, + D, )x1 — 2x; (Cs + Cn)x2
+x3 (Ls, + Ds, + Ly, + Dy, )x2

— pu(x7x1 +x5x2 — 1) — v(x] Ly + %3 1p,).

(©))

—Cx
Ly, +Dn,

Ly, +Dun,
*Cva

Ly = { “

®

Differentiating (5) with respect to x; and X2 respectively, and
substituting y to the equations, we obtain

Q(le +Ds, +Ln, + DN1 )yl - Q(CS + CN)YQ —2uy1 — vly,
- 0n17 (6)
2(Ls, + Ds, + L, +Dy,)y2 — 2(Cs 4+ Cn) y1 — 2uy2 — vla,
@)

we have

= Ong .

T

Left multiplying (6) by 17, r

and left multiplying (7) by 1,,,,

2121 (Ds, + Dn,)y1 — 2151 (Cs+Cn)y2 — 2,LL1£1 y1 —vng

=0, ®)
2152 (Ds, +Dn,)y2 — 2122 (Cs+Cn)Ty1 — 2u17T12y2 — vng
=0. )
Since by definition lles1 = 152 cL, 15105 = 13:2D52,

17 Dy, = 1%,C% and 1%, Cy = 1%, Dy, adding (8) and (9)
we obtain v = —%“(lel,Ll + yngLQ) = 0 by the fact that the
Fiedler vector y has the property y” 1 = 0. Applying v = 0 and left
multiplying (6) by y1 and left multiplying (7) by y3 , we have
¥i (Ls, + Ds; + Ly, + Dn)y1 —y1 (Cs + Cn)y2 — pyi y1
=0, (10)
T T T T
y2 (s, + Ds, + Ly + Dnv,)y2 —y2 (Cs + Cn) " y1 — piyz y2
=0. (11)

Adding (10) and (11) and by (1) and (3) we obtain pu = A2(L).

of
of

Let Cg = plnlle, a matrix whose elements are the means
entries in Cs. Let o;(M) denote the 4-th largest singular value
a rectangular matrix M and write Cs = Cs + Ag, where Ag

Cs — Cs. By Latala’s theorem [33], E |01 \/% — 0. This

is proved in Appendix VII-A of [27]. Furthermore, by Talagrand’s
concentration inequality [34], almost surely,

Cs Cs ,
. i >
ol(m)—)p,a(m)—)ﬂ Vi>2 (12)

when n1,n2 — oo and 7t — ¢ > 0. This is proved in Appendix
VII-B of [27]. Note that the convergence rate is maximal when
n1 = ng because n1 + ng > 2y/ninz and the equality holds if
n1 = ng. Similarly, let Cy = q1n11£2, a matrix whose elements

L. c
are the means of entries in A . We have o1 <\/%Tz> — q and
Ui(%) —0 VizQWhennl,nzaooand%%c>0.

As proved in [35], the singular vectors of Cs (Cx) and Cs (Cn)
are close to each other in the sense that the squared inner product
of their left/right singular vectors converges to 1 almost surely when
y/ninzp — oo (y/ninz2qg — o0). Consequently, we have, almost
surely,

(Dsl + DN1 )1711

_ (Cs+Cn)ly,

= (@+aln;  (13)
n2 n2
T
(Ds, *n]?Nz)lw _ (CS+ZN) Yt 1. (4)

Applying (12), (13) and (14) to (8) and (9) and recalling that v = 0
and Z—; = ¢ > 0, we have, almost surely,

1 T T H]‘Zlyl
— 1 — 1 - ; 15
\/E(p+Q) n1 Y1 \ﬁ(p+q) no Y2 m %07 ( )
1 plr,ye
Vel Ol,y: = et oluy - s 20 (6
By the fact that 151y1 + 12:2 y2 = 0, we have, almost surely,
1 KN T .
<\/E+ %) <p+Q*E> 1,,y1 — 0; 17
1
(\/E+ %) (p-&-q—%) 17 ys = 0. (18)

Consequently, as ;1 = A2(L), at least one of the two cases have to
be satisfied:

L
Casel:MLs’)erq::t, (19)
Case 2: lflyl — 0 and 1£2y2 — 0 almost surely. (20)

