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ABSTRACT
Orthogonal frequency division multiplexing (OFDM) is
promising for underwater acoustic (UWA) communications
as it is robust against large delay spread. However, OFD-
M suffers from intercarrier interference (ICI) caused by the
serious Doppler effect in UWA channels. Attentive to the
property that the ICI is mainly contributed by the adjacent
subcarriers in UWA channels, in this paper, we propose a
novel low-complexity frequency-domain equalizer to combat
the ICI for OFDM UWA communications. Specifically, the
coefficients of the equalizer are obtained by using the nor-
malized gradient algorithm which is based on the minimum
symbol error rate (MSER) criterion. The proposed equalizer
uses very few (typical 3) FIR taps to mitigate the ICI for each
subchannel, yet achieves better SER performance than the
conventional equalizer based on the minimum mean square
error (MMSE) criterion.

Index Terms— Minimum-symbol-error rate, intercarrier
interference (ICI), orthogonal frequency division multiplex-
ing (OFDM), underwater acoustic communications.

1. INTRODUCTION

OFDM has high spectrum efficiency and significantly re-
duces the complexity of the equalization by converting the
frequency-selective fading channel into several parallel flat
fading channels. Due to the advantages it promises, OFDM
prevails in various applications, such as wireless local area
networks (WLAN), digital multimedia broadcasting (DMB),
and UWA communications [1, 2]. However, OFDM systems
are very vulnerable to the frequency offset, especially for
UWA channels, where the Doppler effect is severe due to o-
cean waves and the transceiver motion. The frequency offset
is very harmful since it gives rise to ICI, which significantly
deteriorates the system performance. To mitigate the ICI,
many ICI countermeasures have been proposed for OFDM
UWA communications [3, 4]. Compared with the others,
frequency-domain equalization attracts much more attention
for its simplicity and effectiveness [5].
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The conventional MMSE-based equalizer requires an N×
N matrix inversion with N being the total number of OFD-
M subcarriers, leading to O

(
N3
)

computational complexity.
It becomes impractical for OFDM UWA communications in
which N is usually very large, e.g., N = 1024, due to the
large delay spread. Recently, by virtue of the property that in
UWA channels the ICI mainly concentrates on the neighbor-
ing subcarriers [6, 7, 8], and the frequency-domain channel
matrix (FCM) can be approximated as a banded matrix, seri-
al equalizers of lower complexity are proposed in [9, 10, 11].
Those equalizers are designed based on the MMSE criterion,
which intends to minimize the mean square error (MSE) be-
tween the equalizer output and the target signal. However,
various simulations and analysis have illustrated that mini-
mizing the MSE does not necessarily achieve the minimum
of SER [12, 13, 14], which is desirable for UWA communi-
cations where the SER is high due to the severe ICI. Attentive
to this, more recently, attention has been turned to the design
of equalizers based on the MSER criterion [12, 13, 15, 16].
Nevertheless, those equalizers are only applicable to single
carrier systems in the time domain.

To fill the aforementioned gap, in this paper, we design
a low-complexity MSER-based frequency-domain equalizer
to reduce the ICI for OFDM UWA communication systems
by resorting to the banded structure of the FCM. Specifically,
the proposed equalizer first converts the banded FCM into a
tridiagonal matrix and divides the tridiagonal matrix into N
submatrices for N subcarriers. Then, the SER expression af-
ter equalization and the update equation based on MSER are
derived for systems with QAM modulation. We show that on
one hand, the proposed equalizer with very few taps performs
much better than the existing equalizers in terms of the SER
for OFDM UWA communications, and on the other hand, the
proposed equalization can be computed in parallel and inde-
pendently for each subcarrier, significantly saving the compu-
tational time and complexity.

2. SYSTEM MODEL

2.1. OFDM signal model

We consider an OFDM system with N subcarriers, where N
is a power of 2. Denote an OFDM symbol block including
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N baseband symbols as X = [X1, ..., XN ]T . Using the N -
point inverse discrete Fourier transform (IDFT) to convert the
OFDM symbol X into time-domain signal block x gives

x = FHX, (1)

where F is the N × N unitary normalized discrete Fourier
transform (DFT) matrix, defined by [F]ı,ȷ = 1√

N
e−j2πıȷ/N

with 0 ≤ ı, ȷ ≤ N − 1.
To eliminate the intersymbol interference (ISI) between

adjacent OFDM symbols, the cyclic prefix (CP) is appended
to the beginning of an OFDM symbol. After a travel through
the channel and the removal of the CP, the received signal
block in the time domain is given by

y = Hx+ v, (2)

where v is the time-domain noise vector and H is the time-
domain channel matrix (TCM). Here, the element of H is giv-
en by [H]k,l = h(k, ⟨k − l⟩N )1, where k and l denote the
time index and the lag, respectively.

