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ABSTRACT
In this paper, we extend the multiple transition mode track-

before-detect (TBD) algorithm to track multiple low observable
targets in compound Gaussian sea clutter. The proposed TBD
framework uses the un-thresholded fast time radar measurements
to track multiple targets in low signal-to-clutter ratios (SCRs). The
TBD is implemented using particle filtering (PF), and we derive the
generalized likelihood ratio needed to update the particle weights.
The maximum likelihood estimate of the texture and the covariance
matrix of the speckle are also derived and implemented using a
fixed point algorithm. The tracking performance of the proposed
algorithm is investigated using three low observable targets that
enter and leave the field of view (FOV) at different time steps and
under varying environmental conditions.

I. INTRODUCTION
Target tracking in clutter is a challenging problem when the

clutter reflected signals have characteristics similar to those of target
reflected signals. In moving target indicator applications, the effect
of clutter is reduced using Doppler filtering [1]. However, the radial
velocity of sea clutter is usually not low due to fast moving waves
influenced by weather and wind conditions [2]. Tracking becomes
more complicated for multiple low radar cross section (RCS) targets
in low signal-to-clutter ratios (SCRs). Recently, track-before-detect
(TBD) with particle filtering (PF) has been used to track such low
observable targets [3]. A recursive TBD was considered in [4] for
estimating clutter statistics as part of the likelihood evaluation step.
The clutter was estimated by averaging over a set of nearby bins
that are not affected by a target, and a numerical evaluation was
used to compute the likelihood ratio for Rayleigh distributed clutter.
A multi-scale adaptive single target TBD method was considered
in [5], and a Viterbi-like multi-scan TBD algorithm was considered
in [6] using complex Gaussian clutter and space-time processing.

Most of the existing TBD algorithms were demonstrated with
Gaussian noise and to the best of our knowldedge, we have not
come across any multiple target TBD methods that keep track of
varying number of targets in low SCR conditions with compound-
Gaussian clutter. In this paper, we extend the multiple transition
mode multiple target TBD (MMMT-TBD) algorithm we proposed
in [7], [8] to track targets in compound Gaussian (CG) sea clutter
[2]. Using the CG model, the texture component was assumed to
follow a known distribution function in [9], [10]; however, the opti-
mal generalized likelihood function is not mathematically tractable.
Various sub-optimal detectors have been considered in [11]–[13].
In [14], the texture component was assumed deterministic. Using
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this assumption, we derive an optimal likelihood function with the
maximum likelihood estimate (MLE) of the texture and the speckle
covariance matrix. The MLE can be implemented using an iterative
fixed point algorithm [15], [16]. We also analyze the relation
between this optimal likelihood function and a sub-optimal one
from [11], and we demonstrate the improved tracking performance.

This paper is organized as follows. In Section II, we provide the
tracking model needed for the multiple target TBD method. We
present the MMMT-TBD method in Section III, and we derive the
generalized likelihood function and the MLE of the clutter statistics
in Section IV. The proposed algorithm is investigated by tracking
three low observable targets in CG clutter under various conditions.

II. TRACKING MODEL
A. State Model

For the MMMT-TBD method [7], [8], the kinematic state of
the targets is estimated, given a maximum possible number of
targets L, for M possible target combinations or modes. The
posterior probability density function (PDF) of a target is obtained
by marginalizing the weighted combination of all possible target
combinations in which the target is assumed present.

The dimension of the multi-target state vector xi
k depends on the

selected mode. For example, if targets two and three are assumed
to be present in the ith mode, i= 0, . . . ,M − 1, the multi-target
state vector is xi

k = [xT
k,2 x

T
k,3]

T. The state vector of the ℓth target
is given by xk,ℓ = [xk,ℓ ẋk,ℓ yk,ℓ ẏk,ℓ]

T, where (xk,ℓ, yk,ℓ) and
(ẋk,ℓ, ẏk,ℓ) are the two-dimensional (2-D) Cartesian coordinates of
the ℓth target position and velocity, respectively, at time step k. The
state model for the ℓth target is xk,ℓ =F(xk−1,ℓ) + vk−1,ℓ, where
F is a state transition function and vk−1,ℓ is the modeling error.

