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ABSTRACT
This paper derives the optimal angular geometry for elliptic time-
of-arrival localization by a multistatic radar consisting of multiple
independent bistatic channels. The optimal geometry analysis is
conducted based on minimization of the area of the estimation con-
fidence region which is equivalent to maximizing the determinant
of the Fisher information matrix. It is shown that the optimal an-
gular geometry is obtained when the transmitter and receiver of
each bistatic channel are collinear with the target where the target is
placed at the either end. The optimization problem therefore boils
down to determination of the optimal angular separation between
different bistatic channels which is mathematically equivalent to the
optimal angular sensor separation for angle-of-arrival localization.
These analytical results are confirmed by simulation examples.

Index Terms— Optimal sensor placement, elliptic TOA local-
ization, bistatic radar, multistatic radar, Fisher information matrix

1. INTRODUCTION

The classical problem of target localization continues to receive
great attention due to its importance to a wide range of applications
in wireless communication systems, sonar and radar, and surveil-
lance and navigation systems [1–13]. The most common localization
techniques are developed based on time of arrival (TOA) [1–6], time
difference of arrival (TDOA) [5–8], angle of arrival (AOA) [4, 8, 9],
Doppler shift [10, 11], and received signal strength (RSS) [12].
The TOA-based localization can be further categorized into the
circular-TOA-based method [3, 5, 6] and the elliptic-TOA-based
method [1–3]. The circular-TOA-based localization utilizes the
propagation times of the transmitted signals travelling from a radi-
ating source to passive sensors to estimate the source location [5, 6].
This method can also be employed for the target localization by
netted monostatic radars [3]. On the other hand, the elliptic-TOA-
based localization relies on the propagation times of the transmitted
signals travelling from transmitters to the target and reflected back
to receivers, where the transmitters and receivers are located sep-
arately at different positions [2]. The target location estimate can
be therefore obtained by the intersection of the ellipses (in 2D) or
the ellipsoids (in 3D) with the foci at the transmitter and receiver
positions. The elliptic localization is commonly used in multistatic
radar [3], multistatic sonar [13], and MIMO radar systems [14].

The relative sensor-target geometry is known to be an important
factor that significantly affects the performance of target localiza-
tion [15]. Extensive research has been conducted to identify the opti-
mal sensor placement for different target localization problems (e.g.,
the AOA-based localization in [9,15,16], the circular-TOA-based lo-
calization in [15, 16], the TDOA-based localization in [17, 18], and
the RSS-based localization in [12, 16]), where the maximization of

the determinant of the Fisher information matrix is commonly uti-
lized as the optimality criterion.

In contrast to other localization techniques, the optimal sensor
placement for the elliptic-TOA-based localization has not been fully
examined. A geometric dilution of precision (GDOP)-based anal-
ysis was reported in [19] by modelling each bistatic channel of a
multistatic radar system as a virtual monostatic radar. The optimum
receiver placement for a specific case of one transmitter and multi-
ple receivers appeared in [2] with equal noise variances at different
receivers and even number of receivers. The optimum placement of
multiple transmitters and multiple receivers under MIMO radar con-
figuration was considered in [14], where the noise levels at different
receivers are assumed to be the same and the numbers of transmit-
ters and receivers are both larger than three. In both [2, 14], the
optimality was obtained by minimizing the trace of the Cramér-Rao
lower bound (CRLB) matrix. Another related work on the optimal
geometry design for multistatic sensors appeared in [20], in which
an algorithm was proposed to find the local optimal geometry. More-
over, [20] is computationally expensive and generally does not guar-
antee a global optimal solution.