After applying the N -point DFT to (2), the received signal
bolck in the frequency domain can be expressed as

Y = Fy = FHFHX+ Fv = GX+V, (3)

where G = FHFH denotes the N × N frequency-domain
channel matrix and V = Fv is the frequency-domain noise
vector.

For time-invariant channels, the time-domain channel ma-
trix H is a circulant matrix and the corresponding frequency-
domain channel matrix G is a diagonal matrix. In this case,
there is no ICI and the decoding can be realized easily by one-
tap equalization. However, when the channel is time-varying
due to the Doppler spread, the subcarriers are no longer or-
thogonal and ICI arises.

2.2. Banded structure of the FCM

It is well known that the Doppler frequencies not only depend
on the carrier frequency fc and the relative motion v, but also
on the speed of signal wave propagation c and the scattering
environment [17]. Since it is c = 3× 108m/s for the electro-
magnetic wave, while c ≈ 1500m/s for the UWA wave, the
Doppler effect is more significant in UWA communications
than that in wireless radio communications.

As analyzed above, the frequency-domain channel matrix
G is not diagonal in OFDM UWA communications. Since it
is shown in [6, Fig. 10] by the UWA experiment that the ICI
between two subcarriers decreases rapidly as their separation
increases and the ICI power mainly centers on the two closest
subcarriers, G can be well approximated as a banded matrix
Ĝ [7], as illustrated in Fig. 1. The banded matrix is composed
of a 2D + 1 main diagonal matrix and two D ×D triangular
matrices. The width of the banded matrix can be regarded as
the range of the ICI.

1⟨k⟩N denotes k mod N .
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Fig. 1. Banded structure of FCM and its decomposition.

As the ICI is mainly contributed by the two immediate
neighbors (the first and last subcarriers can be regarded as
adjacent subcarriers), we have D = 1. Furthermore, when the
Doppler effect becomes more severe, the windowing scheme
[18, 19] can be applied to control the ICI power in the desired
short range, which in turn confines the ICI effect within a
limited number of neighboring subcarriers. The restriction
D = 1 for the banded matrix Ĝ makes it suitable for the
design of the equalizer with few (typical 2D + 1 = 3) FIR
taps to mitigate the ICI.

3. DECOMPOSITION OF FCM AND
EQUALIZATION

The output of the 3-tap equalizer for the estimation of the nth
subcarrier can be derived as

X̂n = cTnYn
.
= cTnGnXn + Vn, (4)

where Yn = [Y⟨n−1⟩N , Y⟨n⟩N , Y⟨n+1⟩N ]T , Vn = cTnVn,
Xn = [X⟨n−2⟩N , X⟨n−1⟩N , X⟨n⟩N , X⟨n+1⟩N , X⟨n+2⟩N ]T ,
and

Gn=

 [Ĝ]⟨n−1⟩N ,⟨n−2⟩N . . . [Ĝ]⟨n−1⟩N ,⟨n+2⟩N
[Ĝ]⟨n⟩N ,⟨n−2⟩N . . . [Ĝ]⟨n⟩N ,⟨n+2⟩N

[Ĝ]⟨n+1⟩N ,⟨n−2⟩N . . . [Ĝ]⟨n+1⟩N ,⟨n+2⟩N

. (5)

Here, Gn denotes the submatrix for the nth subcarrier, which
is obtained by using a 3 × 5 mask operated on the banded
matrix Ĝ. Fig. 1 shows the mask marked as a red rectangular
box, which is slid on the diagonal direction of Ĝ. However,
the mask will lie outside Ĝ for the first and last submatrices.
To solve this problem, the banded matrix Ĝ is extended to a
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(N+2)×(N+4) tridiagonal matrix, as shown in Fig. 1. The
extension can be described in the following steps:

¬ For the first submatrix, copy the last row of the banded
matrix Ĝ, and then add it to the top of the matrix;

 Copy the 2× 2 triangular matrix in the top-right corner,
and then add it to the the top-left corner of the new
matrix;

® For the last submatrix, do the similar operations to steps
¬ and .