B. Fast Time Complex Radar Measurement with Clutter

We consider a radar transmitting a dwell of Np pulses with
pulse repetition frequency FPRF Hz. The length of each pulse
s[n] is Ns samples. The number of scatterers and their Doppler
frequencies are assumed constant during Np pulses. Using the
point source model, the measurement from the pth pulse in a dwell
arriving from the ϕth azimuthal direction, ϕ= 1, . . . , Nϕ, is given
by zp,ϕ[n]=

∑Lϕ
ℓ=1 Tℓ[n] +

∑Nr
i=1 Ci[n], where Tℓ[n]=βℓ s[n −

nℓ] exp (j2πνℓn) is the signal associated with the ℓth target and
Ci[n]= ξϕ[i, p] s[n−mϕ,i] exp (j2πuϕ,in) is the clutter contribu-
tion from the ith range bin, n= pFb/FPRF, (pFb/FPRF)+1, . . . , ((p+
1)Fb/FPRF) − 1, Fb Hz is the fast-time sampling frequency, Lϕ is
the number of targets present in the ϕth azimuthal direction, νℓ, nℓ

and βℓ are the Doppler frequency, propagation delay, and complex
reflectivity of the ℓth target, respectively, and the corresponding
parameters for the ith clutter are uϕ,i, mϕ,i, and ξϕ[i, p].

The overall scatterer contribution at the k dwell is generalized
by the (Nr × Np) reflectivity matrix Ak,ϕ. The columns of this
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matrix correspond to the reflectivity from all Np pulses in the kth
dwell and the rows represent the reflectivity from Nr =Ng+Ns−1
range bins, where Ng = ζk,Ng − ζk,1 + 1 is the number of range
bins in the validation gate, and ζ1 and ζk,Ng are the first and last
range bins in the field of view (FOV). The matrix elements are
given by aϕ[ζk,i, p]= ξϕ[ζk,i, p] exp (j2πuϕ,ζk,ip/FPRF). Similarly,
a sparse reflectivity matrix corresponding to multiple targets, Tk, ϕ

can be formulated with non-zero complex reflectivity value in those
range bins where a target is present at the kth dwell, in the ϕth az-
imuthal direction. The range rk of the target and the corresponding
range bin ζk,ℓ are related by ζk,ℓ = ⌈2rk,ℓ/(vcFb)⌉. The Doppler
frequency and the range-rate ṙk are related by νℓ = 2ṙk,ℓ/(vcfc),
where vc is the velocity of propagation and fc Hz is the carrier
frequency. A circulant (Ng ×Nr) signal matrix S is formed from
the transmitted signal s[n]. The first row of this matrix consists of
s[n], followed by Nr−Ns zeros. The remaining rows are generated
by circularly shifting this first row to the left. An (Ng × Np)
measurement matrix can then be written as Zk,ϕ =S (Tk,ϕ+Ak,ϕ).

The measurements from all azimuthal directions up to the kth
dwell are vectorized to represent zk = vec(Zk, 1,Zk, 2, . . . ,Zk,Nϕ)
and Zk = {z1, z2, . . . , zk} represents all the measurements up to
the kth dwell. In order to consider the contribution of the ℓth target,
the measurement from range bin ζk,ℓ in the ϕℓth azimuthal direction
is extracted from Zk,ϕ as

zk,ϕℓ [ζk,ℓ] = βk,ℓ s[νℓ] + ck,ϕℓ [ζk,ℓ] (1)
where s[νℓ]= [1 exp (j2πνℓ/FPRF) . . . exp (j2πνℓ(Np − 1)/FPRF)],
βk,ℓ is the reflectivity from the target present in range bin ζk,ℓ,
and ck,ϕℓ [ζk,ℓ] is the clutter measurement vector corresponding to
the ζk,ℓth row of matrix SAkϕℓ .

