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ABSTRACT
We consider downlink multi-user MIMO transmission based
on block-diagonalization precoding with quantized channel
state information at the transmitter, obtained through limited
feedback. We assume that users are equipped with excess
receive antennas, i.e., the number of receive antennas is larger
than the number of data streams per user, and propose a novel
receive antenna combining method that maximizes an estimate
of the expected achievable user rate. By means of simulations,
we validate our assumptions and demonstrate significant rate
gains compared to existing combiners of similar complexity.

Index Terms— antenna combining, limited feedback,
multi-user MIMO, block-diagonalization precoding

1. INTRODUCTION

Spatial multiplexing of multiple users in the multiple-input
multiple-output (MIMO) broadcast channel, also known as
downlink multi-user MIMO transmission in cellular networks,
is a promising technique for achieving high spectral effi-
ciencies [1], but still struggles in practical implementations
with many obstacles preventing its widespread deployment.
Capacity achieving strategies are based on highly complex
techniques, such as, vector perturbation [2] and Tomlinson-
Harashima precoding [3], which are hardly realizable with
current technology. Practically feasible linear precoding meth-
ods, such as, block-diagonalization (BD) precoding [4] and
its regularized variant [5], perform well provided the transmit-
ter has sufficiently accurate channel state information (CSI)
available [6, 7]. CSI at the transmitter, however, can be very
hard to obtain especially in frequency division duplex systems.
CSI requirements become less strict if user are provided with
excess receive antennas, i.e., the number of receive antennas
is larger than the number of data streams per user [8, 9].

In this paper, we consider BD precoding based multi-user
MIMO, employing limited CSI feedback from users that are
equipped with excess receive antennas. We propose an effi-
cient antenna combining method that improves the throughput
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performance of BD precoding with limited feedback compared
to existing techniques, bringing downlink multi-user MIMO
another step closer to practical feasibility.

Relation to prior work: Receive antenna combining
strategies for the MIMO broadcast channel are proposed and
investigated in [8, 10, 11] for zero forcing (ZF) beamforming
and in [9, 12–14] for BD precoding. These methods are ex-
tended in [15] to the MIMO interference channel. In this work,
we extend the maximum expected SINR combining (MESC)
technique, proposed for single-stream ZF beamforming in [11],
to multi-stream BD precoding, by maximizing an estimate
of the expected achievable rate of a user under BD precod-
ing. Correspondingly, we denote the proposed technique
as maximum expected achievable rate combining (MERC).
We furthermore derive the corresponding optimal CSI quan-
tization metric for Grassmannian quantization, which can
be evaluated ahead of antenna combining, thus facilitating
efficient implementations.

Notation: Vectors and matrices are represented with lower-
and upper-case bold-face letters, respectively. The conjugate-
transpose of matrix A is AH, the Moore-Penrose pseudo-
inverse is A#, the trace is tr (A) and the `2-norm of vector
a is ‖a‖2. The space spanned by the columns of matrix A is
written as span(A) and the left null space is null (A). The
complex-valued Gaussian distribution with mean vector µ and
covariance matrix Σ is denoted as CN (µ,Σ).

2. SYSTEM MODEL

We consider downlink multi-user MIMO transmission, where
U users are served in parallel through spatial multiplexing
by a single transmitter equipped with Nt transmit antennas.
For simplicity we assume that all users are provided with Nr

receive antennas and are served over L ≤ Nr streams each.
We are interested in the practically important case that the
number of receive antennas is smaller than the number of
transmit antennas: Nr < Nt. This assumption is reasonable
for cellular networks, as base stations are commonly equipped
with far more antennas than users, for reasons of complexity
and available space. Furthermore, we assume that the spatial
multiplexing capabilities of the transmitter are fully exploited,
that is, the total number of streams is equal to the number of
transmit antennas: Nt = UL. This simplifying assumption
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allows us to exclude scheduling issues from the present work
and to focus on the study of the performance of the proposed
antenna combiner. The input-output relationship of user u,
excluding the antenna combiner, is

yu = HH
u Fuxu + HH

u

U∑
j=1
j 6=u

Fjxj + zu ∈ CNr×1, (1)

with xu ∈ CL×1, ‖xu‖2 = 1 denoting the symbol vector
intended for user u. The transmit symbols are mapped onto
the transmit antennas employing the linear precoder Fu ∈
CNt×L, tr

(
FuFH

u

)
= Pt/U , with Pt representing the total

transmit power, which is assumed to be equally distributed
among users. The transmit signal is received over channel
matrix Hu ∈ CNt×Nr ; notice, we employ the conjugate-
transpose of Hu in (1) to simplify later notations. The ad-
ditive complex-valued Gaussian receiver noise is captured in
vector zu ∼ CN

(
0, σ2

zINr

)
. To separate the intended signal

from multi-user interference, antenna combiner Gu ∈ CNr×L

is applied by the user: ru = GH
u yu ∈ CL×1. We denote

the product of channel matrix and antenna combiner as the
effective user channel: H

(e)
u = HuGu ∈ CNt×L.