According to (4), a 3-tap equalizer [9] based on the
MMSE criterion is given by

cTn = eTGH
n (GnGH

n + σ2I)−1, (6)

where e = [0, 0, 1, 0, 0]T . Since the equalization of the w-
hole OFDM symbol using an N ×N matrix inversion is im-
practical for a large N , the equalization of (6) can reduce the
complexity significantly [9]. However, the reduction of com-
plexity comes at the cost of SER performance, which means
that the equalizer based on the MMSE criterion in (6) is sub-
optimal in the sense of SER performance. In the next section,
we will propose an equalizer based on the MSER criterion,
which improves the SER performance without increasing the
number of taps required in (6).

4. UPDATE EQUATION BASED ON THE MSER

For analytical simplicity, we assume that the receiver has
an accurate estimate of the banded part coefficients of the
frequency-domain channel, i.e., the banded matrix Ĝ is per-
fectly known, following [19].

4.1. SER for QAM source

In this work, the discussion for BPSK source in [13] is ex-
tended to QAM source. The modulated symbol carried on
a subcarrier is composed of two independent PAM symbols,
which can be written as

Xn = XR
n + j ·XI

n, (7)

where (·)R and (·)I denote the real and imaginary parts, re-
spectively. Consider the 4-QAM modulation, and the power
spectral density of complex noise Vn in (4) is 2σ2. After e-
qualization of (4) and the optimal detection [20, Section 4.1]
based on Gaussian channels, we can obtain the following SER
after some derivations:

SER = Pe =
1

2
PR
e +

1

2
P I
e

=
1

2

(
E

[
Q

(
(cTn Ŝ)

R

∥cn∥σ

)]
+E

[
Q

(
(cTn Š)

I

∥cn∥σ

)])
, (8)

where Q(·) is the Gaussian Q-function, Ŝ = GnXnX
R
n , and

Š = GnXnX
I
n. Here, Ŝ is a random vector with distribu-

tion P (Ŝ) = P (X
∣∣XR

n = 1), while Š is a random vector

with distribution P (Š) = P (X
∣∣XI

n = 1). The modulated
symbols are assumed to be distributed uniformly and inde-
pendently, so that Ŝ and Š follow uniform distribution. Based
on the distributions of Ŝ and Š, we have P (Š) = P (j · Ŝ) and

E

[
Q

(
(cTn Š)

I

∥cn∥σ

)]
=E

[
Q

(
(j · cTn Ŝ)I

∥cn∥σ

)]
=E

[
Q

(
(cTn Ŝ)

R

∥cn∥σ

)]
. (9)

Then substituting (9) into (8) yields

SER =E

[
Q

(
(cTn Ŝ)

R

∥cn∥σ

)]
=

1

K

K∑
k=1

Q

(
(cTn Ŝ(k))

R

∥cn∥σ

)
, (10)

where K = 2 × 44 denotes the number of all possible cases
of Ŝ(k). Convert the complex vectors into the real vectors as

c̄n = [cRn ;−cIn] and ¯̂S(k) = [ŜR
(k); Ŝ

I
(k)]. Then (10) can be

simplified as

SER =
1

K

K∑
k=1

Q

(
c̄Tn

¯̂S(k)

∥c̄n∥σ

)
. (11)

Recall that ∥c̄n∥ = ∥cn∥. The gradient of the SER in (11)
with respect to c̄n is

∇c̄SER =
−1√

2πσ ∥c̄n∥

(
I− c̄nc̄

T
n

∥c̄n∥2

)
f(c̄n), (12)

where

f(c̄n) =
1

K

K∑
k=1

e−u2
k/2¯̂S(k), (13)

in which uk is the real part of one normalized equalization
output of different received signals:

uk =
c̄Tn

¯̂S(k)

∥c̄n∥σ
=

(cTn Ŝ(k))
R

∥cn∥σ
. (14)