This paper aims to theoretically analyse the optimal angular
geometry for the elliptic-TOA-based localization in the 2D plane
by a multistatic radar consisting of multiple independent bistatic
channels. In this configuration, two or more transmitters of differ-
ent type (e.g., monopulse, continuous-wave) operating in different
frequency bands (e.g., L-, S-, C-, X-bands, etc.) are individually
coupled with different receivers, hence forming independent bistatic
channels. The presented analysis allows the measurement noise
variances to be either equal or unequal at different receivers. The
optimality criterion chosen for the analysis is to minimize the area
of estimation confidence region by maximizing the determinant of
the Fisher information matrix (FIM), which is known as the D-
optimality criterion [21]. Other criteria are also available such as the
A-optimality criterion, which minimizes the trace of the CRLB (the
inverse of FIM), and the E-optimality criterion, which minimizes
the maximum eigenvalue of the CRLB matrix. However, these two
criteria are affected by scale changes in the parameters as well as lin-
ear transformations of the output [21]. In contrast, the D-optimality
criterion is invariant under these transformations [21], hence the
D-optimality criterion is adopted as the criterion for the optimal
geometry analysis in this paper. Note that the presented work differs
from [2, 14] in terms of system configurations as well as optimality
criteria, therefore leading to a different characterization of optimal
angular geometries. It is shown that the optimal angular geometry
for the considered multistatic radar setting is obtained when the
transmitter and receiver of each of the bistatic channels are collinear
with the target where the target is placed at either end. The opti-
mization problem then becomes determining the optimal angular
separation between different bistatic channels. For N = 2, the
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Fig. 1. The considered 2D elliptic-TOA-based target localization.

optimal geometry is obtained when the line of sight (LOS) lines of
the two channels are perpendicular. For N = 3, the solutions for
the optimal geometry are shown in Section 3. For N ≥ 4, infinitely
many optimal configurations exist if 2/σ2

min >
∑N

1 1/σ2
i does

not hold where σmin = min{σ1, . . . , σN} and σ2
i is the measure-

ment error covariance at the i-th bistatic channel. These optimal
configurations can be identified by grouping the bistatic channels
into smaller clusters with two or three channels and optimizing the
angular separation within each cluster. It should be noted that the
rotation of the optimized clusters does not affect the optimality of
the overall system. To confirm the validity of the theoretical analy-
sis, simulation examples for UAV path optimization are presented in
Section 4.

2. PROBLEM STATEMENT

We consider a 2D elliptic-TOA-based target localization by a multi-
static radar which consists of N independent bistatic channels Txi–
Rxi with i = 1, 2, ..., N . The localization problem is depicted in
Fig. 1, where p = [px, py]T is the unknown target location with T

denoting matrix transpose, ti = [xti, y
t
i ]
T and ri = [xri , y

r
i ]T are the

transmitter and receiver positions, respectively, of the i-th bistatic
channel. The TOA measurement τi of the i-th bistatic channel is
given by

τ̃i(p) = τi(p) + ei, with τi(p) =
‖p− ti‖+ ‖p− ri‖

c
(1)

where c is the speed of propagation for the transmitted signal, ‖ · ‖
denotes the Euclidean norm, and ei is the TOA measurement error
which is modelled as a zero-mean independent Gaussian noise. The
error covarianceE{e2i } is usually a function of the target-transmitter
and target-receiver distances among other things. The TOA mea-
surement can be obtained by performing the cross-correlation be-
tween the reflected-from-target signal and the transmitted signal
in active bistatic radars [22] or the cross-correlation between the
reflected-from-target signal and the LOS signal from the transmitter
in passive bistatic radars [23].

The total range measurement d̃i from the target to the transmitter
and receiver of the i-th channel can therefore be expressed as

d̃i(p) = di(p) + ni, with di(p) = ‖p− ti‖+ ‖p− ri‖ (2)

where ni = cei is the range measurement error with E{n2
i } = σ2

i

(i.e., E{e2i } = σ2
i /c

2). Writing the range measurement equation in
vector form gives

d̃ = d(p) + n = [d1, d2, . . . , dN ]T + [n1, n2, . . . , nN ]T (3)

with the covariance matrix of the range measurements given by

Σ = E{nnT } = diag(σ2
1 , σ

2
2 , . . . , σ

2
N ). (4)

Solving (3) requires at least two equations (i.e., N ≥ 2) as
there are two unknowns px and py . However, two equations do
not provide a unique solution for the target position because two
ellipses may intersect at two distinct points. Therefore, at least three
equations are required to ensure the uniqueness of the solution (i.e.,
N ≥ 3) [2].