C. Compound Gaussian Clutter Model
Signals from high resolution sea-based radars have backscatter

due to the presence of gravity waves and sea swells [2]. Using the
CG model, small scale components due to multiple scatterers that
decorrelate due to relative motion on the sea surface are modeled as
speckle. Speckle has a complex Gaussian distribution with a short
decorrelation time. It is modulated by a texture component that is
slow-varying with longer decorrelation time and associated with
long sea waves and swells. Thus, the signal reflectivity is modeled
as ξk,ϕ[ζk,i, p]= (τk,ϕ[ζk,i, p])

1/2 xk,ϕ[ζk,i, p], where τk,ϕ[ζk,i, p]
≥ 0 and x[ζk,i, p] represent the texture and speckle components,
respectively, for the pth pulse at the kth dwell and in range bin
ζk,i. We assume that the texture is the same for all pulses in
a dwell by choosing a very small dwell duration [14]. This is
a reasonable assumption due to the slow varying nature of the
texture. The clutter from all pulses is given by ξk,ϕ[ζk,i] =

[(τk,ϕ[ζk,i])
1/2 xk,ϕ[ζk,i, 0] . . . (τk,ϕ[ζk,i])

1/2xk,ϕ[ζk,i, Np−1]
]T.

The speckle is assumed to vary from pulse to pulse. The clutter co-
variance matrix is given by Σ τk,ϕ[ζk,i], where Σ is the (Np×Np)
non-identity complex speckle covariance matrix, which is assumed
to be same for all range bins.

D. Doppler Model for Sea Clutter
The small ripples in sea surface are generated by blowing winds

that transfer the energy to longer waves. When the wind is blowing
at a steady rate, the sea waves reach an equilibrium condition [2].
Clutter from these local wind-driven ripples, that have lower radial
velocities, are modeled as Bragg’s scattering [17]. These steady
state waves are then modulated by sea swells from neighborhood

regions under turbulent weather conditions. The radial velocity
associated with the modulating sea swells is usually higher than
that of the Bragg’s scattering. Many empirical studies have shown
that the averaged Doppler spectrum of sea clutter can be modeled
by a combination of fast non-Bragg scatterers associated with
the sea swells and a slow Bragg’s scattering associated with
smaller capillary waves [18]–[20]. Recently, a linear approximation
Doppler spectral model was considered that relates texture and
Doppler frequency [21]. Based on this method, we generate the
Doppler frequency νBragg

k,ϕ [ζk,i] of the Bragg’s scattering as a normal
distribution with mean µBragg and variance σ2

Bragg. The sea swell
Doppler νswell

k,ϕ [ζk,i] is normally distributed with mean µswell
k,ϕ[ζk,i] =

Aswell + Bswell τk,ϕ[ζk,i] and variance σ2
swell [21], [22]. The Doppler

frequency uϕ,ζk,i is randomly selected between the two Doppler
frequencies to match real data [18]–[20].

III. MULTIPLE TARGET TBD
When the TBD is used for tracking, the number of detected

targets is not assumed to be known a priori. In the MMMT-TBD
method, the tracking of multiple targets entering and leaving the
FOV is formulated as a multiple-model problem as the poste-
rior PDF varies depending on a set of mutually exclusive target
combinations or modes. The posterior PDF of the ℓth target is
p(xk,ℓ|Zk)=

∑M−1
i=0 Ci

ℓ p(xk,l,mk = i|Zk), where Ci
ℓ is a binary

indicator that specifies whether target ℓ is present in mode i. The
PDF p(xk,l,mk = i|Zk) is obtained by marginalizing the joint PDF
p(xi

k,mk = i|Zk) = p(xi
k|mk = i,Zk) Pr(mk = i|Zk)

for i= 1, 2, . . .M − 1. The target state PDF conditioned on a
particular mode can be obtained as

p(xi
k|mk = i,Zk) =

M−1∑
j=0

pj,i(x
i
k|Zk) Pr(mk−1 = j|mk = i,Zk)

where pj,i(xi
k|Zk)= p(xi

k|mk−1 = j,mk = i,Zk) represents the tar-
get state PDF conditioned on transitioning from j at time step k−1
to mode i at time step k. Using Bayes rule, the mode conditioned
PDF can be written as
pj,i(x

i
k|Zk) = Lj,i(zk|xi

k) pj,i(x
i
k|Zk−1)/Lj,i(zk|Zk−1) , (2)

where Lj,i(zk|Zk−1) is a normalization factor and
Lj,i(zk|xi

k) is the likelihood function conditioned on pre-
vious and current modes. The probabilities Pr(mk = i|Zk)
and Pr(mk−1 = j|mk = i,Zk) are derived in [7] based on
the likelihood function. The proposed MMMT-TBD was
implemented using particle filtering (PF) by approximating the
PDFs as p(xi

