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ABSTRACT

This paper presents a new SAR ground moving target imaging (GM-
TIm) algorithm based on an unified framework of Keystone trans-
formation (KT). To combat the inherent range-azimuth coupling, an
tandem two-step strategy is designed, where the range decoupling
is implemented by polar format algorithm (PFA) and the azimuth
decoupling is finished by an novel time-frequency representation
method that is Lv’s distribution (LVD). We show, mathematically,
that the azimuth resampling of PFA has inherently the same mecha-
nism as the KT, and also, the LVD achieves the optimal performance
when it is performed in accordance with the KT principle. Therefore,
multiple moving targets can be imaged simultaneously. Focused tar-
gets’ responses can be obtained in both range and azimuth dimen-
sions. Isotropic point target simulation is designed, and experiments
are carried out to validate our proposed SAR-GMTIm algorithm.

Index Terms— Synthetic aperture radar (SAR), ground mov-
ing target imaging, Keystone transformation, polar format algorithm,
Lv’s distribution.

1. INTRODUCTION

Recently, there has been increasing interests in addressing SAR
ground moving target imaging (GMTIm) [1, 2]. In general, target
radial velocity will result in displaced response, and along-track
velocity and radial acceleration will lead to image defocusing [1].
Multichannel SAR in along-track configuration is preferred in SAR-
GMTIm, since it is convenient to suppress the clutter that is known
as the echoes from the stationary background scene [3, 4].

Regardless of imaging for stationary scene or moving targets, it
can be interpreted as removal of inherent coupling between range
and azimuth. For instance, in SAR imaging of stationary scene, var-
ious SAR image formation algorithms [5, 6] have been introduced.
All these algorithms can be categorized as a process of correcting the
range migration that is known as coupling between range frequency
and azimuth slow-time. PFA is the most popular one because it is
conceptually simple and highly efficient [7,8]. Since the range walk
or linear component of the range migration is believed to be the most
significant component in achieving stationary scene image, PFA is
introduced to correct the range walk under planar wavefront assump-
tion. In SAR-GMTIm scenario, both the radar and target movements
vary the range migration. Due to the lack of a prior knowledge of
the target trajectory, it is challenging for fully correcting the range
migration [9]. Thanks to the Keystone transformation (KT) [10], it
is capable of correcting an arbitrary range walk without the kinetic
information about the moving target [9].
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However, in SAR-GMTIm, the KT can only achieve a prelim-
inary focusing in range dimension. Due to residual azimuth phase
modulation (APM), further azimuth refocusing is required. In this
paper, we realize the azimuth refocusing under time-frequency rep-
resentation (TFR) [11–15], and the novel Lv’s distribution (LVD) is
employed [11]. We will demonstrate the APM in TF related correla-
tion function is a coupling between Doppler frequency and azimuth
slow-time. LVD is adopted to correct the linear coupling. Because
both the PFA and LVD can be interpreted in accordance with the KT
mechanism for the decoupling in range and azimuth, respectively. A
unified framework of KT is proposed for SAR-GMTIm. It is possi-
ble to image multiple moving targets, simultaneously, and focused
target responses in range and azimuth can be obtained. Simulation
results can validate the effectiveness of our proposed algorithm.

2. SAR-GMTIm SIGNAL MODEL

In this paper, along-track multichannel SAR is employed for further
clutter suppression to enhance signal-to-clutter-noise ratio (SCNR)
[3, 4]. Assume the reference channel position is q0(tn) during co-
herent processing interval (CPI), where tn is the slow-time variable.
Other channels can be generally expressed with the position qi(tn)

= q0(tn) + di, where di = di
⇀
x, di is the i-th channel separation

from the reference and ⇀
x is the unit vector along the airborne SAR

flight track or azimuth direction.
Consider the moving target trajectory

rt(tn) = R0 + r0 + vttn + att
2
n (1)

where both the target velocity vt and acceleration at are formulated
to facilitate maneuvering target imaging, R0 is the reference range
vector from the origin of coordinate system we concerned to the ob-
serving scene center, and r0 is the target location offset from the
scene center. The radar-to-target range for the reference and i-th
channel are

|R0t(tn)| = |rt(tn)− q0(tn)| (2)
|Rit(tn)| = |rt(tn)− qi(tn)| , (3)

respectively. Assuming radar pulses with bandwidth B about carrier
frequency f0 are transmitted, the moving target spectra received by
the reference and i-th channel are