With the independent Gaussian noise for the TOA measurement
error, the FIM for the target localization is

Φ =

[
φ11 φ12

φ21 φ22

]
= JT0 Σ−1J0 (5)

where J0 is the Jacobian matrix of (3) evaluated at the true target
location

J0 =


(ut1 + ur1)T

(ut2 + ur2)T

...
(utN + urN )T

 , uti =

[
cos θti
sin θti

]
, uri =

[
cos θri
sin θri

]
. (6)

In (6), uti and uri are the unit vectors pointing to the target as shown
in Fig. 1. From (4)–(6), the FIM becomes

Φ =

N∑
i=1

1

σ2
i

(uti + uri )(u
t
i + uri )

T . (7)

As discussed in Section 1, we adopt the maximization of deter-
minant of FIM as the criterion to derive the optimal angular geome-
try for the considered elliptic target localization. Since the area of the
1-σ error ellipse (i.e., 39.4% uncertainty region) of an efficient esti-
mator isA1σ = π/|Φ|1/2 (note that |·| denotes matrix determinant),
maximizing the determinant of FIM is equivalent to minimizing the
area of uncertainty ellipse [9]. In this paper, we assume that the el-
liptic localization algorithm under consideration is nearly efficient
and unbiased so that its CRLB (i.e., the inverse of FIM) can be used
to approximate the error covariance of the target position estimate.

Observation 1. Reflecting both the transmitter and receiver of a
bistatic channel about the target (i.e., moving Txi from ti to 2p− ti
and Rxi from ri to 2p− ri) does not affect FIM.

It is easy to verify this observation by substituting ti by 2p− ti
and ri by 2p − ri in (7). This substitution results in (uti + uri )
becoming−(uti+uri ) which does not change FIM. This observation
is useful to generate new optimal geometries from a given optimal
geometry configuration by reflecting some bistatic channels about
the target location.

3. OPTIMAL GEOMETRY ANALYSIS

The entries of FIM, after some algebraic manipulations, can be ex-
pressed as

φ11 = 2

N∑
i=1

1

σ2
i

[
1 + cos(θti + θri )

]
cos2

(
θti − θri

2

)
(8a)

φ22 = 2
N∑
i=1

1

σ2
i

[
1− cos(θti + θri )

]
cos2

(
θti − θri

2

)
(8b)

φ12 = φ21 = 2

N∑
i=1

1

σ2
i

sin(θti + θri ) cos2
(
θti − θri

2

)
. (8c)

2765



Fig. 2. (a) Angular separation between different bistatic channels; (b)–(e) Illustrations of optimal angular geometries for (b) N = 2, (c)
N = 3 with equal error variances, (d) N = 3 with unequal error variances such that the condition (14) holds, and (e) N = 3 with unequal
error variances σ1 : σ2 : σ3 = 10 : 9 : 8.

The determinant of FIM is therefore given by

|Φ| =4


[
N∑
i=1

1

σ2
i

cos2
(
θti − θri

2

)]2

−

[
N∑
i=1

1

σ2
i

cos2
(
θti − θri

2

)
cos(θti + θri )

]2

−

[
N∑
i=1

1

σ2
i

cos2
(
θti − θri

2

)
sin(θti + θri )

]2 . (9)

Using the equality of (
∑N

1 ai)
2 =

∑N
1 a2i + 2

∑
{i,j}∈C aiaj and

the parameter transformation of αi = (θti − θri )/2 and βi = (θti +
θri )/2, the determinant of FIM becomes

|Φ| = 16
∑
{i,j}∈C

1

σ2
i σ

2
j

cos2 (αi) cos2 (αj) sin2 (βi − βj) (10)

where C is all 2-combinations of the set S = {1, 2, . . . , N} (note
that there are C2

N = N !
2!(N−2)!

combinations of {i, j}).
It is apparent that αi and βi become independent variables after

the above parameter transformation. Therefore, for any particular
values of βi with i = 1, 2, . . . , N , we always have

|Φ| ≤ 16
∑
{i,j}∈C

1

σ2
i σ

2
j

sin2 (βi − βj) (11)

with the equality holding when cos2(αi) = 1 for all i = 1, 2, . . . , N
(i.e., αi = 0 or αi = π; hence θti = θri = βi). As a result, the
optimal angular geometry is obtained when the transmitter and re-
ceiver of each bistatic channel are collinear with the target where
the target is placed at either end, i.e., θti = θri = βi for all i =
1, 2, . . . , N . The optimization problem now reduces to finding the
optimal angular separation between different bistatic channels as
shown in Fig. 2(a).