k|mk−1 = j,mk = i,Zk)=
∑Nj,i

n=1 ϕ
(j,i,n)
k δ(xi

k −
x
(j,i,n)
k ), p(xi

k|mk = i,Zk)=
∑Ni

n=1 χ
(i,n)
k δ(xi

k − x
(i,n)
k ), and

p(xk,ℓ|Zk)=
∑Nℓ

n=1 w
(n)
k,ℓ δ(xk,ℓ −x

(n)
k,ℓ ). Here, ϕ(j,i,n)

k , χ(i,n)
k and

w
(n)
k,ℓ are particle weights and Nj,i, Ni and Nℓ are number of

particles. The generalized likelihood function derived in the next
section is used to update the particle weights corresponding to
targets entering, surviving or leaving the FOV.

IV. ADAPTIVE LIKELIHOOD FUNCTION
The problem of detecting a target in a range bin can be

formulated as the hypothesis problem
H0 : z0 = c0 H1 : z0 = βs+ c0 (3)

where c0 is the contribution of clutter to the range bin under
test, s is a known complex signal vector and β is the reflectivity
for a target present in this range bin. In this section, for clarity
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reasons, vectors z0 and s are assumed arbitrary; thus, we ignore the
dependence on the target state ζk,ℓ, νℓ, and ϕℓ. Let z0 represent the
measurement from the range bin under test and zi, i= 1, . . . , NT ,
are the secondary measurements from NT neighborhood range bins.
The clutter distribution from the (NT + 1) bins are assumed in-
dependent and have a complex Gaussian distribution with different
power levels. The total speckle power can be included into the
texture such that the trace of the speckle covariance matrix is
Np. If the texture is modeled as a random parameter, it is very
difficult to jointly maximize the PDF under the H1 hypothesis,
and the closed-form likelihood function does not exist. Various
asymptotic detectors were considered in [9], [11]–[13], [23]–[25].
An asymptotically optimum GLRT detector that is invariant to the
texture PDF was considered in [11], [13]. The test statistics of this
detector in linear quadratic (LQ) form that depends only on the
speckle covariance is given by

ηLQ = |sHΣ−1z0|2/[(sHΣ−1s)(zH0Σ
−1z0)] . (4)

The normalized sample covariance matrix estimate is [12], [26]

Σ̂ =
1

NT

NT∑
i=1

(Np ziz
H
i)/(z

H
izi) . (5)

This estimation is valid only if all the secondary range bins
and the range bin under test have the same speckle covari-
ance. We derive a generalized likelihood function (GLR) for
the CG clutter using Kelly’s approach [27] for a deterministic
but time-varying texture. The PDFs of z0 under H0 and H1

are assumed Gaussian with means 0 and βs respectively and
covariance τ0Σ. Assuming independent clutter, the joint PDF is
p(z0, . . . , zNT |Hj)= p(z0|Hj)

∏NT
i=1 p(zi), j = 0, 1, where p(zi)

is Gaussian with mean 0 and covariance τiΣ. The PDF under each
hypothesis can be expanded as

p(z0, . . . , zNT |Hj)

= [exp (−tr(Σ−1Tj)/(π
Np |Σ|

NT∏
i=0

τ
Np/(NT+1)
i )]NT+1 (6)

where

T0 =
1

NT + 1

(
z0z

H
0

τ0
+ S

)
,T1 =

1

NT + 1

(
zsz

H
s

τ0
+ S

)
(7)

S=
∑NT

i=1 ziz
H
i/τi, zs = (z0 − βs), and tr(·), | · | are the trace and

determinant of a matrix, respectively.

A. Maximum Likelihood Estimate of Clutter Statistics
In order to obtain the likelihood function, we first need to

estimate the clutter statistics Σ and τi. The MLE of these pa-
rameters can be obtained by maximizing the joint PDF over these
parameters. If we first assume that the texture is known, the
MLE estimate of Σ can be obtained by maximizing the log PDF,
Σ̂MLE = [

∑NT
i=1 ziz

H
i/τi]/NT . If Σ is known, the texture MLE can

be obtained as τ̂i,MLE = tr(Σ−1ziz
H
i)/Np, i= 1, . . . , NT . When both

the clutter statistics are not known, the above two equations can
be solved simultaneously using the iterative fixed point method in
[15]. It was shown in [16] that the estimate converges to the true
solution, irrespective of the initialization. The converge behavior of
the fixed point method are discussed in [15] and [16].