S0t(k, tn) = exp(−jk |R0t(tn)|) (4)
Sit(k, tn) = exp(−jk |Rit(tn)|) , (5)

respectively, where k = 4π(f0 + ∆f)/c denotes the wavenumber,
∆f ∈ [−B/2, B/2] is the transmitting frequency variation, and c is
the speed of light.
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Since all the SAR channels travel precisely along the same path
but delayed in time, we have qi(tn − di/v) = q0(tn), where the
i-th channel is assumed leading the reference and v is the speed of
the airborne SAR. Thus, the echoes from the clutter have equiva-
lent contribution for the clutter imaging among all the channels [4].
However, the moving target position will definitely change within
the time-delay di/v. From [4], the moving target radial velocity
vr dominates the difference of radar-to-target range between the i-
th and reference channel. Therefore, the time-shifted radar-to-target
range of the i-th channel can be approximately written as

|Rit(tn − di/v)| ≈ |R0t(tn)| − vrdi/v . (6)

Then, the clutter can be simply suppressed by subtracting the spec-
trum of the reference channel from that of the time-shifted i-th chan-
nel [4], and the result becomes

S(k, tn) = Sit(k, tn − di/v)− S0t(k, tn)

≈ A · S0t(k, tn) exp(jΦIn/2) (7)

where A = 2j sin(ΦIn/2) denotes the complex amplitude, and
ΦIn ≈ 4πvrdi/λv is the interferometry phase [4]. As noticed in
(7), to achieve a focused SAR moving target image, S0t(k, tn) is to
be handled.

3. KEYSTONE TRANSFORMATION

To investigate S0t(k, tn), |R0t(tn)| should be expanded into Taylor
series with respect to tn as

|R0t(tn)| ≈ R(0) + Ṙ(0)tn + Ψ(tn) (8)

where R(0) = |R0t(0)|, Ṙ(0) =
∣∣∣Ṙ0t(0)

∣∣∣, and Ψ(tn) is the sum-
mation of quadratic and higher order terms. Substituting (8) into the
clutter-suppressed spectrum (7), we have

S(k, tn) = exp[−jk(R(0) + Ṙ(0)tn + Ψ(tn))] (9)

where both the amplitude and the constant interferometry phase are
dropped for simplicity. As noticed in (9), the wavenumber k is cou-
pled with the slow-time variable tn. This coupling is referred to the
range migration, which is known as the inherent problem in achiev-
ing a focused SAR image. The KT is introduced by rescaling the
slow-time tn in each sample of k [9,10]. The KT operator is defined
as

ktn = (k0 + ∆k)tn = k0t̃n (10)

where k0=4πf0/c=4π/λ is the wavenumber centroid, λ is the radar
wavelength, ∆k=4π∆f/c is the wavenumber variation, and t̃n is the
new slow-time variable to cope with the KT operation (10). After the
KT processing, (9) becomes

S(k, t̃n) = exp[−j(kR(0) + k0Ṙ(0)t̃n + kΨ(
k0t̃n

k0 + ∆k
))] .

(11)

In (11), the coupling is removed at least up to the linear component
of t̃n. When the high order terms, kΨ(·), are ignorable, the target
can be imaged by simply applying Fourier transform (FT) with re-
spect to k and t̃n, respectively.

4. PROPOSED SAR-GMTIm ALGORITHM

However, in practice, the high-order terms should be considered for
high-resolution SAR imaging. Therefore, the above-mentioned KT
can only achieve a preliminary range-focused target image [9]. For
focused target image in both range and azimuth dimensions, in this
section, a new SAR-GMTIm algorithm is proposed, which is con-
sisted of range decoupling by PFA and azimtuh decoupling by LVD.
Both the steps are shown to be in accordance with the KT mecha-
nism.

4.1. Range Decoupling By PFA

Commonly, SAR forms an image in a 2 dimensional (2-D) plane of
slant-range and azimuth, and we can specifically define the following
vectors as

R0 = R0
⇀
r , r0 = x

⇀
x + r

⇀
r ,

vt = vx
⇀
x + vr

⇀
r , at = ax

⇀
x + ar

⇀
r (12)

where ⇀
r represents unit vector of slant-range. Suppose the airborne

SAR works on broadside mode and with zero squint angle at mid-
CPI. Position of the reference channel can be specifically given as
q0(tn) = un

⇀
x = vtn

⇀
x.

In the PFA, planar wavefront assumption and far-field hy-
pothesis are employed [7]. Therefore, by assuming the reference
|R0 − q0(tn)| is much larger than the extent of observing scene, it
is feasible and reasonable to approximate |R0t(tn)| up to the second
order of t̃n. Then, (7) becomes

S(k, tn) ≈ exp[−jk(
√
R2

0 + u2
n +

R0r − unx√
R2

0 + u2
n

+
(R0 + r)vr − unvx√

R2
0 + u2

n

tn

+
1

2
(
v2x + v2r√
R2

0 + u2
n

+
(R0 + r)ar√
R2

0 + u2
n

)t2n)] .