We will show that the algebraic connectivity A2(L)/n and the
Fiedler vector y undergo a phase transition between Case 1 and Case
2 as a function of ¢ = p+gq. That is, a transition from Case 1 to Case
2 occurs when p exceeds a certain threshold p*. In Case 1, observe
that asymptotically AQfLI‘) grows linearly with ¢ while the asymptotic
Fiedler vector remains the same (unique up to its sign). Furthermore,
from (10), (11), (12), (19), g = A2(L) and 1%, y1 +1%,y» = 0, the
Fielder vector y in Case 1 has the following property. Almost surely,

yi (Ls, + Ly

+
Jmm T (L)~ Velp + )y yr 0,
2n
T
ya(Ls, +Lay)ye | p+aq 7 2 -
1, - — 0.
\/m + n1n2( ”1y1) \/E(p+Q)Y2 Y2

(22

INote that for convenience, we use Ai(My) to denote the i-th smallest
eigenvalue of a square matrix M1 and use o;(M2) to denote the i-th largest
singular value of a rectangular matrix M.
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Adding (21) and (22), we have

1
T YT s+ v )y 3 (L, + Ty +
2(1513/1)2 T 1 7 as.
DomIY — 20, @23
{ N Veyiyr + NG (r+q (23)

As the two bracketed terms in (23) converge to finite constants for
all t = p + ¢ in Case 1; almost surely,

1
T 1 sy + T )y + 3 (s, + T)ya | 5 00 24)
2(151 }’1)2 T 1 7
e — — 0. 25
N Veyryr+ NGLRE (25

By the PSD property of the graph Laplacian matrix, y?(le +
Ln,)y1 + y3 (Ls, + La,)y2 > 0 if and only if y; and y» are
not constant vectors. Therefore (24) implies y; and yo converge
to constant vectors. By the constraints yijy1 + y2y2 = 1 and
lflyl + 152 y2 = 0, we have, almost surely,

/nm y1 — £1,, and 1/%yz — Flp,.
1

Consequently, in Case 1 y; and y2 tend to be constant vectors with
opposite signs. More importantly, (26) suggests a phase transition in
spectral community detectability. In Case 1, spectral clustering can
almost correctly identify these two communities since y; and y2 are
constant vectors with opposite signs. On the other hand, in Case 2,
1£1y1 — 0 and 152 y2 — 0 almost surely. The entries of y; and
y2 tend to have opposite signs in their entries. Therefore in Case 2
spectral clustering results in very poor community detection.

(20)

IV. UPPER AND LOWER BOUNDS ON THE CRITICAL
VALUE

Next we derive an upper bound on the critical value p* of the
phase transition. From (1) and (3) we know that

X2(L) = yi (Ls, + Ds, + Ly, + Dn,)y1 — 2yi (Cs + Cn)y2
+y3 (Ls, + Ds, + Lin, +Dn,)y2 27
subject to 1£1y1 + 1£2y2 =0 and y¥y: + yZy2 = 1. In Case

2, since lflyl — 0 and 1£2y2 — 0 almost surely, recalling the
definition Ag = Cgs — Cgs and let Ay = Cy — Cuy,

¥i(Cs +Cn)y2 _ y1(Cs +Cn)y2 +y1 Asy> +yi Any>

V/ninz Vninz
< Y1(Cs + Cn)ys + [ly1ll2llyzlz - [01(As) + o1 (AN)]
- Vninz
250 (28)
by the fact that o (\/%) 2% 0 and oy (\/%) 2% 0 in

Appendix VII-B of [27] and Cs = pln, 17, and Cy = ql,,17,.
Furthermore, since Ds, = diag (Cs1n,), Ds, = diag (C51,,).
Dy, = diag(Cn1ln,) and Dy, = diag (CX1s,), (12) gives,
almost surely,

1
Ele(Dsl +Dn,)y1 — (P + @)yl yi; (29)

1
n—lle(Dsg +Dn,)y1 — (p+a)ys ya. (30)

Therefore in Case 2 we have

Aa(L) s,

n

)

T T T T
min 4 XL Lix; + x5 Loxo + notxi X1 + nitxs Xo
x€S n

(€2Y)

where L; = Ls; + Ly, t = p+ g, and
S— {X =[x1 x2)7 110 x1 =17 %0 = 0, xTx1 +x3%2 = 1
(32)
Define two sets
S = {x : 121)(1 = 1£2XQ =0, xI'x1 =1, Xa%x2 = 0}; (33)
S = {X : 13:1)(1 = 1£2X2 =0, x{x1 =0, X3% = 1}7 (34)

and define

wi(L) = min

xTLix1 4+ x3 Loxa + notx? x1 + nitxs xo
x€S;

n
(35)