As a parenthetical remark, for the case when the transmitter, re-
ceiver and target are collinear for any (N −1) bistatic channels with
the target in between the transmitter and receiver (i.e., cos2(αi) =
cos2(±π/2) = 0 for all i ∈ CN−1 where CN−1 is any combination
of (N − 1) channels), we have |Φ| = 0 which represents a bad ge-
ometry.

We formally have the following results:
Theorem 1. Maximizing the determinant of FIM is equivalent to

max
β


[
N∑
i=1

1

σ2
i

]2
−

[
N∑
i=1

sin(2βi)

σ2
i

]2
−

[
N∑
i=1

cos(2βi)

σ2
i

]2
(12)

where β = [β1, β2, . . . , βN ] and θti = θri = βi.
Note that (12) is obtained by substituting θti = θri = βi into (9).

This optimization problem is mathematically equivalent to the opti-
mal angular sensor separation problem for AOA localization in [9]
and its solutions are summarized below:
• ForN = 2, |β1−β2| = π/2 is the optimal angular geometry,

i.e., the LOS lines of the two channels are perpendicular, as
illustrated in Fig. 2(b).

• For N = 3, the optimal solutions are

β2 − β1 =± tan−1(
√
ζ, b2 − a2 − 1)/2 (13a)

β3 − β1 =∓ tan−1(
√
ζ, a2 − b2 − 1)/2 (13b)

where a = (σ1/σ2)2, b = (σ1/σ3)2, and ζ = −(a + b +
1)(a − b + 1)(a + b − 1)(a − b − 1), and tan−1(y, x) is
the four-quadrant inverse tangent of y/x. By reflecting each
of the bistatic channels about the target location, four distinct
optimal angular geometries can be obtained (see Fig. 2(e) for
an example). However, if m ∈ {1, 2, 3} exists such that

1/σ2
m >

∑
1≤i≤3,i 6=m

1/σ2
i , (14)

we have ζ < 0, hence (13) yields complex solutions and can-
not be used. In this case, the optimal solutions are instead
given by βk = ±π/2 + βm with k ∈ {1, 2, 3}\m as illus-
trated in Fig. 2(d), where \ denotes set subtraction.

• For N ≥ 4, there are infinitely many solutions for the op-
timization problem (12) when 2/σ2

m >
∑N

1 1/σ2
i does not

hold with m = arg min (i) σi (if this condition holds, the so-
lutions are βk = ±π/2 + βm with k ∈ {1, . . . , N}\m) [9].
The solutions can be identified as in Section 4 of [9]. Alter-
natively, the optimal angular configuration can be identified
by grouping the bistatic channels into smaller clusters with
two or three channels and optimizing the angular separation
within each cluster [9]. The optimality is not affected by the
rotation of the optimized clusters, hence an infinite number of
optimal configurations exists [9].
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Fig. 3. The optimal trajectories of transmitters and receivers using the gradient-descent trajectory optimization for: (a) two bistatic channels
(N = 2) with dT1 = 10 km, dT2 = 25 km, dR1 = 5 km, and dR2 = 20 km, (b) three bistatic channels (N = 3) with dT1 = dT2 = dT3 = 20
km and dR1 = dR2 = dR3 = 10 km, (c) N = 3 with dT1 = 11 km, dT2 = dT3 = 20 km, dR1 = 5 km, and dR2 = dR3 = 13 km, (d) N = 3 with
dT1 = 20 km, dT2 = 18 km, dT3 = 16 km, and dR1 = dR2 = dR3 = 10 km.

For the case of equal error variances (σ1 = σ2 = · · · = σN ), the
equal angular separation between different bistatic channels (N ≥
3) is one solution among other solutions which can be obtained as
described above (see Fig. 2(c) for an example).

It should be noted that the collinearity between the transmitter,
receiver and target for each bistatic channel does not block the radar
signal travelling from the transmitter to target and reflected to the
receiver because the 2D scenario is an approximation for the actual
3D scenario in practice. The 2D approximation is commonly used in
the literature for low elevation-angle targets. If the transmitter and
receiver of a bistatic channel have the same distance to the target, the
bistatic channel is equivalent to a TOA monostatic radar.