(13)

In the PFA, (13) in polar format (k, tn) is required to be re-
sampled into rectangle format (kr, kx) by using the two sequential
interpolators kr=kR0/

√
R2

0 + u2
n and kx=−krun/R0. Then, we

obtain

S(kr, kx) ≈ exp[−j(krr + kxx+ kxvxtn

+ kr
(R0 + r)vr

R0
tn + kr(

v2x + v2r
2R0

+
(R0 + r)ar

2R0
)t2n)] . (14)

To further simplify (14), some latent relations are to be ex-
ploited. Firstly, we have kx=−krun/R0 that is the azimuth inter-
polator, where un is the azimuth sample position before the PFA
processing. It can be noticed that the azimuth wavenumber kx is not
linearly related with un but has dependence on the range wavenum-
ber kr . To remove this dependence, during the azimuth resampling,
an new position ũn is introduced to represent a uniform azimuth
sample positions along all the samples of kr . By referring to the
azimuth samples at kr=k0, we have kx=−k0ũn/R0. Further, it can
be found that krun=k0ũn, krtn=k0t̃n and ũn=vt̃n. At this point,
(14) can be further simplified as

S(kr, kx) ≈ exp[−j(krr + kxx+ k0
(R0 + r)vr

R0
t̃n

+ k0(
(v − vx)2 + v2r

2R0
− v2

2R0
+

(R0 + r)ar
2R0

)t̃2n)] . (15)
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By further analyzing the PFA, it can be found that the azimuth
interpolator krtn=k0t̃n is actually in accordance with the KT mech-
anism (10), where kr is the range wavenumber after the range re-
sampling in the PFA. Therefore, the range walk of stationary scene
and moving targets can be removed simultaneously by the PFA. This
can avoid separate processing steps for stationary scene and moving
target, respectively. Furthermore, from (15), range focusing can be
achieved by simply applying FT in terms of kr . For further azimuth
focusing, residual APM should be handled.

4.2. Azimuth Decoupling By LVD

By substituting kx = −k0vt̃n/R0 into (15), we can express the az-
imuth signal only with respect to t̃n as

s(t̃n) = exp[j2πfdt̃n + jπγdt̃
2
n] (16)

where (16) is formulated into a LFM form with Doppler centroid
frequency fd=fdc − fdt and chirp rate γd = γdc − γdt, and

fdc =
2v

λ

x

R0
, fdt =

2v

λ

(R0 + r)vr
R0

, γdc =
2

λ

v2

R0
,

γdt =
2

λ
(
(v − vx)2 + v2r

R0
+

(R0 + r)ar
R0

) . (17)

To incorporate multiple moving targets, (16) becomes a multi-
component LFM model as

s(t̃n) =

K∑
k=1

exp[j2πfkd t̃n + jπγkd t̃
2
n] (18)

where each moving target signature is characterized by one LFM
component with the linear and quadratic parameters fkd =fkdc − fkdt
and γkd=γdc − γkdt, respectively.

In this paper, LVD [11] is adopted to represent the multiple mov-
ing targets. To compute an LVD representation, a parametric sym-
metric instantaneous autocorrelation function (PSIAF) [11] is de-
fined and calculated as

RCs (τ, t̃n) = s(t̃n +
τ + a

2
)s∗(t̃n −

τ + a

2
)

=

K∑
k=1

exp[j2πfkd (τ + a) + j2πγkd (τ + a)t̃n]

+

K−1∑
k=1

K∑
l=k+1

RCskl
(τ, t̃n) +RCslk (τ, t̃n) (19)

where the superscript * denotes the conjugate operator, τ is the time-
lag variable, a is a constant time-delay parameter, and RCskl

(·) de-
notes one of cross-terms of the PSIAF. As noticed in (19), the time-
lag variable τ is coupled with the PFA interpolated slow-time vari-
able t̃n. This is the inherent mechanism causing the degradation in
TFR. Furthermore, this coupling can be interpreted as the migration
of Doppler frequency γkd (τ +a) across the slow-time t̃n. To remove
this linear Doppler migration, a scaling process in LVD is introduced
as

Γ[RCs (τ, t̃n)] = RCs (τ,
˜̃tn

(τ + a)h
) (20)
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Fig. 2. Moving target representation by LVD.

where ˜̃tn is the scaled slow-time and h is the scaling factor. Then,
the LVD representation can be obtained as