We assume that BD precoding [16] is applied by the trans-
mitter to ideally achieve interference-free transmission to the
U users in parallel. BD precoding was originally proposed
for the transmission of Nr streams per user; however, as we
are interested in the transmission of L ≤ Nr streams, it is
sufficient if only an L dimensional subspace of the channel
matrix Hu is kept free of interference, because this subspace
can be filtered-out by the antenna combiner Gu.

Given the antenna combiners Gu,∀u, the precoding matri-
ces of all users u ∈ {1, . . . , U} are obtained from

Fu =

√
Pt

UL
F̃u, F̃u

∆
= span

(
BuBH

u H(e)
u

)
, (2)

Bu
∆
=null

(
Hu

)
, Hu=

[
H

(e)
1 ,. . .,H

(e)
u−1,H

(e)
u+1,. . .,H

(e)
U

]
.

with ∆
= defining an orthonormal basis for the term on the

right-hand side; e.g., matrix Bu ∈ CNt×(Nt−(U−1)L) is an
orthonormal basis for the left null space of the other users’
channels. The best L dimensional subspace within span(Bu),
in terms of maximizing the achievable transmission rate of
user u, is represented by matrix F̃u. As we consider a fully
loaded system Nt = UL, however, span(F̃u) = span(Bu).
The product

(
H

(e)
u

)H
Fu is in general not diagonal; hence,

unequal power-loading over the L transmit streams of user u
is not reasonable and we thus consider equal power allocation.

On the other hand, if we consider the precoders Fu,∀u
as given, optimal interference aware antenna combiners can
be determined by the users. There hence exists an interdepen-
dency between precoders and antenna combiners, which can
be resolved with a joint optimization at a central entity or em-
ploying iterative approaches [17, 18], requiring a substantial

amount of signaling overhead between users and transmitter.
In this work, however, we follow the practically feasible ap-
proach proposed in [12], in which the users select the effective
channels H

(e)
u already beforehand, reducing the dimension-

ality of the required CSI feedback from Nt ×Nr to Nt × L.
Also, with this approach Grassmannian quantization can be
applied to enable efficient limited feedback operation [19, 20].
This is because each matrix H

(e)
j in (2) can be replaced with

any arbitrary other matrix that spans the same space [9].

3. ANTENNA COMBINING

3.1. Review of Existing Combiners

Below, we briefly review for the readers’ convenience two
established antenna combining techniques, that is, maximum
eigenmode transmission (MET) and subspace quantization
based combining (SQBC), which are comparable to the pro-
posed method in terms of complexity and feedback overhead;
please see [9] for detailed proofs and derivations.

The goal of MET antenna combining is to generate an L
dimensional effective channel H

(e)
u that maximizes the achiev-

able transmission rate of a user in the absence of multi-user
interference [9, 10]. This is achieved with

G(MET)
u = V(L)

u = [Vu]:,1:L , Hu = UuΣuVH
u , (3)

with [Vu]:,1:L denoting the matrix of the L right singular
vectors of Hu, corresponding to the largest singular values.
The resulting effective channel is H

(e)
u = U

(L)
u Σ(L)

u , with
U

(L)
u = [Uu]:,1:L and Σ(L)

u = [Σu]:,1:L. To calculate the BD

precoder for H
(e)
u , the space spanned by matrix U

(L)
u must

be provided to the transmitter. Because span(U
(L)
u ) repre-

sents a point on the Grassmann manifold of L dimensional
subspaces in the Nt dimensional Euclidean space, Grassman-
nian quantization is applicable to efficiently provide the CSI
to the transmitter over limited capacity feedback channels.
As proposed in [7], the chordal distance is the appropriate
quantization metric for quantization of U

(L)
u

Ĥu = argmin
Qi∈Q(Nt)

L

d2
c

(
Qi,U

(L)
u

)
, (4)

d2
c

(
Qi,U

(L)
u

)
= L− tr

(
QH

i U(L)
u

(
U(L)

u

)H
Qi

)
, (5)

Q(Nt)
L =

{
Qi ∈ CNt×L

∣∣QH
i Qi=IL, i ∈ {1, . . . , 2B}

}
, (6)

withQ(Nt)
L denoting the Grassmannian quantization codebook,

consisting of 2B orthonormal bases Qi that span L dimen-
sional subspaces in the Nt dimensional Euclidean space. The
BD precoder is then calculated by replacing H