Since 81,82 C S, we have, almost surely,

2(L) L), pa(L))

in )\Q(L1)+n2t Az(Lz)‘i’nlt
n ’ n

< min {pur (

=

_t " A2(L1) + A2(L2) — [A2(L1) — A2(L2) + (n2 — na)t|
2 2n
t
2

+ |’fl1 — ’fl2|t + /\Q(Ll) + )\2(142) - |/\2(L1) - /\Z(LQ)‘

2n 2n ’
(36)

where we use the facts that min{a,b} = %‘"7’7‘ and |a — b| >
|a] — |b|. Note that the last equality in (36) holds if n1 = no. Let
t* = p* 4+ ¢ be the critical value for phase transition from Case
1 to Case 2. There is a phase transition on the asymptotic value
of % since the slope of Azy(l ) converges to 1 almost surely
when t < t*, whereas from (36) AQ(L) -t < w +
’\2(L1)+)‘2(L2) MZ(Ll) A2(L2)| \when t > t*. From (19) we obtain
an asymptotlc upper bound pyp on the critical value p™ by substituting
=p* + q to (36).

A2(L1) + A2(L2) — [A2(L1) —

n— |n1 — na

Ao(Lg)|

puB = (37)

To derive a lower bound on p*, we have that in Case 2,

A2(L) as. in { x’f

— mil

n xES

T T T
Lix1 4+ x3 Loxa 4 n2pxi X1 + n1pxs X2 }
n

> min
x€ES

= min{)\Q(Ll), /\Z(LQ) } +min{n—1t7 n—zt} .
n n n ' n

_ t |n1 — ng‘t )\Q(Ll) + )\Q(LQ) — ‘)\2(111) —
=35 +
2 2n 2n

{XTlel + x3 Loxs } . {nztx{xl + nitxd xo }

—— , +min
n xeS n

(38)

Az (L2)|
(39)

Substituting t* = p* + ¢ to (39), we obtain an asymptotic lower
bound prg on the critical value p*.

A2(L1) + Ao (L2) — |A2(L1) —
n+ |n1 — na|

Az (Le)|

pLB = —-q. (40)

Note that when n = 7’L2, the equality in (38) holds. This means when
Az(L) + A2(Ly)+A2(L2)—[Ag(L1)— Az (La)|

ni = ng, o = L4+
in Case 2, and the crltlcal value
* i} /\2(L1)+)\2(L2)7|A2(L1)7)‘2(L2)| _ (41)
n

Here we derive the bounds on the critical value p* for the stochas-
tic block model, where the internal adjacency matrix A; in (2) is
generated by a Erdos-Renyi random graph with edge connection prob-
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05 " " " " " " i ! noise level (q) 0 0.002 0.01 0.05 0.1
% S il detectability LMD 0.8571 | 0.8548 | 0.8004 | 0.6325 | 0.5038
0 s = T}f;“ﬂ“““ Y T 0 0.006 | 0.1227 | 0.1597 | 0.0823
0 0.05 0.1 0.15 0.2 —_— = 0.4
N N mean 0.0127 | 0.0116 | 0.0076 | 0.00016 | 0
> (b) it Rk pLB
R — : : ‘ ‘ std 0 0.0021 | 0.0039 | 0.001 0
< osf —8— spectral clustering | | N meaen 0.0073 | 0.0095 | 0.0173 | 0.0513 | 0.0835
5] =—0— baseline (0.5) P
S——— std 0 0.001 | 0.0025 | 0.011 0.0209
S Tl IS e _ mean 0.013 | 0.0124 | 0.0633 | 0.1422 | 0.1494
© * ww | bus std 0 0.0021 | 0.1493 | 03199 | 0.3213
5 2 ng /5 [ fraction of < pLp 1 0.98 0.01 0 0
& 20 .y ] fraction of pus < p < pus | 0 002 | 075 | 02 02
0 005 01 015 02 025 03 035 04 fraction of p > pus 0 0 0.24 0.8 0.8
P
TABLE I
Sensitivity of spectral community detection to noisy edge insertions for Amazon
Fig. 1. Two communities generated by the stochastic block model American political books co-purchasement data [36]. The network contains 105 nodes

[29]. The results are averaged over 100 trials. n; = ng = 2000,
p1 = p2 = 0.25, and ¢ = 0.05. The theoretical critical value from
(41) is p* = 0.2229.

as.

ability p;. It is proved in Appendix VII-C of [27] that A2 %) —

pi + q. Therefore pus = cp1+p2*Icpi;firl(fcfll)fﬂ*\l*dq and pig =
CP1+P2*\Cpi*filt(c;‘l)‘l\*\lfc\q. When n1 = na (ie., ¢ = 1), the
critical value p* =% mpz%‘mfm‘. This suggests that in the largest
network limit when n — oo and ¢ = 1 the performance of spectral

community detection is independent of the noise parameter q.