Ls(f̂d, γ̂d) = F˜̃tn

{
Fτ
{

Γ[RCs (τ, t̃n)]
}}

=

K∑
k=1

Lsk (f̂d, γ̂d) +

K−1∑
k=1

K∑
l=k+1

Lskl(f̂d, γ̂d) (21)

where Fτ and F˜̃tn
are the FT operators with respect to τ and ˜̃tn,

respectively. In (21), Lskl(·) is one of the cross-terms of the LVD
representation. As it has been concluded in [11], the LVD maintains
asymptotic linearity, and the cross-terms have ignorable amplitude
compared with that of auto-terms when the CPI is properly selected
large enough. According to [11], the two parameters, a and h, are
both required to be one for the optimal performance of LVD. In such
a case, the LVD representation modulus can be given as

∣∣∣Ls(f̂d, γ̂d)∣∣∣ =

K∑
k=1

δ(f̂d − fkd )δ(γ̂d − γkd ) (22)

where δ(·) is Dirac delta function representing the LVD spread func-
tion along the axis f̂d and γ̂d.

Focusing on the LVD implementation, the most significant step
is the scaling operation as shown in (20). By further observing (20),
when a and h are both set to one, the scaling process can be specifi-
cally written as (1+τ)t̃n=˜̃tn. Obviously, it is in accordance with the
KT mechanism (10). Therefore, in achieving azimuth focused target
image, LVD is adopted for removing the linear Doppler coupling.

4.3. SAR-GMTIm Algorithm

From the LVD representation in (22), each moving target is repre-
sented as a distinct peak on the Doppler centroid frequency and chirp
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Fig. 4. Azimuth responses of Fig. 3(b) (dashed line) and Fig. 3(c) (solid line).

rate (CFCR) domain (f̂d, γ̂d). The Doppler parameters, fkd and γkd ,
for each moving target can be obtained by directly reading the peak’
coordinates in the CFCR domain.

The Doppler centroid frequency, fkd , can be used for estimation
of the target radial velocity vkr and further target geo-location. The
Doppler chirp rate, γkd , can be utilized for estimation of the target
along-track velocity vka and radial acceleration akr , and simultane-
ously, the target defocusing can be removed by matched-filtering.
Since multiple moving targets can be represented by LVD, all the
targets can be refocused simultaneously under the representation.

5. EXPERIMENTS

To validate the proposed algorithm, point target simulation is carried
out. In the simulation, an airborne SAR is designed. The SAR is
supposed to be an X-band radar with carrier frequency of 9.75GHz,
bandwidth of 75MHz, and PRF of 1000Hz. Tri-channel SAR system
is considered, where the spacing between the two adjacent channels
is 0.2m. The airborne SAR is assumed flying with a constant ve-
locity 150m/s and the nearest range to the observing scene center
10km. The CPI for moving target imaging is approximately 2s. The
moving target is simulated as the ground truth given in Fig. 1, where
both the velocity and acceleration of the moving targets are randomly
selected. In addition, two stationary targets are simulated for repre-
senting the clutter.

According to our proposed algorithm, after PFA [7] image for-
mation and multichannel clutter suppression [4], LVD is used to
represent the multiple moving targets. The LVD representation for
MT1-MT3 can be found in Fig. 2, where each moving target is rep-
resented as a distinct peak and indicated with respect to the target
ID. By reading all the targets representative Doppler chirp rates, the
multiple moving targets can be refocused in Fig. 3(c).

Additionally, in Fig. 3, we demonstrate the SAR-GMTIm results
by directly FT and PFA as shown in Fig. 3(a) and (b), respectively.

As noticed in Fig. 3(a), due to uncorrected range walk, the moving
targets are defocused in both range and azimuth dimensions. The
range defocusing is obvious for MT3. Besides, as MT1 and MT2 are
closely located, their responses are defocused and overlapped with
each other. Using the PFA, the range walk is corrected under the KT
mechanism. The range defocusing is removed as shown in Fig. 3(b),
though azimuth defocusing still exist due to high order APM. As
seen in Fig. 3(c), the azimuth defocusing is further removed under
the LVD representation that is in accordance with the KT. In Fig. 4,
the azimuth responses of Fig. 3(b) and (c) are shown as the dashed
and solid lines, respectively. From the comparison, the refocusing
performance by our proposed algorithm can be found.

6. CONCLUSION

This paper proposes a new SAR-GMTIm algorithm based on an uni-
fied framework of KT. The algorithm consists of two steps that are
PFA for range decoupling and LVD for azimuth decoupling. As
we have demonstrated mathematically, both the implementations of
range and azimuth decoupling are in accordance with the KT mech-
anism. Therefore, multiple moving targets can be imaged, simulta-
neously. Focused target responses in both range and azimuth can be
obtained. Simulation results have validated our proposed algorithm.
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