4.2. Update equation

As it is very difficult to obtain the closed-form solution to
satisfy ∇c̄SER = 0, here we develop a gradient algorithm
to search for the minima. The normalized gradient algorithm
based on (12) is given by

c̄n,i+1 = c̄n,i − µn

√
2πσ ∥c̄n,i∥ · ∇c̄n,iSER

=c̄n,i − µn

(
I−

c̄n,ic̄
T
n,i

∥c̄n,i∥2

)
f(c̄n,i)

=
(
1−µnc̄

T
n,if(c̄n,i)/∥c̄n,i∥

2
)
(c̄n,i+µf(c̄n,i)) , (15)

where subscript i denotes the update time and µ = µn/(1 −
µnc̄

T
n,if(c̄n,i)/∥c̄n,i∥

2
). It is worth mentioning that the nor-

m of c̄n has no impact on the SER in (11) and the factor(
1− µnc̄

T
n,if(c̄n,i)/∥c̄n,i∥

2
)

works just as an coefficient of
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the norm of c̄n,i+1. After removing this factor, we obtain the
following update equation:

c̄n,i+1 = c̄n,i + µf(c̄n,i). (16)

We revert back to cn by applying a permutation matrix:

cn = cRn + j · cIn = Pc̄n, (17)

where P = [I,−jI] is a permutation matrix of size 3 × 6.
Then, left multiplying the update equation (16) by the per-
mutation matrix, we obtain the following update equation for
QAM source:

cn,i+1 = cn,i + µ
1

K

K∑
k=1

e−u2
k/2Ŝ∗

(k), (18)

where (·)∗ denotes the conjugation operation.
Due to the non-convex property of the SER surface, the

gradient algorithm may not converge to the global extremum.
Hence, a good initial condition is important for the update
equation in (18). The simulations will show that it is an ef-
fective way to choose the MMSE-based equalizer (6) as the
initial condition for the update equation (18).

5. SIMULATION RESULTS AND ANALYSIS

In this section, we consider an OFDM system with 4-QAM
modulation in the UWA channel simulator of [7, 21]. The
number of subcarriers is set to be N = 1024, NCP = 256,
and the bandwidth of the UWA channel is 10kHz at the center
frequency of 15kHz.

To investigate the the performance of the equalizers un-
der the high adjacent ICI scenario, first we exploit the per-
formance of the proposed equalizer for the frequency-domain
channel matrix G with strictly banded structure. The ratio of
left adjacent ICI power to the detected subcarriers power is set
to be 0.9, the ratio of right adjacent ICI power to the detected
subcarriers power is set to be 0.4, and the frequency channel
coefficients are generated by Gaussian process independent-
ly. Fig. 2 compares the SER performance of the equalizers
in terms of SER versus signal-to-noise ratio (SNR). It can be
observed that the one-tap equalizer is less efficient under the
high adjacent ICI scenario, and the 3-tap equalizer based on
the MMSE criterion is much better in the ICI reduction. Note
that the 3-tap equalizer based on the MSER criterion exhibits
the best performance among the equalizers, especially at high
SNR.

Fig. 3 shows the SER versus the SNR for different equal-
izers in doubly-selective UWA channels with the normalized
Doppler shift equal to 0.6. As the frequency-domain channel
matrix G is not strictly banded when UWA channels suffer
from severe Doppler effect, the interference of non-adjacent
subcarriers can not be ignored. Then the banded approxima-
tion of G may have some deviations. As a result, the SER
of the system is relatively high. However, the 3-tap equaliz-
er based on the MSER criterion still performs better than the
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Fig. 2. SER comparison of different equalizations in OFDM
systems with strictly banded FCM.

equalizer based on the MMSE criterion, showing its superior-
ity in UWA communications.
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Fig. 3. SER comparison of different equalizations in OFDM
systems over UWA channels with approximated-banded FCM.

6. CONCLUSION

In this work, we have proposed a low-complexity equalizer
based on the MSER criterion to mitigate the ICI due to the
Doppler effect. Compared with the widely adopted MMSE-
based equalizer, the proposed equalizer achieves much better
SER performance while keeps the same number of equaliza-
tion taps. Moreover, the proposed equalizer will have more
benefits on the SER performance when more ICI energy con-
centrates on the neighboring subcarriers. As the SER of an
UWA communication system is relatively high, a lower SER
is very demanding. In this sense, the proposed equalizer is
more favorable for OFDM UWA communications.
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