V. PERFORMANCE EVALUATION

A. Simulated Networks

We use the stochastic block model [29] to generate network graphs
for community detection. The detectability is defined as the fraction
of nodes that are correctly identified and the baseline detectability
is 0.5 for random guesses. In Fig. 1, when p; = p2 = 0.25, n1 =
ngy = 2000 and ¢ = 0.05, the theoretical critical value from (41) is
p* = 0.2229. Note that p* will converge to 0.25 as we increase n
as predicted in Sec. IV.

Fig. 1 (a) verifies the phase transition in empirically confirm-
A2(L) dpproaches p+q when p < p and 22(L) approaches
>\2(L1)+A2(L2>*\)\2(L1) A (La)|

)\2(L)

ing that

2td 4 o whenp > p*, where ¢* =
Flg 1 (b) shows that the commumty detectablllty 'transitions from
almost perfect detectability when p < p* to low detectability when
p > p*. Moreover, as derived in (26), the Fiedler vector components
y1 and y» are constant vectors with opposite signs for p < p*, and
13;1y1 — 0 and l,TL?yg — 0 for p > p*, as shown in Fig. 1 (c).

B. Empirical Estimators of Phase Transition Bounds on Real-
world Dataset

Here we show that the critical phase transition threshold p* can
be empirically estimated to empirically test the reliability of spectral
community detection. Let L; be the graph Laplacian matrix of the
estimated community ¢ obtained by applying spectral clustering to
the observed adjacency matrix A and let 7; denote the estimated
network size of community ¢. Using (37) and (40), the empirical
estimators of these parameters are defined as

p = number of identified external edges/n172,
A2(L1) + Aa(L2) — ‘/\2 (L) )\Q(Lg)‘
n+ [ — el
A2(L1) + Aa(La) ‘/\2 (L1) )\Q(Lz)‘

pus = . (44)
n—|ny — na|

42)

P = ; 43)

and 441 edges. The oracle detectability is 0.8762. The noisy edges are randomly

generated for 100 trials.

Based on these empirical estimates, the performance of community
detection can be classified into three categories. If p < pig, the
network is in the reliable detection region. If pig < p < pus, the
network is in the intermediate detection region. If p > pus, the
network is in the unreliable detection region.

The co-purchasement data between 105 American political books
sold on Amazon [36] are used to estimate the parameters pig, pus
and p. For the corresponding network graph nodes represent political
books and edges represent co-purchasements. An edge exists between
two books if they are frequently purchased by the same buyer.
Three labels, liberal, conservative and neutral, were determined by
Newman [36]. We perform community detection by separating the
books into two groups since there are only 13 books with neutral
labels (i.e., the oracle detectability is 0.8762). To investigate the
sensitivity of spectral community detection to noisy edge insertions,
for each edge not present in the original graph, an edge is added
with probability g. The community detection results are summarized
in Table I. Observe that for small g (¢g=0 or 0.002) the network is
mostly in the reliable detection region (p < pis), which indicates
that spectral community detection achieves high detectability. When
q = 0.01, the network is mostly in the intermediate detection region
(P < p < Pus), indicating that the community detectability has
large variation. When ¢ is large (¢=0.05 or 0.1), the network is
mostly in the unreliable detection region resulting in low detectability.
The large standard deviation of pyg for large ¢ is due to the
fact that spectral community detection may mistakenly detect two
communities with extremely imbalanced community sizes such that
the denominator of the estimator pyg is small.

VI. CONCLUSION

We establish asymptotic phase transition bounds on the critical
value p* under a general network setting corrupted by a Erdos-Renyi
type noise model. The communities are proven to be almost perfectly
detectable below the phase transition threshold and to be undetectable
above the phase transition threshold. The phase transition bounds
are used to establish empirical estimators to evaluate the reliability
of spectral community detection, where the detector is said to be
operating in the reliable, intermediate, or unreliable detection regime
based on the empirical estimates. Simulated networks generated
by the stochastic block model validate the phase transition theory
for community detectability. An empirical estimator of the phase
transition is proposed that can be used to explore sensitivity of the
spectral community detection algorithm on real data.
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