(e)
j in (2) with

Ĥj . Employing random vector quantization (RVQ) and assum-
ing i.i.d. Rayleigh fading, it is shown in [9] that the number of
feedback bits B must grow linearly with the logarithmic signal
to noise ratio (SNR) with a slope of L(Nt−L), to achieve the
same multiplexing gain as with perfect CSI at the transmitter.
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If Nr is larger than L, this required feedback overhead can
be substantially reduced by applying SQBC instead of MET.
With this method, the antenna combiner Gu and the quantized
effective channel subspace Ĥu are jointly determined such as
to minimize the resulting quantization error [8, 9]{

Ĥu,G
(SQBC)
u

}
= argmin

Qi∈Q(Nt)
L ,G∈CNr×L

d2
c

(
Qi, H̃

(e)
u

)
, (7)

H̃(e)
u

∆
= span (HuG) .

As shown in [9], to solve problem (7) quantization can be
performed independently of antenna combining by minimizing
first the chordal distance with respect to the full channel matrix

Ĥu = argmin
Qi∈Q(Nt)

L

d2
c (Qi,Uu) . (8)

The corresponding antenna combiner is then obtained as

G(SQBC)
u = H#

u Ĥu. (9)

Eq. (8) and (9) thus represent the solutions of (7). In that
way, the slope of the feedback bit scaling law to achieve the
same multiplexing gain as with perfect CSI at the transmitter
is reduced from L(Nt − L) to L(Nt −Nr) [9].

MET combining is appropriate whenever the noise domi-
nates the residual multi-user interference, that is, at low SNR
and in case the CSI quantization is very accurate, and SQBC
vice versa. To tradeoff between these two methods, MESC
has been proposed in [11] for single-stream transmission per
user, i.e., ZF beamforming. For BD precoding, SQBC with
dimensionality adaptation [14] is able to obtain the maximum
of MET and SQBC. This, however, is not the best possible
performance, as demonstrated below.

3.2. Maximum Expected Achievable Rate Combining

In this section, we propose a blind antenna combining method
that maximizes the achievable rate of a user under BD precod-
ing; blind hereby refers to the users not knowing the actual
precoders that are applied by the transmitter during transmis-
sion. However, the structure of the BD precoder is exploited
to estimate the achievable rate based on local CSI. According
to [21], the instantaneous achievable rate of user u is

Ru = log2det
(
IL + GH

u HH
u SuHuGu(

GH
u

(
σ2
zINr

+ HH
u CuHu

)
Gu

)−1
)
, (10)

Su = E
(
FuxuxH

u FH
u

)
, Cu =

∑
j 6=u

E
(
Fjxjx

H
j FH

j

)
, (11)

with Su denoting the covariance matrix of the intended sig-
nal and Cu being the interference covariance matrix, both
unknown to user u. To estimate Su, we consider two sets of
assumptions: assuming that the set of U users has been se-
lected by a scheduling algorithm such as semi-orthogonal user
selection (SUS) [14, 22] from a very large pool of users, the

quantized channel subspaces Ĥu of the served users are close
to orthogonal: ĤH

u Ĥj ≈ 0,∀u 6= j. Correspondingly, pre-
coder Fu lies approximately within span(Ĥu) and the input
covariance matrix is thus obtained as

Su ≈ Ŝ(1)
u =

Pt

UL
ĤuĤH

u . (12)

The second assumption that we consider is that the user pool
only contains U users. Then, we cannot restrict span(Fu)
further, but have to assume that span(Fu) is isotropically
distributed in the Nt dimensional Euclidean space, leading to

Su ≈ Ŝ(2)
u =

Pt

UL
E
(
F̃uF̃H

u

)
=

Pt

UL

L

Nt
INt

. (13)

To estimate the interference covariance matrix, we exploit
knowledge of the precoder construction. Due to BD precoding,
the precoders Fj of the other users are restricted to the left
null space of Ĥu. For a fully loaded system (Nt = UL), the
Nt − L = (U − 1)L dimensional left null space of Ĥu is
completely occupied by interference. Correspondingly, the
interference covariance matrix can be estimated as

Cu =

U∑
j=1, j 6=u

FjF
H
j ≈ Ĉu =

Pt

Nt
(INt

− ĤuĤH
u ). (14)

Notice that Ŝ
(1)
u and Ĉu are accurate in case users with orthog-

onal quantized channel subspaces are scheduled.
Given the estimated covariance matrices, we now define

the MERC optimization and quantization problem{
Ĥu,G

(MERC)
u

}
= argmax

Qi∈Q(Nt)
L ,G∈CNr×L

R̂u(Qi,G), (15)

with R̂u(Qi,G) being the estimated achievable rate with quan-
tized channel subspace Qi and antenna combiner G. For fixed
Qi, the rate maximizing antenna combiner is obtained as