4. SIMULATION EXAMPLES

In this section, the analytical results of the optimal angular geometry
for a multistatic radar system with independent bistatic channels are
confirmed by simulation examples on UAV (unmanned aerial ve-
hicle) path optimization. UAVs are used in the simulations as the
moving transmitter and receiver platforms of the multistatic radar
system to localize a stationary target at p = [0, 0]T km. The itera-
tive linearized least squares estimator [8] is employed to estimate the
target position using the elliptic TOA measurements. The trajecto-
ries of the transmitter and receiver platforms are optimized in order
to maximize the determinant of FIM using the gradient-descent tra-
jectory optimization [24], where the target position estimate in the
previous iteration is employed to update the transmitter and receiver
positions. The error variance for the TOA measurement at the i-
th bistatic channel is range-dependent and modelled as E{e2i } =
%20(R2

TiR
2
Ri)/R

4
0 [3], where RTi and RRi are the transmitter-target

and receiver-target distances respectively, R0 = 20 km is the refer-
ence range, and the constant %0 is 1 µs. The first-order finite differ-
ence approximation is used to compute the gradient of FIM with the
constant in (28) of [24] is ∆ = 100 m. The maximum UAV speed
is 30 m/s, and the time step is ∆t = 10 s (i.e., the UAVs can move
a maximum distance of 300 m in one time step). Each of the UAVs
is subjected to a hard constraint which forces the UAV to maintain
a certain clearance from the target. Let dTi and dRi denote the min-
imum allowed distances from the transmitter and the receiver to the
target, respectively, for the i-th bistatic channel.

Fig. 3 shows the optimal trajectories of the transmitter and re-
ceiver platforms (UAVs) for four different scenarios. It is observed
that, in addition to moving to locations that form optimal angular
separation, the UAVs tend to move toward the target location be-

cause the measurement error variance reduces when the transmitters
and receivers get closer to the target. After reaching the minimum
allowed distances from the target, the UAVs move around the hard
constraints until they form an optimal angular separation. Note that
the optimal configuration, that is obtained by the UAVs, depends on
the initial positions of the UAVs.

As can be seen in Fig. 3, the final transmitter and receiver posi-
tions of each bistatic channel are collinear with the target position
where the target is placed at the either end. This observation agrees
with the analytical result in Section 3. For the case of two bistatic
channels, the final angular separation is approximately 90o as shown
in Fig. 3(a) which matches the analytical result in Fig. 2(b). The
final angular separation between three bistatic channels in Fig. 3(b)
matches the optimal angular configuration on the right-hand side
of Fig. 2(c). This can be explained by noting that, in this sce-
nario, the receivers have the same hard constraint of 10 km, and
the transmitters have the same hard constraint of 20 km, hence the
error variances are equal when all transmitters and receivers reach
their hard constraints. In addition, the final angular separation in
Fig. 3(c) matches the optimal angular geometry on the left-hand side
of Fig. 2(d), where the hard constraints in this scenario satisfy the
condition (14). Finally, the angular separation of 133.200, 110.430

and 116.370 in Fig 3(d) approximately matches the angular separa-
tion of 134.040, 109.880 and 116.080 of the configuration on the
upper right-hand side of Fig. 2(e). Here the error variance ratios
are σ1 : σ2 : σ3 = 10 : 9 : 8 when all the UAVs reach their hard
constraints (i.e., the same as the example in Fig. 2(e)). The small
differences between the simulation and analytical results are due to
the fact that, in the simulations, the determinant of FIM is computed
from the estimate of the target position obtained from the previous
iteration because the true target position is unknown.

5. CONCLUSION

In this paper, optimal angular geometries for elliptic-TOA-based tar-
get localization by a multistatic radar system with multiple indepen-
dent bistatic channels have been derived using the criterion of min-
imizing the the area of the estimation confidence region. Our anal-
ysis shows that the optimal angular geometry is obtained when the
transmitter and receiver of each bistatic channel are collinear with
the target where the target is placed at the either end. The optimiza-
tion problem then becomes the optimal angular separation problem
between different bistatic channels. Simulation examples are also
presented in the paper to verify the analytical results.
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