B. Calculation of Generalized Likelihood Function
Using Equations (6) and (7) and the MLE of the parameters, the

(NT + 1)th root of the GLR as a function of the unknown target
reflectivity and the texture can be written as L(τ0, β)= |T0|/|T1|,
which can be further modified by minimizing the denominator with

respect to β. Using steps similar to Kelly’s method (CG-K) [27],
the GLR can be derived as L= 1/(1− ηCG-K) where

ηCG-K = |sHΣ̂−1

MLEz0|2/(sHΣ̂
−1

MLE s (τ̂0,MLENT + zH0Σ̂
−1

MLEz0)). (8)
The texture for the range bin under test τ̂0,MLE cannot be estimated
without knowing the target reflectivity. Instead, we can use the
estimated texture of the past frame as it changes slowly. The CG-
K statistic is related to ηLQ in (4) as

ηCG-K = ηLQ

[
zH0Σ

−1z0/(z
H
0Σ

−1z0 + τ0NT )
]
.

This suggests that, for a positive definite matrix Σ, ηCG-K is always
smaller than ηLQ. Under H0,

ηCG-K,H0 = ηLQ,H0 [y
H
0y0/(y

H
0y0 +NT )]

where y0 =Σ−1/2x0 is the whitened version of the speckle com-
ponent x0 and ηCG-K is invariant to texture under H0. Under H1,

ηCG-K,H1 = ηLQ,H1

[
yH
0y0

yH
0y0 +NT

][
1 + u/(yH

0y0)

1 + u/(yH
0y0 +NT )

]
where u=

∣∣β(rHr/τ0)1/2 + yH
0r/(r

Hr)1/2
∣∣2 − |yH

0r|2/(rHr) and
r=Σ−1/2 s. For a positive definite matrix Σ, the scale factor
under H1 is greater than the one under H0 when one of the
following two conditions are satisfied: (i) β is real and positive,
and (ii) |β|2rHr > −2

√
τ0Re{βyH

0r}. The second condition can be
satisfied for moderately high SCR. Thus, the variance of ηCG-K,H0

is smaller than the variance of ηLQ,H0 . Under H1, ηCG-K,H1 is a
scaled version of ηLQ,H1 , though the scaling value is smaller than
that under H0. Therefore, the probability of false alarm with CG-
K is smaller than with the LQ; the probability of detection is
similar for both methods. Hence, the proposed likelihood function
is expected to perform better than the sub-optimal method when one
of the two conditions is satisfied. Finally, the likelihood function
needed for the TBD framework is obtained from the modified
binary hypothesis problem in (3) by replacing z0, c0, β and s
with zk,ϕ[ζk,ℓ], ck,ϕ[ζk,ℓ], βk,ℓ and s[νℓ], respectively. For a given
target state vector in mode i at the kth dwell, the range and Doppler
can be computed as in Section II. The range bin ζk,ℓ is used to
identify z0 and the Doppler νℓ is used to derive the signal s. The
measurement vector model is given in (1), and the GLR is computed
using (4) or (8). The likelihood function for the ℓth target can
be written as L(zk|xk,ℓ)= 1/[1 − η(zk|xk,ℓ)]. The range of the
test statistic η(·) is [0 1] [27]. In order to increase the dynamic
range of the likelihood function, a likelihood function that varies
from zero to infinity is L(zk|xk,ℓ)= η(zk|xk,ℓ)/[1− η(zk|xk,ℓ)].
This new function is advantageous for use in the multi-target TBD
since the joint multi-target PDF is approximated by the product of
the likelihood function of each target. If a target is not present,
the joint particle weights corresponding to a target mode tend to
zero; when all the targets are present, the weights tend to have
very high values. This provides better discrimination for particles
belonging to various target modes. If the targets are assumed to
move independently, the generalized joint likelihood function in
(2) is computed as Lj,i(zk|xi

k)=
∏L

ℓ=0(L(zk|x
i
k,ℓ))

Ci
ℓ .