G(MERC)(Qi) = argmax
G∈CNr×L

det
(
GH(A(i) + B)G

)
det
(
GHBG

) , (16)

A(1) =
Pt

UL
HH

u QiQ
H
i Hu and A(2) =

Pt

UNt
HH

u Hu, (17)

B = σ2
zINr +

1

Nt
HH

u (INt −QiQ
H
i )Hu. (18)

This multidimensional generalized Rayleigh quotient is max-
imized by setting G equal to the stacked L eigenvectors of
B−1A(i) corresponding to the maximum eigenvalues [23].
However, any other L dimensional G that lies in the subspace
spanned by these L eigenvectors can equivalently be used.

Applying the first set of assumptions mentioned above, i.e.,
employing matrix A(1), one specific closed-form solution is

G(MERC,1)(Qi) = B−1HH
u Qi. (19)

Notice that matrix C = B−1A(1) is of rank L and thus the
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Fig. 1: Comparison of the achievable sum rate of the considered antenna combiners, assuming Nt ×Nr = 8× 4, L = 2 and U = 4.

space spanned by the L eigenvectors corresponding to the only
non-zero eigenvalues is equal to span(C). With this result it
can easily be shown that (19) is a solution of (16), by projecting
G(MERC,1)(Qi) onto span(C)(

C
(
CHC

)#
CH
)

B−1HH
u Qi =(

C
(
CHC

)#
CH
)

C
(
QH

i Hu

)#
= B−1HH

u Qi. (20)

Thus, the same space is spanned by G(MERC,1)(Qi) and C.
Plugging (19) back into (15), the quantization metric simplifies

Ĥu= argmin
Qi∈Q(Nt)

L

log2det
(
σ2
zINr

+
1

Nt
HH

u (INt
−QiQ

H
i )Hu

)
,

(21)

which can be determined without calculating the antenna com-
biner for each Qi, thus significantly reducing computational
complexity. The corresponding antenna combiner simply is

G(MERC,1)
u =

(
σ2
zINr+

1

Nt
HH

u (INt−ĤuĤH
u )Hu

)−1

HH
u Ĥu.

(22)

Comparing this results to the SQBC combiner in (9), we ob-
serve that the simple pseudo-inverse is now replaced with a
term that resembles very much a minimum mean-squared er-
ror (MMSE) solution. Notice also that this combiner reduces
to MESC in case of single-stream transmission per user L = 1.

For the second set of assumptions, i.e., employing matrix
A(2), we have not found a closed-form solution yet, because
matrix B−1A(2) is of rank Nr and thus requires explicit cal-
culation of the eigenvectors. Quantization is therefore much
harder, as the antenna combiner must be calculated for each
Qi. We thus do not apply this practically infeasible method in
the following, even though we have observed that it performs
slightly better in the simulated case with only U users present,
which correspond to the second set of assumptions.

4. PERFORMANCE INVESTIGATION

In Figure 1, we demonstrate the performance of the proposed
antenna combiner compared to MET and SQBC in terms of
achievable rate. We consider i.i.d. Rayleigh fading channels
with receive-side correlation, applying a Kronecker correla-
tion model as defined in [24]. RVQ is applied to quantize
the channel subspace [9]. The code for reproduction of the
presented results is available at [25]. In Figure 1a, the pre-
sented antenna combiners are applied to determine the CSI
feedback as well as to separate the intended signal from the
interference. We observe substantial rate gains with MERC
for both considered quantization codebook sizes B ∈ {7, 14}.
In Figure 1b, MERC is only applied to determine the CSI feed-
back, while an interference aware filter is applied to detect the
data. This filter is calculated by maximizing the achievable
rate (10), employing the actual covariance matrices after pre-
coding. The solution is similar to MERC, just with different
covariance matrices. With this interference aware receiver, all
methods perform better while MERC still outperforms the oth-
ers. Notice that in case of single-stream transmission per user
L = 1, MERC = MESC performs equal to MET at low SNR
and equal to SQBC at high SNR. This, however, is not the case
with L > 1; here, MERC strictly outperforms SQBC, because
it explicitly accounts for the interference on the individual
streams, instead of minimizing the average interference.

5. CONCLUSIONS

We proposed a novel antenna combining method for block-
diagonalization based multi-user MIMO transmission with
limited feedback and excess receive antennas. The proposed
antenna combiner enables efficient limited feedback operation
of block-diagonalization precoding, significantly outperform-
ing existing antenna combiners. The obtained channel state
information quantization metric can be evaluated without cal-
culation of the antenna combiner and thus enables practical
implementation with reasonable complexity.
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