V. SIMULATIONS

The fast time measurement was generated by simulating a high
resolution radar with the parameters, fc = 10 GHz, Fb = 25 MHz
2 kHz PRF, Np = 20, [15.25 16.75] km validation gate range,
Ng = 249, 6 m range resolution, 0.703o beam width, 93.59 m
cross-range resolution range, 20 rpm beam scan rate, and Nϕ = 1.
The clutter signals are synthesized by first generating the matrix
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Fig. 1. Averaged Doppler spectrum for different values of cg .

Ak,ϕ in Section IIB. The clutter reflectivity, ξϕ[ζk,i, p] is gener-
ated according to Section IIC. The speckle components xk,ϕ are
generated from a correlated complex Gaussian distribution and the
texture τk,ϕ was generated from a correlated gamma distribution
with scale bg and shape cg parameters [2]. The correlation function
estimated in [14] using radar measurements collected with the IPIX
radar [28] is used. The Doppler model in Section IID is used to
generate the Doppler shifts uϕ,ζk,i . The model parameters are set
to µBragg =−15 Hz, σBragg = 7.07 Hz, Aswell = 50 Hz, Bswell = 5.95 Hz.
The parameter σswell is sampled from a Gaussian distribution with
mean and standard deviation equal to 60 Hz. The spikiness of
the texture component is controlled by the shape parameter cg;
decreasing cg results in more spiky clutter. The averaged Doppler
clutter spectrum for different values of cg is shown in Fig. 1. For
higher cg values, the averaged Doppler spectrum is centered around
the assumed Bragg’s model parameters, whereas for lower values,
the frequency centers around the swell model parameters.

We compared the performance of the algorithm for tracking three
targets moving at constant velocity. The targets are assumed to
leave and enter the FOV at different time instants (5,25 dwells,
13,33 dwells, 21,41 dwells for targets 1, 2 and 3, respectively). The
corresponding initial positions and velocities were (11,312, 11,312)
m and (-5.19, -5.18) m/s, (10,959, 10,959) m and (-6.62, -6.63) m/s,
(11,666, 11,666) m and (-5.27, -5.26) m/s. All PF in Section III
use 500 particles. We compared the performance of the proposed
multi-target TBD using the asymptotic detector (LQ) and Kelly’s
(CG-K) generalized likelihood functions. The effect of using the
texture from past frames is also analyzed by comparing the tracking
performance with the true and estimated texture components. The
LQ method is analyzed using two different covariance estimates:
Σ̂ in (5) and the MLE assuming the texture component is known.

The tracking error was measured using the OSPA metric with
cut-off parameter c= 500 and p= 2 [29]. The cardinality and the
tracking error is combined in the OSPA. The cut-off parameter
determines the penalty for missing or detecting a false target and
p = 2 implies that the Euclidean distance is used to quantify the
tracking error. We varied the SCR (3, 0, -3, and -6 dB) and the
values of cg (10, 1, 0.5 and 0.2), and averaged the OSPA values
over 200 Monte-Carlo simulations. Figure 2 shows the tracking
error for all four cases for varying cg . The CG-K performs the
best for all values of cg . The CG-K has a similar performance
with the estimated and true texture for moderately spiky clutter and
the tracking error averages around 30 m. The LQ performs poorly
when the clutter is spiky for all covariance matrix estimations. For
cg = 0.2, the CG-K tracking performance degraded when using the
past frame’s texture component, as compared to the true texture
component. However, the CG-K with estimated texture components

still performed better than LQ. Similarly, Figure 3 shows the
tracking error for all four cases for varying SCR. At -6 dB SCR,
the LQ method performed better than the other two methods but
had more false alarms during time instants 41-46. The performance
of the two CG-K based methods was generally better than the two
LQ methods at higher SCR. The OSPA metric was higher during
target mode transition periods (cardinality error) that happened at
dwells 5, 13, 20, 25, 33, and it indicated some delay in detecting
a target entering or leaving the FOV.
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Fig. 2. Tracking error for different values of cg and 3 dB SCR.
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Fig. 3. Tracking error for different values of SCR, cg = 0.5.

VI. CONCLUSION
We derived a generalized likelihood function for multiple targets

in compound Gaussian clutter by assuming the texture component
to be deterministic and time varying. The MLE of the texture and
the speckle covariance matrix were also derived and computed
using the fixed point algorithm. The derived likelihood function
was used to update the particle weights of a multiple target TBD
algorithm. The tracking performance using the proposed likelihood
function has improved when compared to using the likelihood
function from the classical LQ method.
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